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1 Literature and Motivation

e CAPM, Conditional CAPM and Time-Varying Beta Models
— CAPM and homogeneous beliefs;
— Factor models: Fama-French.
— Conditional expectation®ollerslev, Engle & Wooldridge (1988)
— Dependence on micro- and macro-economic factors;

— Beta stability has been rejected—it varies from 2.5 in 1940d
fell to -0.5 in 2001 for the book-to-market portfolios, e.gothari,
Shanken & Sloan (1995); Campbell & Vuolteenaho (2004)

— Conditional CAPM provides a convenient way to incorporateet
varying beta and displays superiority in explaining thessreection
of returns and anomalies, e.dpgannathan & Wang (1996)



e Econometric Models of Time-Varying Beta

— GARCH and M-GARCH:Engle (1982) and Bollerslev (1986), Bollerslev
(1990}

— EGARCH: asymmetric and nonlinear effects of beta on coowlti volatil-
ity of positive and negative shockBraun, Nelson & Sunier (1990)

— The random walk modelFabozzi & Francis (1978) and Collins, Ledolter &
Rayburn (1987)

— The mean-reverting modeBos and Newbold (1984)
— The Markov switching modelgiamilton (1989)

— Ang & Chen (2007) treat betas as endogenous variables thashavly
and continuously over time and find that a single-factor mpegorms
substantially better at explaining the book-to-marketyptam.



— Estimation:
x Discrete changes in betas across constant betas withiarsphbess:Camp-
bell & Vuolteenaho (2004), Fama & French (2006), and LewefledNagel (2006)
x Rolling window estimates;

— When betas vary over time, the standard OLS inference ispexssed
and cannot be used to assess the fit of a conditional CAPM.

¢ \What are missing
— The econometric models lack of economic explanation;
— Do not take into account agents’ behaviour;

— In the real world, agents have heterogeneous subjectivefdaind they
are boundedly rational rather than perfectly rational.

— The financial markets represent the aggregation of theactien of the
boundedly rational behaviour among heterogeneous agemts) should
be reflected in the time-varying betas.



e Heterogenous Agent Models (HAMS)

— Heterogeneous beliefs under learnikigtliams (1977), Detemple & Murthy
(1994), Zapatero (1998)

— Applications of the theory of nonlinear dynamical systebw,inded ra-
tionality and herdingDay & Huang (1990), Kirman (1992), Lux (1995), Brock
& Hommes (1997), Brock & Hommes (1998)

— The key element: the expectation feedback:

— Explain various types of market behaviour, such as the teng-swing
of market prices from the fundamental price, asset bubblasgket crashes,
the stylized facts and various kinds of power law behavigdarmer, Gille-
mot, Lillo, Mike & Sen (2004), Lux (2004), Alfarano, Lux & Wagr (2005),
Chiarella, He & Hommes (2006), Gaunersdorfer & Hommes (208iid He &

Li (2007).

— Surveys:Hommes (2006), LeBaron (2006) and Chiarella, Dieci & He @0



— Most of the HAMSs are not in the context of the CAPM, excefasterhoff
(2004), BBhm & Chiarella (2005) and Chiarella, Dieci & He (2007)

e Aims of this paper

— to model explicitly the stochastic behaviour of beta by npowating het-
erogeneity, boundedly rationality and the expectatiodbaek;

— to provide some economic explanation and intuition of themaaism
underlying the time variation of beta;

— to examine the consistency and relationship between exaant ex-post
betas.



2 A Dynamic CAPM Framework with Hetero-
geneous Beliefs

2.1 Heterogeneous Beliefs and Consensus Belief

e Basic Idea & Framework: Lintner (1969), Chiarella, Dieci & He (2069,
e Set up repeated one-period mean-variance dynamic framework;

e Market:
— one frisk-free asset () and.N risky assetsr; ;, 7 = 1,2,-+ , IN;
— I investors grouped intél agent-types with fractionsi, = I, /1.

e Heterogeneous Beliefs
— Assumerp ; ~ MV N;
— Heterogeneous belief8, +(r) = (En,t(T), Qn,t)-



e Portfolio Optimisation :
— Portfolio wealth:

