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Abstract

These are the notes for a course at the 18th Brazilian School of Probability held from 3th to
9th August 2014 in Mambucaba. The aim of the course is to introduce the basic problems of
non-linear PDEs with stochastic and irregular terms. We explain how it is possible to handle
them using two main techniques: the notion of energy solutions [GJ10, GJ13] and that of
paracontrolled distributions, recently introduced in [GIP13]. In order to maintain a link with
physical intuitions we motivate such singular SPDEs via an homogeneisation problem for a
random potential.

Table of contents

1 Introduction . .. .. .. . . . .. 2
Conventions and notations . .. ... ... ... .. ... .. 3

Energy solutions . . ... ... . e 3
2.1 The Ornstein—Uhlenbeck process . . . ... ... ... .. ... .. .. .. ... ... .. 4
2.2 Gaussian computations . ... ... .. 8
2.3 The Ito trick . . . . . . e 11
2.4 Controlled distributions . . . . ... ... . L 14
2.5 Existence of solutions . . . .. ... . ... 15
Distributions and Besov spaces . ... .. .. .. ... ... ... 16
Bibliographic notes . . . ... ... 19
Diffusion in a random environment . . ... .. ... ... .. ... ... ......... 19
4.1 The 2d generalized parabolic Anderson model . .. ... .. ... .. ... ....... 21
4.2 More singular problems . . .. ... 23
4.3 Hairer’s regularity structures . . ... ... .. L 24
The paracontrolled PAM . . . . . . .. .. .. e 24
5.1 The paraproduct and the resonant term . . .. ... ... ... ... ... .. ....... 25
5.2 Commutator estimates and paralinearization . ... ... ... ... . ... ..... .. 27
5.3 Paracontrolled distributions . . .. ... ... ... .. ... 31
Nonlinear operations . . . ... ... ... ... ... .. 31

Schauder estimate for paracontrolled distributions . . ... ............. 32
Bibliographic notes . . . . .. ... 33

5.4 Fixpoint . . . . . e 33
5.5 Renormalization . . ... ... .. 34
5.6 Construction of the extended data . . ... ... ... ... ... ... ... .. ....... 37
The stochastic Burgers equation . .. ... ... .. ... . ... ... ... .. ... ... 40
6.1 Structure of the solution . . . ... ... ... .. ... ... 40



2 SECTION 1

6.2 Paracontrolled solution . . .. . .. .. . . . .. 41

Bibliography . . . . .. .. 43

1 Introduction

The aim of these lectures is to explain how to apply controlled path ideas [Gub04] to solve simple
problems in singular PDEs. The hope is that the insight gained by doing so can inspire new
applications or the construction of other more powerful tools to analyze a wider class of problems.

We discuss some problems involving singular stochastic non—linear parabolic equations from
the point of view of controlled paths. To understand the origin of such singular equations we
have chosen to present the example of an homogeneisation problem of a singular potential in a
linear parabolic equation. This point of view have the added benefit to be able to track back the
renormalization needed to handle the singularities as effects living on other scales than those of
interest. The basic problem is that of having to handle effects of the microscopic scales and their
interaction via the non—linearities on the macroscopic behaviour of the solution.

Mathematically this problem translates in the attempt to make coexists Schwartz theory of
distribution with non—linear operations which are notoriously not continuous in the usual topolo-
gies on distributions. This is a very old problem of analysis and has been widely studied. The
additional input which is not present in the usual approaches is that the singularities which force
to treat the problem in the setting of Schwartz’s distributions are of a stochastic nature. So we
dispose of two handles on the problem: the analytical one and the probabilistic one. The right mix
of the two will provide an effective solution to a wide class of problems.

A first and deep understanding of these problems have been obtained starting from the late 90
by T. Lyons [Lyo98] which introduced a theory of rough paths in order to settle the conflicts of
topology and non-linearity in the context of driven differential equations or more in general in the
context of the non-linear analysis of time—varying signals. Nowadays there are a lot of expositions
of this theory [LQ02, FV10, LCL07] and we refer the reader to the literature for more details.

In [Gub04, Gub10] the notion of controlled path has been introduced in order to extend the
applicability of the rough path ideas to a larger class of problems which are not necessarily related
to integration of ODEs but which still retained the one—dimensional nature of the directions in
which the irregularity manifest itself. The controlled path approach has been used to define some
evolution of irregular objects like vortex filaments and some SPDEs. Later Hairer understood how
to apply these ideas to the long standing problem of the Kardar—Parisi-Zhang equation [Hail3]
and his insights prompted the researchers to trying more ambitious approaches to extend rough
path ideas to multidimensional setting.

In [GIP13], in collaboration with P. Imkeller, we introduced a notion of paracontrolled dis-
tributions suitable to handle a wide class of SPDEs. At the same time Hairer managed to devise
a vast generalization of the basic construction of controlled rough paths in the multidimensional
and distributional setting which he called the theory of regularity structures [Hail4] and which
subsumes standard analysis based on Holder spaces and controlled rough path theory but goes well
beyond.

At this date it seems that the theory of regularity structures has a wider range of applicability
than the paracontrolled approach described in [GIP13] but also at the expense of a very deep
conceptual sophistication. There are problems (like the 1d heat equation with multiplicative noise
and general nonlinearity) that cannot be solved via paracontrolled distributions but these problems
seems also quite difficult (even if doable and work in progress) also via regularity structures.
Moreover equations of more general kind (dispersive equations, wave equations) are still poorly (or
not at all) understood in these approaches.
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Just few days after the lectures at Mambucaba took place it was annouced that Martin Hairer
was awared a Fields Medal for his work on SPDEs and in particular for his theory of regularity
structures [Haild] for dealing with singular SPDEs. This prize witness the exciting period we
are experiencing: we now understand sound lines of attack to old standing problems and new
opportunities to apply similar ideas to new problems.

The plan of the lectures is the following. We start by explaining the notion of “energy solu-
tions” [GJ10, GJ13] which is a notion of solution to (a particular class of) singular PDEs which has
the advantage to be quite easy to handle but also that has the inconvenient not the have a compre-
hensive uniqueness theory to this date. This will allows us to introduce the readed to SPDEs in a
quite progressive way and also to introduce Gaussian tools (Wick’s products, hypercontractivity)
and some of the basic phenomena appearing when dealing with singular SPDEs. Next we set up
the analytical tools we need in the rest of the lectures: Besov spaces and some basic harmonic
analysis via the Littlewood—Paley decomposition. Next, in order to motivate the readers and
provide a physical ground for the intuition to stand on, we discuss the homogeneisation problem for
the linear heat equation with random potential. This will allow us to track the need of the weak
topologies and of irregular objects like white—noise from first principles and “concrete” applications.
The homogeneisation problem allows also to see naturally appear the renormalization effects into
the picture and track their mathematical meaning. Starting from these problems we introduce the
2d parabolic Anderson model which is the simpler SPDEs in which most of the features of more
difficult problems are already present and explain how to us paraproducts and the paracontrolled
Ansatz in order to keep under control the non—linear effect of the singular data. Then we go on
to discuss the more involved situation of the Stochastic Burgers equation in 1d which is one of the
avatars of the Kardar—Parisi-Zhang equation.

Conventions and notations We write a <b if there exists a constant C' > 0, independent of the
variables under consideration, such that a < Cb. Similarly we define . We write a~b if a <b and
b<a. If we want to emphasize the dependence of C' on the variable x, then we write a(z) Sz b(z).

If i and j are index variables of Littlewood-Paley blocks (to be defined below), then ¢ < j is
to be interpreted as 2¢ <27, and similarly for ~ and <. In other words, i < j means i < j + N for
some fixed N € N that does not depend on ¢ or j.

We use standard multi-index notation: for p € N& we write |u| = 1 + ... + pg and 9* =
ol /orr. .0k, as well as oV =w1-....z4 for © € R

For a. >0 we write Cf' for the functions F: R — R which are |« | times continuously differentiable
with (o — |a|)-Holder continuous derivatives of order |«].

If we write u € €, then that means that u is in €*~¢ for all € > 0. The € spaces will be
defined below.

2 Energy solutions

The first issue one encounters dealing with singular SPDEs has to do with the not—well posed
character of the equation, even in a weak sense. Typically the non-linearity does not make sense
in the natural spaces were solutions lives and one has to provide a suitable smaller space which
allow to identify the correct meaning to give to “ambiguous quantities” featuring in the equation.

