
Optimal Transport from Lebesgue to Poisson

We study couplings q• of the Lebesgue measure and the Poisson point process
µ• – i.e. the set of measure-valued random variables ω 7→ qω s.t. for a.e. ω the
measure qω on Rd×Rd is a coupling of Ld and µω – and we ask for a minimizer
of the asymptotic mean Lp-transportation costs for any given p ∈ (0,∞)
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with Bn := [0, 2n)d ⊂ Rd. On of our main results states that the asymptotic
mean Lp-transportation costs are finite if d ≥ 3, or if d = 2 and p < 1, or if
d = 1 and p < 1/2.

Moreover, in any of these cases we prove that there exist a unique transla-
tion invariant coupling which minimizes the asymptotic mean Lp-transportation
costs. The unique optimal coupling qω can be represented as (Id, Tω)∗Ld for
some map Tω : Rd → supp(µω) ⊂ Rd.

In the case p = 2, actually, Tω = ∇ϕω for some convex function ϕω : Rd → R
and the pre-image U(ξ) = (Tω)−1({ξ}) of any ξ ∈ supp(µω) is a convex polytope
of volume 1.
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