Wh,t+1 = Wh,t(l —|— ’I“f —|— w}f-lbﬂ,t(":t-l-l — Tfl));

— Investor:: max Ei,t(ui(ﬁvfi,tﬂ)) with concave utility functioru; (+).
— The global absolute risk aversion, e.g., CARA utility fuoat

On := —Ep4 [UZ(Wh,t—H)} /Eh, [UL(Wz’,tH)
— The optimal portfolio of investot:
;" .
Wh,t = LQ};tEh,t [? — Tfl] .
h,t

e Market Aggregate Demandin wealth for risky assets

Ce = D Che = D "0 Qi [Brit(Feqa) — rpl].
heH heH



e The market clearing condition: ¢, = S¢p; results in a deterministic
equation that gives price vectpg as

pe =S; " Y mr8;, Q [Bni(Topa) — rrll,
heH

whereS; :=diag|s1,:, S2,t, ---» SN,t] @Nds; ¢ IS the supply of asset

Ent(ri41) = fh(re—1,re—2, s Pt—1y Pt—25--+),

Qh,t — Qh(rt—la Ft_—2yecey Pt—19 Pt—2, )
e The return

ry = Pt__ll(Pt +di) —1 =F(re—1,re—2y ey Pt—1s Pt—2s ---3 d¢),

whereP, :=diag(p1,¢, P2,t, ---» PN,t) and the dividends are assumed
to follow an i.i.d. process witli [&t} = d.



e Consensus BeliefB, = {E,(r), Q. }

—1
— Aggregate risk aversiorl, := (Zh 9;1> :

— An “aggregate” variance/covariance matfd, can be defined as

Q.; =60, npb, Q.
h

— The “aggregate” expected returns on the risky asBgtér; 1 ):

Eot (F) = 0aQat ) 16y, Ry 1 Enye (Feta)
h

— The consensus belief isrzeightedaverage of the heterogeneous beliefs,
characterising the relation to the heterogeneous beliefs.

e The market clearing prices

pr = S; 10, Q5 [Eat(Fo) — 751].
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e CAMP under the heterogeneous beliefs

Eot(Tit1) — 75l = Bat[Fa,t(Tm,e+1) — Tl
where
-  [Ba(Feqr) —761] T Qg T
m,t+1 — — _
[Ea,t(Tey1) — rel] TQ, 31

denotes the random return on the market portfolio;

e The ex-ante beta
[Eq,t(Tei1) —mp1]TQ 31

/Ba,,t — — — —
[Ea,t(Tir1) — m1]TQ; ¢ [Eayt (Fep1) — 7]

[Ea,t(Te41)—7pl].

e Time variation of aggregate betas is due to agents’ timeingtyeliefs
about the first and the second moments of the return distorigit

11



2.2 Steady State Equilibrium of the Deterministic Model

e Lets; = sandd; = d;

e Then the steady state pricpsand returng must satisfy

_ — —1=—-15
P=S"" ) nub, 'Q, [fr —rsl], (2.1)
heH

whereQp, := Qu(%,T,..., P, P --+), fn = fu(T, T, B, D -2,

andp; = %,j =1, 2,..., N, representing equilibrium prices through
J

the usual discounted dividend formula;

e The steady state prices, or returns, emerge endogenoasitiie mar-
ket dynamics with evolving heterogeneous beliefs

e Consistency Condition

f, := £, (7,7, ..., P, Py...) =T, h € H.

12



3 A Model with Classical Heterogeneous Agent-
Types

e A typical heterogeneous agent model;
e Three Types—Fundamentalists, trend followers and noise traders.

e Fundamentalists
— Mean

Efi(Te+1) = p+aP* ' (p" —pi—1) = p+a(l — P* " 'pi_1),

wherep = [p1, p2, ...,pN]T Is the long-run component or the
fundamental of asset returns; = [p7, p5, ..., PN/ ,P; = p—; IS
the fundamental prices;

— Constant beliefs about the variance/covariarfeg;; = Q5.