Energy solution [GJ10, GJ13] are a simple tool in order to come up with a well-defined non—
linearities. The drawback is that currently the issue of uniqueness, in the interesting cases, is
open. It is not clear if uniqueness of energy solutions holds or even what to do in order to find
conditions which ensure uniqueness. On the other hand proving existence of energy solution or
even convergence to energy solutions is usually a quite simple problem, at least compared to the
other approaches like paracontrolled solutions or regularity structures where existence require
already quite a large amount of computations but where uniqueness can be established quite easily
afterwards.
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Our aim is to motivate the ideas leading to the notion of energy solutions. We will not insist
on a detailed formulation of all the available results. The reader can always refer to the original
paper [GJ13] for all the missing details. Applications to the large scale behavior of particle systems
are studied here [GJ10].

We will study energy solutions for the stochastic Burgers equation on T: the unknown wu:
R4 x T — IR satisfy

Ou=Au + 0,u% + 0,€

where £&: Ry x T — IR is a space—time white noise defined on a given probability space (2, F, P)
fixed once and for all. The equation has to be understood as a relation for processes which are
distributions in space with regular enough time dependence. In particular if we test the above
relation with ¢ € .(T), denote with u:(¢) the pairing of the distribution u(¢, -) with ¢ and
integrate in time in the interval [0, t] we get

(o) =) + [ " us(Ap)ds — / "2, 0,p)ds — / . (0up)ds

Let us discuss the various terms in this equation. In order to make sense of u.(¢) and [ Ot us(Ap)ds
it is enough to assume that for all ¢ € #(T) the mapping (t w) — () is a stochastic process
with continuous trajectories. Next, if we denote M;(¢ f o &s(0rp)ds then, at least by a formal
computation, we have that (M:(¢))i>0,,e.5(T) is & Gaussum random field with covariance

E[M:i()Ms(p)] = (t A 5)(0zp, 09) L2(T)

In particular, for every ¢ € . the stochastic process (Mi(¢))i>o is a Brownian motion with
covariance [|¢ |71y = (Oa¢p, O2p) L2(T)- We used the notation M in order to stress the fact that
M;(p) is a martingale for its natural filtration and more in general for the filtration given by
Fi=0(My(p):s<t,p€ HY(T)). (The quantification over ¢ € H(T) is not allowed but we can use
a dense countable (¢,,),>0 subset of H(T)).

The most difficult term is of course the nonlinear one: [ Ot (u?, ,¢)ds. In order to define it
indeed we need to square the distribution u;, operation which is quite dangerous in general. One
natural approach would be to define it as the limit of some regularizations. For example, if we let
p:R— R, a compactly Supported C° positive function such that [ . p=1andlet pc(-)=p(-/¢) /¢
then we can let MV (u) fo pe*us)(x)?ds and define the distribution NVy(u) =1lim._oN; c(u)
whenever the limit ex1sts in ./('T). Which properties u should have in order for this to occur is
the question.

2.1 The Ornstein—Uhlenbeck process

Let us simplify the problem and look at solutions of the linearized equation obtained by
neglecting the non—linear term. Let X be a solution to

Xi() = Xo(p /X (Ag)ds + My(p) (1)

for all t >0 and ¢ €.7(T). This equation has a unique solution (for fixed Xg and M), indeed the
difference D between two solutions should satisfy Dq(¢ f 0 s(Ap)ds which means that D is
a distributional solution to the heat equation. Taking gp( )= exp(zkx)/m =ep(x) for k€ Z we
get Dy(ek) 7k2fo s(ex)ds and by Gronwall D¢(e) =0 for all ¢t >0 which easily implies D; =0
in ./ for all t > 0.
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To obtain a solution of the equation observe that
X( ) Xo(ek / X ek dS+Mt(€k)

and that M;(eg) = 0 while for all k£ # 0 the process G,(k) = M(ex) /(¢ k) is a complex Brownian
motion with covariance

E[:(k)Bs(m)] = (£ A 8)0k+m=0

and satisfying Gu(k)* = Bi(—k) for all k#0 and 5;(0) =0. Then Xy(eg) is a 1d Ornstein—Ulhenbeck
process which solves a standard linear 1d SDE and has an explicit representation given by the
variation of constants formula

t
Xy(en) = e FtXo(er) +ik / e K (t=9)q,3,(k)
0

and this is enough to determine completely X;() for all ¢ >0 and ¢ €.7. In particular X is a
complex Gaussian random field with mean

E[X,(ex)] = e %1 X (ex)
and covariance
tAs
Cov(Xi(er), Xs(em)) = k:2(5k+m:0/ e k(=) =k (s =) qy
0
so that
Xi(er) ~Ne(e ¥ Xo(er), (1 — e 2K°1)).

Sobolev regularity of X is the object of the following lemma.
Lemma 1. Let ¢ >0 and assume that Xo€ H~'/27%(T). Then almost surely X € CH~Y/275(T).
Proof. Let a=—1/2—¢ and consider that

1Xe = Xallfremy =Y (14 k) Xelex) — Xalen)
kEZ

Let us estimate the L?P(Q2) norm of this quantity for p € N by writing

2

Bl X — X || Faer) = Z H (1+[ks]? aEH | Xe(ex,) — Xs(ex,)|*

By Cauchy—Schwartz

p p
IT A+ 1k E1Xi(er,) — Xoler)?)/P.
i=1

kl, kp€Z i=1

Note now that Xi(ex;,) — Xs(eg
constant C), for which

E|Xi(ex,) — Xa(ex,)|?? < Cp(IE| Xe(ex,) — Xs(ex,)

) is a Gaussian random variable, so that there exists a universal

i

2)'p
and that
t
Xt(ek) - Xs(ek) = (eikZ(tis) - 1)Xs(ek) +i k/ eikZ(tir)drﬁr(kj)

S

t
BIX(e8) ~ Xolen) = (™0~ B en) 44 [ e ar

S

s t
:(e—lﬁ(t—s)i 1)2672k25|X0(ek)|2+(e—kz(t—s)71)2k2/ e—2k2(s—7-)dr+k2/ e—2k2(t—'r)dr
0

:(e*k% _ e*k25)2|X0(ek)|2 Jr%(esz(tfs) _ 1)2(1 _ 672]{:25) + %(1 _ 672k2(t75))
and for any k>0 and k#0 we have
E[Xi(er) — Xs(er)|* S (K2(t — 5))"(| Xo(ex) [P+ 1)
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while for k=0 we have E|X,(eg) — Xs(€)|> =0 then

4

P
E”Xt_XsH?{pa(’]I‘)S Z H (14 [&:[?) H B[ X (ex,) — Xs(ex,)|?

k‘l,...,kaZg i=1 =1

4

NI H (14 i) (k2)" (1 Xo(ex,)|* +1)

St =) > (L4 k) (k) (| Xo(er) P +1)
k€Zo
St = )P (| Xol oy 1D 1+ B (R)P)

k€Zo
so if @ < —1/2 — k the sum in the r.h.s. is finite and we obtain an estimation of the modulus of
continuity of ¢+ X; in L2P(Q; H®):
2) " 2)
E[| X = Xs[lzra () S (8 = )L+ [ Xoll ot (m)-

Now, by Kolmogorov lemma, we can conclude that for some small € >0 X € CH~Y/275(T) almost
surely if Xo€ H1/275(T). O

Now note that the regularity of the OU process does not allow to form the quantity X7 point—
wise in time since by Fourier transform we have X;(x) =3, Xi(ex)ei(x) and we should have

XP(er)= > Xile))Xi(em)-
L+m=k

Of course this expression is formal at this point since we cannot guarantee that the infinite sum
converges. A reasonable thing to try is to approximate the square by regularizing the distribution
via a convolution with a smooth kernel and then try to remove the regularization. Let Il the
projector of a distribution on a finite number of Fourier modes:

(np) (@)= > pler)eil)
|k|<N

Note that (TInp)(¢) = D lkl<n pler)@(k). Then IInX:(z) is a nice smooth function of z and we
can consider [(IIxX;)?(x) which satisfies
(TInXy)2(e Z Ligj< v, jm| < nXt(ee) Xe(em)
l+m=k

and then try to take the limit N — 4+o00. Below for convenience we will do computations already
in the limit N = +o0o but one has to come back to the finite N case in order to make it rigorous.

Now,
E[X?(ex)] =0k=0 Y E[Xi(e—m)Xi(em)]
mE Zo
=61—o Z e—2m? t|X0 (em) |2+5k 0 Z / e 2m?(t—s) g
m € Zo meEZo
but
1 2
72m s) —2m _
S0t [l = L ST (1) o,
mEZo mEZo

This is not really a problem since in the equation only the components with k=0 of u?(ey) appears.
However X7(ex) is not even a well-defined random variable. For a moment let us assume that
Xo=0, this will simplify a bit the computation. Next note that if k%0 we have

E[ X7 (er) ] =EXP(er) XP(e-t)]= > > E[Xi(er) Xe(em)Xi(er) Xe(em)]
l+m=k £'+m'=k
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and by Wick’s theorem the expectation can be computed in terms of the covariances of all possible
pairings of the four Gaussian random variables (3 possible combinations)

E[Xi(e0) Xi(em) Xi(ee) Xi(em)] = E[Xi(er) Xi(em)[E[Xi(er) Xi(em)]
E[Xi(e) Xi(er)E[Xi(em) Xe(em)] + E[Xi(er) Xi(em)E[Xi(em) Xi(er)]

Since k # 0 we have £+m+#0 and ¢’ +m’+#0 which allow to neglect the first term since it is zero,
by symmetry of the summations the two other give the same contribution so we remain with

ElxXe)f=2 3 Y ElXi(en) Xu(er)ELXi(em) Xi(en)]
t+m=k O'+m’'=k

=2 ) E[Xu(e)) Xe(e—0)|E[Xe(em) Xe(e—m)]

Showing, at least at the heuristic level, that there will indeed problems with X7.

The OU process can be decomposed as

t 0
Xy(ex) :z’k/ e K t=5)dg,(k) —ike*kzt/ eF*sdB,(k)

—00

by extending the Brownian motions (Gs(k))s>o0 to a two sided complex BM via independent copies.
It is not difficult to show that the second term give rise to a smooth function if ¢ > 0, so all
the irregularity of X is described by the first one which we call Y;(ex) and then we note that
Yi(ex) ~Ng(0,1/2) for all k € Zg and t € R. The random distribution Y satisfy then Y;(¢) ~N (0,
HcpH%z(T)/Q) that is, it is the white noise on T. It is also possible to deduce that the white noise
on T is really the invariant measure of the OU process and that it is, indeed, the only one and it
is approached quite fast.

So we should expect that, at fixed time, the regularity of the OU process is like that of the
space white noise and this is a way to understand our difficulties in defining X7 since this will be,
modulo smooth terms, the square of the space white noise.

A different matter is to make sense of the time-integral of 9, X7, let us give it a name and call
it Ji(p)= fg 0:X2(p)ds. For Jy(ex) the computation of its variance gives a quite different result.
Proceeding as above we have now

er) 2] = 2k2 o s(en) Xqr(e_ s(em) Xg(e_p)|dsds’
EllAe) =242 [ X B Xale-JELY (e Kol
and, if s> s’

E[Xs(ee)XS/(eie)]:%eflz(sfs’)(lfefﬂzs’)

SO

k2 [t _ . op2(y _ ,
Bl e =T [ [0 30 e amdlens(1 -2 (1 — e asas
l4+m=Ek

K2 [t 2 2 / 2 2 1
< —(24+m?)|s—s’| I < 2 —(P+m*)rgy,. _ 1.2
\—2/0 /0 E e dsds’ < k“t E A e dr=Ek“t E Y

l+m=k l+m=~k l+m=k

and now for k#0:

1 < dx <L
C+m2”™ g 224 (x+ k)27 |k|
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so finally E[|J:(ex)|?] < |k|t. Redoing a similar computation in the case Ji(ex) — Js(ex) we obtain
E[|Ji(ex) — Js(ex)|?] < |k| (t — s). From this estimate to a path-wise regularity result of the
distribution (J;)¢, following the line of reasoning of Lemma 1, we need to estimate the p-th moment
of Ji(er) — Js(ex). Gaussian hypercontractivity tells us that all the LP moments of polynomials for
gaussian random variables are equivalent and in particular that

B[ Ji(ex) — Ja(ex)*P] Sp (Bl Je(ex) — Js(ex) PP

so by redoing the estimates of the Lemma we discover that almost surely J € C'/2~ H=1/2=(T).
This shows that 9, X7 exists as a space-time distribution but not as a continuous function of time
with values in distributions in space. The key point of this computations is the fact that the OU
process decorrelates quite rapidly in time.

The construction of the process J sketched in the computations above does not solve our
problem since we need similar properties for the full solution u of the non-linear dynamics (or for
some approximations thereof) and all we have done relies on explicit computations and the specific
Gaussian features of the OU process. But at least give us an hint that indeed there could a way to
make sense of the term 9,u(t, z)? even if only as a space-time distribution and that in doing this
we should exploit some decorrelation properties of the dynamics.

We need a replacement for the Gaussian computations used above. This will be provided, in
our case, by the stochastic calculus along the time direction. Indeed note that for each ¢ € . the
process (X¢(¢))i>0 is a semimartingale for the filtration (F;)¢>o.

Before proceeding with these computations we need to develop some tools to describe It6 the
formula along the OU process. This will be also the occasion to set up some analysis of Gaussian
spaces.

2.2 Gaussian computations
For cylindrical functions F:.#" — R of the form F'(p)= f(p(¢1), ..., p(on)) With ¢1, ..., o, €. and
f:R™— TR at least CZ, we have by Itd’s formula

n

WF(X) =3 F(X)AXu() +3 3 Fos(X0d(X (90, X ()

i= i,j=1

where () denotes the quadratic covariation of two semimartingales and where F;(p) =0;f(p(¢1), ...,
p(pn)) and F; j(p) =07 if (p(1), .., p(pn)) With 9; the derivative with respect to the i-th argument.
Now

d(X (1), X () e=d(M (¢:), M ()t = (Oupi, Oxpj) L2(T)dl
and then

i=1
Where Ly is the second—order differential operator defined on cylindrical functions F' as

n n

LoF(p) =3 Fip)p(Bp) + 3 Fs(0) @t Oups) rocm)

i=1 i,j=1

Another way to describe the generator is to give its value on the functions exp(n(1)) which is

Loe? W) = P (p(AY) — %(1/), AY) L2(T)).

If F', G are two cylindrical functions (which we can take of the form F(p) = f(p(¢1), ..., p(n))
and G(p)=g(p(¥1), ..., p(¢n)) for the same @1, ..., p, €.) we can check that

Lo(FG) = (LoF)G + F(LoG) +£(F, G)
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where the quadratic form £ is given by

P) :Z Fi(p)G(p)(0xpi, O2pj) L2(T)-

Assume that Xo=n where n~N (0, ||¢ ||%2(T)/2) is a space—white noise and recall that we already
established that white noise is invariant for the OU dynamics so that X;~n for all £ > 0.

Lemma 2. (Gaussian integration by parts) Let (Z,-),-:L,_,M be a M-dimensional Gaussian vector
with zero mean and covariance (C; ;)i j=1,..m. Then for all g€ CE(RM) we have

E[Z.9(Z ZC ]E{ )}

Proof. Use that E[e*(%M] =~ /2 and moreover that
0

E[ZkeNZN]:(ﬂ)a_ME[ HZN] = (—

0
_ HUZ AN W Z A
=t % Cr .o ME[e %] 71E[§e C’“*‘_azf (2.2,

—(\,CX)/2 _ L(C/\) —(X\,CX)/2

The relation is true for trigonometric functions and by Fourier transform for all g € .. Is then a
matter to take limits to show that we can extend it to any g € C#(RM). a

Note that E[n(p:)n(Ae;)] :l<<pi, Ag;)r2(T) SO

E Z x(pua»LSDJ>L2(T) -E Z )<§0uA§0J>L2(T)
i,7=1 i, 5=1
:*li (@i, Apj) 2 () Em—r— 0 iE (Ag;)Fj(n)]
2 —~ 2 J ) 017((‘0 = J
which gives again that E[LoF]=0. And
1
E[E(F, :*QZ E(F, (M){pis Apj) L2(T).-
:722 E )) )<5017A90J L2(T) _Z E ))<<P1,ASDJ>L2 T)
:_Z E(F n(Ap;)) QZ i(M)(wis Apj)racr)

=—E[(FLoG)(n)]
so E[(F LoG)(n)]=E[(G LoF)(n)], that is Lo is a symmetric operator with respect to the law of 7.