13



e Chartists—Trend Followers
— The expected return
Ec,t(?t+1) — U¢—1,

whereu;_, is a vector of sample mean of past realized retugng, ry_o, ...
with geometric decaying weightd — 8){1, 4,4%,---}

U1 = O0up—2 + (1 — 0)re—1q. (3.1)
— The variance/covariance matiX. ;
Qc,t — ﬁc + )\Vt—la

where\ > 0 measures the sensitivity of the second-moment estimate to
the sample varianc¥,;_;

Vi1 =0Vi_g+6(1 —8)(re—1 — up—2)(ri—1 — us_s) .

14



e The consensus variances/covariances and expected ratargisen, re-
spectively, by

n - n -
Eq,t (Fi41) = 6aRa,t le_fﬂf 1Ef,t(?t-|-1) + O_CQC,%Ec,t(Ft-Fl)] .
f C

-1
" - n _ g I _ n -
ol ) B i U=

e Noise traders—The demand for the risky ass%t,;s:: [gl,t,gz,t, ...,gN,t]T,
whereg;,; are i.i.d. withE(§;:) = 0, Var(§;:) = q°s5,q > 0
capturing the ‘intensity’ of noise-trading.

e The market clearing condition in the presence of noise teatlais be-

comes
0,'Q, 1 [Eat(Te11) — r#l] + Eepe = Spy

15



and the market clearing prices
Pt = (S—E¢) 710, ' { [Ea¢(Feq1) — 741l (3.2)

whereZE; :=diag(&1,t,&2,t5 -5 ENLE)-

e The complete dynamic model

p: = (S—ét)_l{%ﬁgl [p + a(l — P*_lpt_l)} + %Qc_jut—l
f C
( a4 e )'rfl} (3.3)
0 &5t

whereQ.; = Q. + AV;_1, andu;_1 andV;_; are updated according to
U — 51175_1 —|— (]_ — 5)1‘75, (35)
Vt = (SVt_l —|— 5(1 — 5)(I't — ut_l)(rt — ut_l)T. (36)

16



e The steady state of the deterministic model

— Letd; = d andE; = 0 for all t. Then the steady sta{@, T, u, V)
must satisfy
F=P d=
V =0,
— Assumep = p*. Then
p:=P* 'd=P d=r
Thereforep™ = p is defined implicitly by the equation
p* — S_l ( ﬁ— —|— —Q ) (P*_la — ’r’f]_) (37)
r 0.

17



4 A Numerical Analysis of Time-Varying Beta

e Aim: to examine the impact of heterogeneous beliefs on the marke
time variation of beta;

e Parameter Selection

— A common parameter settigy = 0. := 6 = 0.005, r¢
0.02,s = (1,1, 1)T p = (0.12,0.15 021)T Q. = Qy :
2),01 = 0.13,02 = 0.15, 05 = 0.18.

Q = diag(o2,02,0
— In our examplep* andd turn out to be:

142.012
173. 333
246. 296

pI 1183. 43
x = 1155. 56

P2
p§ 1172.84

— The parameter&;, 4, A, andn ¢ vary across examples, as well@s
— The parameterp, r¢, 01, 02, 03 anda, 6 are at annual basis;
— Trading frequency K = 12 (monthly),50 (weekly),250 (daily).

18



e Deterministic Dynamics
— Aim: to better understand the interaction of the nonlineay aoise;

— Intuition : when the trend followers extrapolate the recent trendturns
strongly (corresponding to a lod), the market tends to be destabilized.

— Verification: consider the changes in the equilibrium prices of the deter
ministic model wherd changes.

— Parameters a = 0.3, ny = 0.3, A = 1.5 andé = 0.784 at an
annual frequencyli = 50.

— Market instability : the steady state equilibrium loses its stability when
0 decreases so that < §, whered € (0.785,0.786) corresponds to
the bifurcation value,

19



asset prices versus time
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Figure 4.1: The fluctuations of price (a) and return (b). Thepgreen and

red to represent asset 1, 2, and 3, respectively.
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— Observation: only asset 1 fluctuates around the steady state equilibrium
level, due to the large value &f and the selection af = 0.784.

— Explanation:

x The interaction of the strong extrapolation of the trendiofeérs and
mean-reverting activity of the fundamentalists leads &fbaictuations
of asset 1, and hence the market portfolio.

x As 0 decreases further, namely as the trend followers extreptia
recent returns even more strongly, all three assets wileseathilized.