Let D be the operator defined as DF(p ):Z Fi(p)(¢;) and note that
E[F(n){¢, DG(n)] + E[G(n)(v, DF(n ZE [(FG)i(n) (P, pi)] =2 E[n(¢)(FG)(n)]

SO

E[F(n)(¢, DG ()] = E[G(n){4, D" F(n))]

with D*F(p) = —DF(p) + 2p being the adjoint of D for the L?(Law(n)) scalar product. Let
DyF = (¢, DF) and similarly for D,F = waFJr 2p(1). Then Ly :éZk D12, Datrsz,, for an
orthonormal basis (e,,),>1 of L?(T) and (D%, D] =2(2), 0) r2(T). Note that

* * 1 *
[Lo, DY) = 22 DAz, Dar/ze, - D3] =53 Davsz, [Daizg,. Dy + 22 N/ze, DY) Darse,
k

:*Z D21/2ek<¢v A1/2€k>L2(T) =—Day
k
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so if 1 is an eigenvector of A with eigenvalue A :
[Lo, D},] = —ADj,.

Let now (¢n)n>0 be an orthonormal eigenbasis for A with eigenvalues Ay, =\, and consider the
functions H (i, ..., ¥s,,) =D, Dy, 1. Then

LoH iy, -y ¥i,) = LoD3y, -+ Dy, 1=D3, LoDy, D3, 1— A, Dy, Dy, 1

== N H (W s 01,)

since Lol =0. Then these functions are eigenfunction for Ly and the eigenvalues are all the possible
combinations of A;, + -+ + A, for iy, ..., ¢, € N. We have immediately that these functions are
orthogonal for different n. They are actually orthogonal as soon as the indexes ¢ differ since in that
case there is an index j which is in one but not in the other and using the fact that D7 is adjoint
to Dy, and that Dy G =0 if G does not contain Dy, we get the orthogonality. These functions
are polynomials and they are called Wick polynomials. Note also that

E(F(p) P¥1) = B(eP*F(p)) =B[F (p+ )] = E[ F(p)e" V=51V

so taking =3 oi1); we get

2 * \n
Yiop() = S llvill?_ Dy Dy)" Tis Ty 171 .
e 3 —e w1,n§>0 = E | E TH(#)“,..., ¥i,)

n=0 i1,...,in n times

which is enough to show that any random variable in L? can be expanded in a series of Wick
polynomials showing that indeed Wick polynomials are an orthogonal basis of L?(Law(n)) (but
they are still not normalized). Indeed assume that Z € L?(Law(n)) but Z1LH (v, ..., ;) for all
n>=0, i1, ..., i, € N, then

ATy . AT () — S ZE s
0= ezz'?”wtan[Z(n) ele] — eZzT” ‘/JIHQE[Z(??)‘SZ#TI’?(%) Z'L 2 Hw1H2] — E[Z(n)eZiom(wi)]

Since the o; are arbitrary this means that Z(n) is orthogonal to any polynomial in 7 and then that is
orthogonal also to exp(¢>", oin(1;)). But then take ¢ €. (RM) and ;=0 if i > M, and observe that

0= / do1-+domd (01, ..., 0m) E[Z(n)e' =7 "I = B[Z(n) q(n (1), .-, n(vor)]

which means that Z(p) is orthogonal to all the random variables in L? which are measurable with
respect to the o—field generated by (p(1n))n>0. This implies Z(p) =0. That is, Wick polynomials
form a basis for L.

The first few (un—normalized) Wick polynomials are

H(4:) = Dj 1 = 2p(3) = 2p()

and
H(1/)1; 1/’;) = ::szg’ijl = 2D%P(¢J) = *261',]' +4p(¢®)ﬂ(¢])
H(wza 1/’;', 1/%) = D*wi(*%j,k* +4p(¢])p('¢)k))
=—46; kp(1hi) — 40; jp(Phr) — 405 1p(105) +8p(Vi) p(20) p(Y)
and so on.

Some other properties of Wick’s polynomials can be derived using the commutation relation
between D and D*. By linearity D7, ,, =D, 4+ D3, so
k

Ho(p+9) = H(p+ ¢, s 0+ 9) = > (T )H(g s 09, 1)

0<k<n n—k
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Then note that
PO =119112/20p(2) = el1?/2 — cp(et ) —llo+4112/2+(p, )

By expanding the exponentials we have
k m

3 Hnlv) Hulg) _~ Hilp+v) (g, ) _ 3 H(Grn 2,0, 0) (0, 9))

! r! Al nlm! il
n,m 0 n,m, £

Identifying the terms of the same homogeneity respectively in ¢ and ¥ we get

n!'m! /_/(g
M) = 3 S g GrT30r o Dl o))

lfl
p+e=n q+l=m p q

which gives a general formula for the products. By polarization of this multilinear form we can get
also a general formula for the products of general Wick polynomials. Indeed taking ) = Z?Zl A
and ¢ = ZTZI pjp; for arbitrary real coefficients Ay, ..., A,, and py, ..., pr, we have

H, Z Aivi)Hp, Z p]‘P] Z Z iy Nigu0g1* P (w'iu ey win)H(wju ey me)

i15eyln J1se-sdm

and then deriving this wrt all the )\, p parameters and setting them to zero we single out the term

Z H(wa(l)a ooy wa(n))H(ww(l)a ooy ww(m)> = (n')(m')H(1/)1a ) wn)H(wlv SX3) Sﬁm)

0ESH,WwESH

using symmetry of the Wick polynomials. Doing the same also in the r.h.s. we get

____}L_ /"——L
H(wlv ) 7/1n)H(<P1, seey me - Z Z p qw'Z 90117~ ) Qﬁipaq/}hv' ) w]q)H <50ip+m qu+7~>

p+e=n qg+l=m

where the sum over 4, j runs over iy, ..., i,, permutation of 1,...,n and similarly for ji, ..., jm.

In particular

]E[H(T/)l,--~7wn)H(%,-n,lﬂn :%Z H '(/)lra'(/}h = Z H %ﬂ%m
€S, r=1

1,7 r=1

Some remarks about complex valued bases. In our problem it will be convenient to take the
Fourier basis as basis in the above computations. Let ey(x) = exp(tk x) /271 = ax(z) + i bp(x)
where ay, by with k € N are a real ONB for L?(T). Then n(ex)* = n(e_x) and we will denote
Dy =D., =D,, +iDy, and similarly for D} =D}, —iD}, = —D_x + p(e—x). In this way D} is the
adjoint of Dy, with respect to the hermitian scalar product on L?(£2;C) and the OU generator takes
the form

Lo=3" D8, Do.e, + Dis Do =5 KDiDy

keN kEZ
and

E(F,GQ)= Z k2(DyF)*(DG).

kGZ

2.3 The Ito6 trick

We are ready now to start our computations. Recall that we want to analyse Ji(¢ f o0 Ou X2(p)ds

using Ito6 calculus over the OU process. We want to see J; as a correction term in an It6 formula
so we have to find a function F' such that %LOF(Xt)(ek) = 0,X?(ex).Note that

0. X7Pew) =ik > Xile)Xilem)=ik Y Hem(Xy)
l+m=k l+m=k
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where Hy, m(p )— Ip* D 1=pler)plem) — %5“,”:0 is a second order Hermite polynomial so that
LoHp 1 = —(0?+m?)Hy . So it is enough to take

Hy om(Xt)
F(Xy)(ex)=—20k > 6217712
l+m=k
Note that this corresponds to the distribution: F(X;)(y)= 72f0 (25X )%(p)ds. Then

F(Xi)(p) = F(Xo)(p) + Mp (¢) + Ji(p)

where Mp () is a martingale with quadratic variation

(Mp,«(p), Mp +(9))r = E(F (%) (), F(+)()) (Xs)dt.

We can estimate
B[ () = Jo(@) 7] Sp ElI M 1(0) — M5 () |*] + B[ F(X3) () — F(Xs)(0)[*]
Note moreover that if m; is a martingale we have

1
de|my|?? = (2p)|me|[*P~ dm, + 5(219)(219 — 1)|mq[*P=2d(m),

and
t
E[|m|*] = Cp/ E(|m[*P~2d(m)s) < CpB(|my[*?~*(m)y)
0

by Cauchy—Schwartz:
SCpE(|my |*P)CP=2/2P(E [ (my) 7))/

which implies that E[|m;|??] < C,E[(m:)?]. So

E[() - Ju(¢)[27] < [

F()(9) (Xr)dr

} FEIF(X)(9) — F(X)(9)]7]
(=)t / " BIEF()(0), F(3)()) (X)) |Pldr + E[F(X)(¢) - F(X) ()]

Sp(t = $)PE(IE(F (%) (), F () () ()P + B[ F(X1) () — F(X:) ()]

since Xy~ n. Now

_ plee)
DonF (p)(ex) = MH; k i

E(F(+)(ex), F(x)(en))(p) =Y m*D_nF(p)(e—1)DinF (p)(ex)

— 42 Z e k2 Z €2+m2

. . . L+m=k l+m=k
Which implies that

Bl en), Fe) e S ke Y e <o 2 sl
l+m=k

A similar computation gives also that

E[[E(F(x)(ex), F()(exr) ()] S k[P

Note that we have also

E[|F (X)) (ex) = F(X,)(en)] Sk Y E
L+m=k

<k2|t — s| Z €2+m22N|k||t—8|
l+m=k

{ (He,m(Xt) = Ho,m(Xs))? ]
@+ m2)?
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And finally, this computation let us recover the result that

B[ Ji(ex) = Js(ex) 7] Sp (t = 5)P k[P

The advantage of the Itd trick with respect to the explicit Gaussian computation is that it goes
over to the non-Gaussian case. Note indeed that u satisfy the Ité6 formula

n

deF (u) = Fi(ug)dM( ) + LF (ug)dt

i=1
where L is now the full generator of the non-linear dynamics given by
LF ( LOF +ZF Ipﬂgo’b> LOF(p)+BF(p>

where

BF(p) = Z (92p%)(ex) D F (p).

k

The non-linear term is antisymmetric with respect to the invariant measure of Ly:

Z E[G(n)Fi( zn ©i)] Z E[(GF); x77 , i) Z E[G 8967727 ©i)]

—LE[(G F)(n) 07 1) :§E[(G F)(1){9n°,1)] =0
Moreover if we reverse the process in time letting 4; = ur—_¢ we have

E[F(a¢)G (a0)] = E[F (ur-¢)G (ur)] = E[F (u0) G (u)].
So if we denote by L the generator of 4 we have

B[ LF (i) G (i) ] :%

t=0

which means that L is the adjoint of L, that is

L=LoF(p) - Z (92p)(ex) D& (p).
Then the It6 formula gives i

n
deF (@) = Fi(a)dM,( ) + L F (i) dt.
=1
So

Flur)() = Fuo)() + Mrr (o) + [ U L) (p)ds
F(uo)() = F(ar)(9) = F(a0) () + Mp 1(9) + / LF(a.)(p)ds

=F(ur)(p)+ MF,T((P) +/0 LF(us)(p)ds

summing up these two equalities we get

0=Mp1(0) + Mpr(p) + / (L +L)F(us)(p)ds
That is 0

2/ LoF (us)(p)ds = —Mp 7(¢) — Mp 7(9)
0

And as above if LoF(p) = 0,p? we end up with

T
/O B,2(p)ds = —Mp 1(2) — Mp 7().



14 SECTION 2

A similar computation the allow to establish that even in the non-linear case if we set

N @)= [ o) o)
then 0
EUA (ex) — NN (e0)]2] <y (¢ — 5)7 [P

and moreover, adapting the computation one can also show that letting /\/tN’M =N — NM we have
E[|NFM (ex) = NV M (en) [*P] Sp (K] NP (E = 5)P ||,
for all 1 < N <M from which we can derive that
(BN =AM ]) 2P Spa N72/2(t = 5) /2

for all @ < —1 —e¢. Realize that this estimate allows you to prove compactness of the approximations
NN and then convergence to a limit in L??(Q; 02~ H~1~) which we call N.

2.4 Controlled distributions

Let us cook up a definition which will allow us to perform the computations above in a general
setting.

Definition 3. Let u, A: R4 X T — R a couple of generalized process such that

i. For all p € L (T) the process t — ui(p) is a continuous semi—-martingale satisfying

() = o)+ [ D ud(Ap)ds + Ade) + Milp)

where t — Mi(p) is a martingale with quadratic variation (Mi(p), My(v)) = (O, Oxt)) 2
and t — A:(p) is a finite variation process.

ii. For all t > 0 the random distribution ¢ — ui(p) is a zero mean space white noise with
covariance ||ga||%%/2

1t. For any T > 0 the reverse process Uy = ur—_; has again properties i, it with martingale M
and finite variation part A such that Ay(p) =—A(p).

Any pair of processes (u, A) satisfying these condition will be called controlled by the OU process
and we will denote the set of all these processes with Qqy.

Theorem 4. Assume that (u, A) € Qou and for any N 21,120, p €. let

NP ()= / 0, (T, 2(9)ds
0

Then for any p=1 (NN)n>1 converges in probability to a space-time distribution N € cY2-Hg-1-.
We are now at a point were we can give a meaning to our original equation.

Definition 5. A pair of random distribution (u, A) € Qo is an energy solution to the stochastic
Burgers equation if it satisfies

t
w(p) = uo( ) + / us(Ag)ds + Ni() + Mi(p)
for allt >0 and p € .. That is if A=N.

Now we are in a relatively standard setting of needing to prove existence and uniqueness of
such energy solutions. Note that in general the solutions are pairs of processes (u, .A).



ENERGY SOLUTIONS 15

Remark 6. The notion of energy solution has been introduced in the work of Gongalves and Jara
on macroscopic fluctuations of weakly asymmetric interacting particle systems.

2.5 Existence of solutions
For the existence the way to proceed is quite standard. We approximate the equation, construct
approximate solutions and then try to have enough compactness to have limiting points which then
naturally will satisfy the requirements for energy solutions. For any N > 1 consider solutions u¥ to
O™ = AulN + 0, TNy (TTpu™N)? + 0,¢
These are generalized functions such that
dud (ex) = —k2ud (ex)dt 4 [0.TIn (TTnuN)?] (ex)dt +i k d B (k)

for k € Z and t > 0. We take uo to be the white noise with covariance us() ~ N(0, ||¢||?/2).
The point of our choice of the non-linearity is that this (infinite-dimensional) system of equa-
tions decomposes into a finite dimensional system for (v™ (k) = I yu™(eg))s: k)<~ and an infinite
number of one-dimensional equations for each u™(ey) with |k| > N. Indeed if |[k| > N we have
[0 (T yuM)?](ex) = 0 so ug(er) = Xy(ex) the OU process with initial condition Xy = ug which
renders it stationary in time (check it). The equation for (v"(k)), < reads

dof (k) = — k%0 (k)dt + bg(vN)dt + i kdBy(k), |k|<N,t>0

where

br(v]) =ik Z Ljey, k). jm| <N 0f (O)of (m).
L+m=k

This is a standard finite—dimensional ODE having global solutions for all initial conditions and
which give rise to a nice Markov process. The fact that solutions do not blow up even if the
interaction is quadratic it can be seen by computing the evolution of the norm

A= 3 NP

. k<N
and showing that

dA;=2 )" o (—k)dof¥ (k) = —2k2A,dt +2 Y o (—k)bp(of)dt+ 20k > oY (—k)dBi(k)
k<N [k[<N [k[<N
but now

SO o=k =20 Y T rpgmi<n kol (©ol (m)v (<k)
[KI<N k£ miltm=Fk

=—20 > Ljg), [k, lm| < & () 02 (€)o (m)of (k)
k.0, m:L+m+k=0
but by symmetry of this expression it equals to
2
=3t Y Teegmien (04 m) o (0 (m)ol (k) =0
k., m:l+m+k=0

so Ay = Ag+ M, where dM; =23,y Ly < n(ek)od (—k)dBy(k). Now
T T
ERAIS [ R mPars v [ A
O |kl<N 0

and then by martingales inequalities

E[ sup (A:)? <2E[Af]+2E[ sup (M;)? < 2IE[Af] + 2E[M7]
tef0,T] t€[0,T]

T
<2E[A3) + CN2/ E(A)dt
0
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and by Gronwall inequality
E[ sup (A;)?] S eV TE[A]).
te[0,T]
From which we can deduce (by a continuation argument) that almost surely there is no blowup at
finite time for the dynamics. From the Galerkin approximations the It6 trick will provide enough
compactness in order to pass to the limit and build an energy solution to the Stochastic Burgers
equation.