21



e A benchmark case of the standard ‘stationary’ CAPM

— The standard CAPM with homogeneous and constant belefs= 0
andd = 1,ug = pandVy = 0.

— CorrespondinglyE; +(T¢+1) = Ect(Ter1) = pandQ.; = Q. =
Q.

— Assume no noise traderg: = 0.

— Under these assumptions,
1 N
PtZES 'Q (p—rsl) =p,
=P (p*+ at) —1="P* 14,

u = p (=P*1d),
Vt = 0.

22
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ex-ante aggregate betas versus time estimated "rolling" betas versus time
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Figure 4.2: The dynamics of the benchmark stationary CAPMaut noise
trader with K = 50 andT = 1000

24



— Observations

x A typical simulation of the benchmark scenario, with a wgdkhe step
K = 50 with the length of the simulatio® = 1000 time periods;

x Constant market equilibrium prices, market portfolio arehate betas;

x Returns are linear function of the random dividend procgsse

x The ex-post betas estimated via ‘rolling’ regression, gigirrolling win-
dows of500 periods, appear to fluctuate randomly around their constar
ex-ante beta levels.

x Apart from some small random fluctuations, the rolling wiwdestimates
of the betas are consistent with the constant ex-ante bafased by the
market equilibrium.
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e Trend following and time-varying betas
— Aim: To examine the trend extrapolation on the market and betas;

— Parameter selection ¢ = 0.3, K = 50, T = 1000, A = 0.5,
ny = 0.3 and allow the decay raté to be change at two different
levels;

— The fundamental traders expect a certain degree of mearsi@veo-
wards fundamental prices, whereas chartists update tkéef$ about
the expected returns and volatility/correlations baseshualized re-
turns and observed deviations from sample average returns.

— Initially, 6 = 41 = 0.98, close tol, the benchmark homogeneous
CAPM case;

— A regime switching ird occurs just after periott = 600 corresponding
to a decrease af from 6; = 0.98 to 4o = 0.85, so that the chartists
putting more weight on recent returns’ history when forntimgjr beliefs;

26
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ex-ante aggregate betas versus time estimated "rolling" betas versus time
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Figure 4.3: Simulation 1: lllustration of the impact of a oga ind att =
600 on the market.
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i ex-ante aggregate betas versus time estimated "rolling” betas versus time
. T T T T T T T T I 16 T T T T T T T T T

ex-ante betas
realized betas

100 200 300 400 500 600 700 800 Q00 100 04 100 200 300 400 500 600 VOO 800 900 1000
time time

(d) Ex-ante betas (e) 5 years rolling window estimates addet

Figure 4.4: Simulation 2: lllustration of the impact of a oga ind att =
600 on the market.
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— Observations

x The change i@ has significant impact on the market equilibrium prices.

+x Under the change, agents start varying their portfolios Guge in order
to explore the emerging endogenous correlation patteimslea the risky
assets, sometimes reinforcing them.

x In the first period with high) = 0.98, the equilibrium prices, returns,
market weights and ex-ante aggregate betas fluctuate atbeincgteady
state levels, and that the dynamics in the initial periodaosfar from the
reference case described in the stationary CAPM case.

x The parameter change= 0.85 then leads to a new scenario with more
pronounced endogenous fluctuations of prices and retunth,canse-
guently on the time-varying ex-ante betas.

x The stochastic nature of the time-varying betas changesgisantly when
the trend chasing behaviour of the trend followers changes.
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The expectation feedback mechanism leads to high vojatilithe market
and the time-varying betas that reflect the change in rishefisky assets.
In the period following the change, the extrapolation |ehésasset returns
to be highly correlated with the market portfolio return;

Measured by the time-varying ex-ante betas, less risky eanrbhe more
risky due to the change in extrapolation.

The ex-post beta 5 year rolling window estimates of betaslcspilay very
different patterns from the ex-ante betas, can be mislgadian economy
with boundedly rational agents.
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— This observation may provide an explanation to why in eroplrstudies
that the time-varying CAPM based on the rolling window esties of
betas may have little or no explanatory power and this maylsimue

to the way the model is estimated rather than any shortcomwirte
underlying equilibrium models.