3 Distributions and Besov spaces

Here we collect some classical results from harmonic analysis which we will need in the following.
Fix d € N and denote by T = (R / (27Z))? the d-dimensional torus. We concentrate here on
distributions and SPDEs on the torus, but everything in this Section applies mutatis mutandis on
the full space R?, see [GIP13]. The only problem is that then the stochastic terms will no longer
be in the Besov spaces ¥“ which we encounter below but rather in weighted Besov spaces. Since
we did not develop paracontrolled distributions on weighted Besov spaces yet, we are currently
unable to solve SPDEs on R

The space of distributions 2’= 2’(T¢9) is defined as the set of linear maps f from C'°°=C>(T?,
C) to C, such that there exist £ € N and C >0 with

[(f> ) =If(@)| < C sup [[0¥¢]|Loe(Tay
lnl<k
for all ¢ € C°. In particular, the Fourier transform .Z f: Z¢ — C, .Z f(k) = (f, e~"*"), is defined
for all f € &7, and it satisfies |.Z f(k)| < |P(k)| for a suitable polynomial P. We will also write
f(k) =% f(k). Conversely, if (g(k))pecza is at most of polynomial growth, then its inverse Fourier
transform
Flg=(2m) 1Y @ g(k)
kezd

defines a distribution, and we have F L% f = f as well as F.F ~'g=g. To see this, it suffices to
note that the Fourier transform of ¢ € C° decays faster than any rational function (we say that it
is of rapid decay). Indeed, for 1 € N§ we have |k*§(k)| = |7 (8"g)(k)| < ||0"g]| 1 (1a) for all k € Z4,
As a consequence we get the Parseval formula (f, @) = (27) "%y, f(k)@(k) for fe P’ and ¢ € C™.

Linear maps on %2’ can be defined by duality: if A: C*° — C° is such that for all k € N
there exists n € N and C' > 0 with sup|,<x [|0*(A@)||Le < C supj,i<n [|0%0], then we set
(*Af,0)=(f,Ap). Differential operators are defined by (9*f, o) = (=1)*I(f, o). If ¢:7¢— C
grows at most polynomially, then it defines a Fourier multiplier

e(D)f=F HpZ[),

which gives us a distribution (D) f € 2 for every f € 2'.

Example 7. Clearly LP = LP(T%) C 2’ for all p>1, and also the space of finite measures on (T¢,
A(T%)) is contained in 2’. Another example of a distribution is ¢ — 0*p(z) for u € N& and z € T.

Exercise 1. Show that for f € 2’, g€ C*> and for u, v: Z? — C with u of polynomial growth and
v of rapid decay

F ()R = r) 1Y fE=0g() and F 7 uo)(w)= [ F e =) P ()
y4

Littlewood-Paley blocks give a decomposition of any distribution on 2’ into an infinite series
of smooth functions. Of course, we have already such a decomposition at our disposal, namely
f=> (2m) = f (k)e'*>). But it turns out to be convenient not to consider each Fourier coefficient
separately, but to work with projections on dyadic Fourier blocks.
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Definition 8. A dyadic partition of unity consists of two nonnegative radial functions x, p €
C>(R%, R), where p is supported in a ball B = {|z| < c} and p is supported in an annulus
o ={a<|x|<b} for suitable a,b,c>0, such that

1o X+ 550 p(279)=1 and
2. xp(279)=0 for j =1 and p(2=%)p(279:)=0 for all i, 5 >0 with |i —j|>1
We will often write p_1=x and p; = p(277-) for j =0.

Dyadic partitions of unity exist, see [BCD11]. The reason for considering smooth partitions
rather than indicator functions is that indicator functions do not have good Fourier multiplier
properties. From now on we fix a dyadic partition of unity (x, p) and define the dyadic blocks

Aif=pD)f=F Y pif), i>-1.

Sif= > Aif.

i<j—1

We also use the notation

Every dyadic block has a compactly supported Fourier transform and is therefore in C*°. It is easy
to see that f:2j2_1 Ajf=lim; .o S; f for all fe 2’

For a € R, the Hélder-Besov space ¢ is given by ¢® = BS, (T, R), where for p, g € [1, o]
we define

jz-1

a a d / jo Va
By =By (T R)=4 f€ 2" | fllng, = D @A flln)?) <oop,

with the usual interpretation as £>° norm in case ¢ =o0. Then B} , is a Banach space and while
the norm |[|-||gg . depends on (x, p), the space By , does not, and any other dyadic partition of
unity corresponds to an equivalent norm. We write ||-||o instead of ||-|[pa

If «€(0,00)\ N, then € is the space of |« ] times differentiable functions whose partial deriv-
atives of order |« ] are (o — |« |)-Holder continuous (see page 99 of [BCD11]). Note however, that
for k € N the space €* is strictly larger than C*, the space of k times continuously differentiable
functions.

Exercise 2. Show that |-, < |5 for o < 8, that |-z~ S |-a for a >0, that o S ||z~ for
a <0, and that ||S;||pe <27%|a for a <O0.

~

Hint: When proving ||-|o S |||z for a <0, you might need to bound [.7 ! p;|| L1(pa). Here it
may be helpful to use Poisson’s summation formula

2m)= 1Y " p27Ik)et ) = (20)4 N " (F gap) (29 (2mk + ),

kezd kezd

where Z pip(z) = (27) ded ¢'#%) p(z)dz, which holds for all Schwartz functions p: R¢ — R.
Alternatively, you can periodically extend f € L>(T9) to f € L>°(RR?) and note that

8@ =Z5k 0w @) = [ FRlosfa =) Fw)ay
Exercise 3. Let &y denote the Dirac delta in 0. Show that §y€ €~
We will often rely on the following characterization of Besov regularity for functions that can
be decomposed into pieces which are localized in Fourier space.
Lemma 9.
1. Let o be an annulus, let o € R, and let (u;) be a sequence of smooth functions such that

Fuj has its support in 2997, and such that ||uj||pe~ 5279 for all j. Then

u= Z u; €€ and llulla < sup {27%|u;| Lo}
iz—1 3z-1
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2. Let % be a bdll, let o> 0, and let (u;) be a sequence of smooth functions such that Fu;
has its support in 279, and such that ||u;||p=<279% for all j. Then

u=Y u;€e?* and  [ulla S sup {27|u |z}
j=-1 jz-1

Proof. If Zu; is supported in 277, then A;u;#0 only for i~ j. Hence, we obtain
1A ullpe < Y7 Ay e < sup {2 fugflpe} DT 279 sup {262 |ug e} 270
Jijni k2-1 Jijei k2-1
If .Fu; is supported in 279, then A;u; #0 only for i < j. Therefore,
[Aiufp=< Y Ayl < sup {25 fufp=} Y 277 S sup {26fug g} 277,
iz k2>-1 3z k2=l
using « >0 in the last step. O

The following Bernstein inequalities are extremely useful when dealing with functions with
compactly supported Fourier transform.

Lemma 10. Let &7 be an annulus and let 2 be a ball. For any k€ Ng, A>0, and 1<p<g< o0
we have that

1. if u€ L? is such that supp(Fu) CAAB, then

k+d(Lt-1
max [0 ul e Sen G s
BN 1| =k

2. if u € LP is such that supp(Fu) C A\, then

M lu < max O* ul|r.
fulr S _max 0% ullu

It then follows immediately that for a« € R, f e €2, ue N&, we have 94f € €*~1#|. Another
simple application of the Bernstein inequalities is the Besov embedding theorem, the proof of which
we leave as an exercise.

Lemma 11. Let 1<p1<p2<oo and 1< g1 < @< o0, and let a € R. Then B 18 continuously

P1,491
L ha—d(i/pi—1/pa)
embedded into B, . P P2},

Exercise 4. Let ¢ be a spatial white noise on T, i.e. £ is a centered Gaussian process indexed
by L?(T%), with covariance

El¢(f)€(g)) = / f(2)g(x)dz.

Td
Show that there exists £ with P(£(f)=&(f))=1 for all f € L?, such that E[|\§H’id/€72} < oo for
all p>1 and £ >0 (so that £ € €%~ almost surely).

Hint: Define £ =.Z ~1& = (2m) a3y, eFIg(e7* ™)) and estimate JE[H%HQBng using Gaus-
sian hypercontractivity (equivalence of moments). Then apply Besov embedding.

When solving SPDEs, we will need the smoothing properties of the heat semigroup. For that
purpose we study functions of time with values in distribution spaces. If X is a Banach space with
norm ||-||x and if 7' > 0, then we define CX and CrX as the spaces of continuous functions from
[0, 00) respectively [0, 7] to X, and C7rX is equipped with the supremum norm ||-||c,x. If € (0,1)
then we write C*X for the functions in CX that are a—Hélder continuous on every interval [0, 77,

and we write
I f@)— f(s)ll
|fllegx= sup S—t———".
B 0<s<t<T [t —s|®

We then define .£*=C€*NC*2L> for a €(0,2). For T >0 we set .£%=Cr€*N C$/2L°° and
we equip £ with the norm

Il = max ([ loee, [l g2
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The notation £ is chosen to be reminiscent of the operator .Z and indeed the parabolic spaces
ZL“ are adapted to £ in the sense that the temporal regularity “counts twice”, which is due to
the fact that £ =9, — A contains a first order temporal but a second order spatial derivative. If
we would replace A by a fractional Laplacian —(—A)?, then we would have to consider the space
CE*NC* (29 [ instead of £

We have the following Schauder estimate on the scale of (.£%),, spaces:

Lemma 12. Let a € (0,2) and let (P.)i>0 be the semigroup generated by the periodic Laplacian,
F(Pof)(k)=e"kE.Z f (k). For f€C€*~? define Jf(t)= [, Pi—sfsds. Then

[7f 25 S A+ D) flloree—2
for allT>0. If u€e €, then t— Pu € L% and

[t = Prull 2g < llulla-

Bibliographic notes For a gentle introduction to Littlewood-Paley theory and Besov spaces
see the recent monograph [BCD11], where most of our results are taken from. There the case of
tempered distributions on R? is considered. The theory on the torus is developed in [ST87]. The
Schauder estimates for the heat semigroup are classical and can be found in [GIP13, GP14].

4 Diffusion in a random environment

Let us consider the following d-dimensional homogeneisation problem. Fix ¢ > 0 and let u®:
R4 x T.— R be the solution to the Cauchy problem

Ot (t,x) = Auf(t,x) + e~V (x /e)us(t, x), t>0,2€T?

with u®(0,-) =uo(-), where T = [0, 2] is the one dimensional torus and where V: T¢— R is a random
field defined on the rescaled torus T¢=T¢/e. This model describes the diffusion of particles in a
random medium (replacing 0; by i0; gives the Schréodinger equation of a quantum particle evolving
in a random potential). For a review of related results the reader can look at the recent paper of
Bal and Gu [BG13]. The limit e — 0 corresponds to looking at the long scale behaviour of the model
since it can be understood as the equation for the macroscopic density u®(t,z) =u(t /&% x / €) which
corresponds to a microscopic density u: R4 x T¢— R evolving according to the parabolic equation

Owu(t,z)=Au(t,x) + >~V (z)u(t, z), t>0,r €T

Let V.(x) =~V (x/¢) and assume that V: T?¢ — R is Gaussian and has mean zero and homoge-
neous correlation function C, given by

Cez —y) =E[V(@)V ()] = (e/2m)* Y ' R(k)
keezd

where Z¢=7%\{0}. On R:R?— R, we make the following hypothesis: for some 3 € (0, d] we have
R(k)=|k|?~9R(k) where R€.#(R%) is a smooth bounded function of rapid decrease. When 3 < d
this is equivalent to require that spatial correlations (in the limit € — 0) decay as |z|~?. When 3=d
this hypothesis means that spatial correlations decay in an integrable way. Indeed by dominated
convergence

limCo(a)= [ - ciwripr)= [ i m bR = 271154 « Z1(R)(2)

e=0 (2m)? (2m)?
Now .Z "Y(R) e . (R%) and .Z ~1(|-|? %) (x)=|z| P if 0< B < d so lim. _oC:(z) < || 7 if |z| — +oc0.

Let us now compute the variance of the LP blocks of V..

Lemma 13. Assume 5 —2a > 0. We have that for any € >0 and i >0 and any 0 <k < [ — 2
E[|AVa(x)[?) S 200~ )ien

This estimate implies that if 3> 2a we have V.—0 in L(Q; ng’“/Q(Tfl)) as e—0 for some k> 0.
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Proof. A spectral computation gives
BIAV.@P] = e [ Ko =y)Ki(e—2)Cul(y—2)/e)dud
R x R4

— (c/2m)dc—20 / Kiw—y)Ki(w—2) 3 e/ R(k)dydz
R4x R4

keezd
= (e/2n)%e72 Y pi(k/e)2e MO R(R) (2)
keeZd
= @m0 Y pk/ (=27 R(K)
kcezd
< gd7202id qup R(k).
kee2iad

Now if €2 <1 we have E[|A;V.(7)[?] <2ided=2(£27) =4 < F=20218 The assumption 3 —2a >0
implies that B[|A;V(z)|?] <23k for any 0 <k < § — 2a. In the case £2¢ > 1, due to the remark
that fB(O e R(k)dk < 400, we can estimate

0N (k) (220 RK) St S R(ek) S A R(E)E < o0

keez kezd

and then E[|A;V.(x)|?] Le22 <L 2299(£29)" for any small k> 0. O

Note that the computation carried on in eq. (2) implies also that if 3 —2a <0 then essentially
V. does not converge in any reasonable sense since the variance of the LP blocks explodes.
The previous analysis shows that it is reasonable to take o< 3/2 in order to hope in any well
defined limit as e — 0. In this case V. stay bounded (at least) in spaces of distribution of regularity
— . This brings us to the problem of obtaining estimates for the parabolic PDE (£ =0; — A)

Luf(t,s)=Vola)u(t,a),  t20,x€T,

depending only on negative regularity norms of V.. On one side the regularity of u® is then limited
by the regularity of the r.h.s. which cannot be better than that of V.. On the other side the product
of V. with u. can cause problems since we try to multiply an (a—priori) irregular object with one
of limited regularity.

Assume that V. € €7 ~2 with v > 0. It is reasonable then to assume also that V.u® € Cr%7Y 2
and that u® € C1% " as a consequence of the regularising effect of the heat operator. We see then
that the product V.u® is under control only if v+~ —2>0, that is if y>1. Soif V.—0in €'
then it is not difficult to show that u® converges as € — 0 to the solution u of the linear equation
Owu(t, ) — Au(t,z) =0. In this case the random potential will not have any effect in the limit.

The interesting situation then is when v < 1. To understand what could happen in this case let
us use a simple transformation of the solution. Write u®=exp(X¢)v® where X¢ satisfy the equation
Z#X¢=V¢ with initial condition X¢(0,-)=0. Then

Luf = exp(X®) (vELXE + L —v5(0,X5)? — 0, X°0,0°) = exp(X ) vV
which implies that v¢ satisfies
Lvf —v5(0,X5)? — 0, X°0,0° =0, (t,z)€[0,T] x T¢

since exp(X*¢) >0 on [0, 7] x T¢. Parabolic estimates imply that X¢ € C7%” with bounds uniform
in £ > 0 so that here the problematic term is (9, X¢)? for which this estimate does not guarantee
existence.

Lemma 14. Assume that

o2 R(k) dk
: k2 (2m)?
Then if a =1 we have
lir%]E[(anE)Q(t,x)] =02

and if a <1
lim E[(0,X¢)%(t,z)] = 0.

e—0
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Moreover if d > 2 we have
Var[A (0, X)%(t,z)] Sed =2t 402,

Proof. A computation similar to that leading to eq. (2) gives

B0V =[] Y e | om0/ g R

keeZzd
1 — o—tk/o)?]2
:6272a|:%:|d Z [ € e ] R(k)

keeZd

lim E[(9,X)%(t, )] = 220 /

e—0

which as € — 0 tends to
R(k) dk 2
k2 (2m)d

Let us now study the variance of the LP blocks of (9,X¢)?(¢,z). Let us observe that
(0:X5)?=20,X°<0,X°+0,X00,X°
with 0, X0 0, X =37, . (0:24,X°)(0,A,;X¢). Calling 9,A;X¢(t,x) =Y; we have

Var[Ag(0, X0 . X°)(t, )| S ) Y. Cov(YiYy YY)

li—j|<1,i>q |i'—j'|<1,i'>q
< Y ENVIEYY)

e .. ini'~j~ g 2 g
Now as above if i~ 4’ we have

Ev =[] 3 Rah/epnti/e)| [ e b s R

keezd
_[£ ]2 , N
_{271_} € keZZd pl(k/g)pl (kj/‘g) (kJ/E)2 R(k)
SO €
_ . £ 1d o 1 e—tk/e)?]2 2
Var[A4(0; X090, X )(t,x)]gz {{%} e 2 Z pi(k/a)pi/(k/g)%]%(k)
i2q keeZzd
__—t(k/e)272 2
< i d —2a 2 q —[1 c }
S el L L
keezd
_ R(k) 94—
<gd+2-da €4 T > cga < gd—2.4—4a 52
[2%] ngzd k12 k2
Which goes to zero as € — 0 if d > 2. O

This lemma shows that the interesting situation is when ov = 1. Then provided ¢? < 400 and
d>?2 we have (9,X¢)?— 02 in C7¢°~ (an additional argument is needed to provide the uniformity
in time of the convergence but this can be done along the lines of the above computations). An
easy consequence of this is that v converges to the solution of the PDE

Lv=c% (3)

and since X¢— 0 in Cr%" we finally obtain the convergence of (1) to the same v.