— Similar experiments could be carried out by assuming th&axagenous
shock at timet* affects other behavioral parameter.

e Other Results

— Similar results can be obtained f& = 12 or 250;

— With K = 250 andT = 2000, ¢ is decreased from; = 0.98 to
0o = 0.85 at timet* = 1000, the 2 year rolling window estimates
In betas Is inconstant significantly with the ex-ante beffas,estimated
betas vary between 0.8 and 1.4 for assets 1 and 3.
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ex-ante aggregate betas versus time
L

ex-ante betas
realized betas

estimated "rolling" betas versus time

T T SR IS SEPUR JSPUE A SO SO -
QE]D 4[30 6[30 BE]D TDIDU TZIDD 14IEID ’IGIUEI ’18:30 2000 2'5“3 4'1510 BILJO 8[50 'IUIDD ’12'00 14‘00 16‘00 18IUEI 2000
time firme
(d) Ex-ante betas (e) Rolling estimates of betas

Figure 4.5: lllustration of the impact of a changediratt = 1000 on the

market.
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e Summary

— What matters when beliefs are approximately homogenealis@rstant
over time is the ‘fundamental’ part of agents beliefs abbetéxpected
returns and their variance/covariance matrix. As a corsacg) when the
steady state equilibrium of the underlying determinisyistem is stable,
the estimated betas are consistent with ex-ante betas.

— However, when the steady state of the underlying detertrersgstem
IS destabilised via a particular bifurcation scenario,lose to the stabil-
ity boundary, stronger correlation patterns emerge froemibisy model,
driven by time varying expectations and by the history-aejeat portion
of second-moment beliefs.

— EXx-ante betas are directly related to certain behaviowameters;

— The time variation of estimated betas could be related, imcle, to
changes in market sentiment, but can be significantly a@iffefrom the
ex-ante betas.
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e Dependence of realized betas on the parameters
— To offer a deeper insight into the effect, on the beta coeffits, of the
model behavioral parameters,

x 0—the extrapolation rate or ‘memory’ of the trend followers;
*x  A—sensitivity of risk beliefs to historical volatility/coglation;
x a—the fundamentalist mean reversion parameter;

x gq—the strength of the noise traders.

— Two time horizons:
x Monthly: K = 12, T = 480;
x Weekly: K = 50,7 = 1000

— Parameters o = 0.3, ny =0.3,0 = 0.9, A =0.5,g =0

— Estimation of ex-post betas OLS
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Observation:
e The parameted € [0.85, 1]

e Systematic changes in betas whedecreases, in particular, at weekly
basis

e A tendency on the beta coefficients to become less dispesédia-
creases.

e The dynamic behavior of each asset tends to become incgbasimilar
to the market.
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realized betas
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Observation:

e When the parametey increases over the rang@, 0.04] for monthly,

or in the rangg0, 0.02] for weekly data, the beta coefficients become
less dispersed initially;

e Large noise may produce large shifts of the betas and retteegerisk
levels;
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5 Conclusion

e Aim: To model explicitly the stochastic behaviour of betas tgio
agents’ behaviour;

e Approach: boundedly rational dynamic equilibrium model of a finan-
cial market with heterogeneous agents within the mearawae frame-
work of repeated one-period optimisation;

e Result Dynamic CAPM relation between the expected equilibrium re
turns and time-varying betas under heterogeneous beliefs;

e Application: A model with fundamentalists, trend followers and noise
traders;
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e Findings
— Independently of the fundamentals, there is a systema#togin the

market portfolio, asset prices and returns, and time vgrpetas when
iInvestors change their behaviour;

— The stochastic nature of time-varying betas;

— The variation of the estimated betas can be significantligmiht from
that of ex-ante betas.

— The rolling window estimates of betas may have no explaggtower
and this may simply be due to the way we estimated the mode¢rat
than some shortcoming of the underlying equilibrium models

e Future work
— To examine the statistical properties of the asset returns;

— To study the impact of adaptive behaviour when agents ussotinéined
strategies with updating weights by some fithess measures.
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