4.1 The 2d generalized parabolic Anderson model

The case a =1 and d = 2 remains open in the previous analysis. When d = 2 we cannot expect
o2 to be finite and moreover from the above computations we see that the variance of (9,X¢)?
remains finite and does not go to zero so the limiting object should satisfy a stochastic PDE. If
we let 02(t) = E[(0,X°)2(t, z)] (which depends on time but which is easily shown independent of
x € T?) then we expect that solving the renormalized equation

Luf =V — o2us
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should give rise in the limit to a well defined random field @ satisfying @ = eX0 where
LV =014 0 X040
and X is the limit of X as ¢ — 0 while 7 is the limit of (9,X°)? — ¢2(t). The relation of u® with

t2(6)ds
4° is easily seen to be 4S(t, z) = e Uaf(é)d‘sus(t, x). The renormalization procedure is equivalent
then to a time—dependent rescaling of the solution to the initial problem.

We will study the renormalization and convergence problem for a more general equation of the
form

Zuf=F(u®)V, (4)

where F: R — R is a general, sufficiently smooth, non-linearity. One possible motivation is that,
if 2¢ solves the linear PDE and we set u® = ¢(2¢) for some invertible ¢: R — IR such that ¢’ >0 then

LU = (p/(za)jza _ (p//(za)(awza)QZ (p'(Za)ZaVE _ (,0”(28)((,0/(28))_2(3351&8)2
and uf satisfies in turn the PDE
Luf = Fy(uf)Ve + Fo(uf)(0,uf)?

where Fy(x) = ¢'(p~1(x))p 1 (z) and Fa(z)=—¢" (o 1(2))(¢ (¢~ (x))) "2 In the situation we are
interested in the second term in the r.h.s. it is simpler to treat than the first term so, for the time
being, we will drop it and we will concentrate on the equation (4) in d =2 with =1 and short
ranged (3 =d) potential V' which we refer to as generalized parabolic Anderson model (GPAM).

Under these conditions V; converges to the white noise in space which we usually denote with £
and our aim will be to set up a theory in which the non-linear operations involved in the definition
of the dynamics of the GPAM are well understood, including the possibility of the renormalization
which already appears in the linear case as hinted above.

While the reader should have in mind always a limit procedure from a well defined model like
the ones we were considering so far, in the following we will mostly discuss the limit equation. The
specific phenomena appearing when trying to track the oscillation of the term F(u®)V; as e — 0
will be described by a renormalized product F(u)o and so we write the GPAM as

Zu(t,z)=F(u(t,x))o&(x), 1(0) = uy. (5)

In the linear case F'(u) = u, the problem of the renormalization can be solved along the lines
suggested above. Another possible line of attack comes from the theory of Gaussian spaces and in
particular from Wick products, see for example [Hu02|. However, the definition of the Wick product
relies on the concrete chaos expansion of its factors, and since nonlinear functions change the
chaos expansion in a complicated way, there is little hope of directly extending the Wick product
approach to the nonlinear case and moreover the kind of solution which can be obtained using
these non—local (in the probability space) objects can deliver solutions which are not physically
acceptable.
Eq. (5) is structurally very similar to the stochastic differential equation

Ow(t)=F(v(t)0:BH(t), v(0) = wo, (6)

where B denotes a fractional Brownian motion with Hurst index H € (0,1). There are many ways
to solve (6) in the Brownian case. Since we are interested in a way that might extend to (5), we
should exclude all approaches based on information and filtrations; in particular, any approach
that works for H # 1 /2 might seem promising. Lyons’ theory of rough paths [Lyo98| equips us
exactly with the techniques we need to solve (6) for general H. More precisely, if for H > 1/3
we are given f 6 BHABE | then we can use controlled rough path integral [Gub04] to make sense

of [, f«dBH for any f which “looks like” BH¥. The product fo,Bf can then again be defined
by differentiation. So the main ingredients required for controlled rough paths are the integral
f 6 BHABE for the reference path B, and the fact that we can describe paths which look like

B Tt is worthwhile to note that while we need probability theory to construct f 6 BHABH | the
construction of [ 6 f«dBH is achieved using pathwise arguments and it is given as a continuous
map of f and (BH, fo deBf). As a consequence, the solution to the SDE (6) depends pathwise
continuously on (B¥, Io deBH).
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By the structural similarity of (5) and (6), we might hope to extend the rough path approach
to (5). The equivalent of B is given by the solution ¥ to £ =&, ¥(0) =0, so that we should assume
the renormalized product ¥o€ as given. Then we might hope to define fo€ for all f that “look like
¥, however this is to be interpreted. Of course, rough paths can only be applied to functions of a
one-dimensional index variable, while for (5) the problem lies in the irregularity of £ in the spatial
variable x € T?.

In the following we combine the ideas from controlled rough paths with Bony’s paraproduct,
a tool from functional analysis that allows us to extend them to functions of a multidimensional
parameter. Using the paraproduct, we are able to make precise in a simple way what we mean
by “distributions looking like a reference distribution”. We can then define products of suitable
distributions and solve (5) as well as many other interesting singular SPDEs.

4.2 More singular problems

Keeping the homogeneisation problem as leit—motiv for these lectures we could consider also space—
time varying environments V.(t, z) = e~*V (¢ /€%, x /€). The scaling of the temporal variable is
chosen so that it is compatible with the diffusive scaling from a microscopic description where
V(t,x) has typical variation in space and time in scales of order 1. Assume that d=1, then when the
random field V' is Gaussian, zero mean and with short-range space-time correlations the natural
choice for the magnitude of the macroscopic fluctuations is « =3/2. In this case V. converges as
€ —0 to a space-time white noise £. Understanding the limit dynamics of u®, solution to the linear
equation Zuf=V_u® as € — 0 represents now a more difficult problem than in the time independent
situation. A Gaussian computation shows that the random field X<, solution to .ZX¢ =V, (e.g.
with zero initial condition) stay bounded in C’T‘Kl/ 2= as e—0. Since .Z is a second order operator
(if we use an appropriate parabolic weighting of the time and space regularities) then ¢ is expected
to live in a space of distributions of regularity —3 /2 —. This is to be compared with the —1 — of
the space white noise which had to be dealt with in the GPAM. Renormalization effects are then
expected to be stronger in this setting and the limiting object, which we denote with w should
satisfy a (suitably renormalized) linear stochastic heat equation with multiplicative noise (SHE)

Lw(t,x) =w(t, z)ol(t, x), w(0) = w. (7)

As hinted by the computations in the more regular case, it is useful to consider the change of
variables w=e" which is called Cole-Hopf transformation. Here h:[0,00) x T — R is a new unknown
which satisfy now the Kardar—Parisi-Zhang (KPZ) equation:

Lh(t,x) = (0:h(t,2))2+ £(t,x),  h(0)=ho 8)

where the difficulty comes now from the squaring of the derivative but which has the nice feature
to be additively perturbed by the space—time white noise, feature which simplifies many consider-
ations. Another relevant model in applications is obtained by taking the space derivative of KPz
and letting u(¢,x) = 0,h(t, x) in order to obtain the stochastic conservation law

gu(tvx):az(u(t7x>)02+azg(t7$)v U(O):UO; (9)

which we will refer to as the stochastic Burgers equation SBE. In all these cases, ¢ denotes a suitably
renormalized product.

The KPZ equation was derived by Kardar—Parisi-Zhang in 1986 as a universal model for the
random growth of an interface [KPZ86|. For a long time it could not be solved due to the fact
that there was no way to make sense of the nonlinearity (9,h)°? in (8). The only way to make
sense of (8) was to apply the Cole-Hopf transform [BG97]: start by solving the stochastic heat
equation (7) (which is accessible to Ito integration) and then set h=logw. But there was no was
no interpretation for the nonlinearity (9,4)°?, and in particular there was no intrinsic definition
of what it means to solve (8). Finally in 2012, when Hairer [Hail3] used rough paths to solve
give a meaning to the equation and obtain directly solutions at the KpPz level. Here we recover
his solution in the paracontrolled setting. Application of the techniques used by Hairer to solve
the KPZ problem to a more general homogeneisation problem with general ergodic potentials (not
necessarily Gaussian) have been studied in [HPP13].
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4.3 Hairer’s regularity structures

In [Hail4], Hairer introduces a theory of regularity structures which can also be considered a
generalization of the theory of controlled rough paths to functions of a multidimensional index
variable. Hairer fundamentally rethinks the notion of regularity. Usually a function is called smooth
if it can be approximated around every point by a polynomial of a given degree (the Taylor
polynomial). Naturally, the solution to an SPDE driven by —say— Gaussian space-time white noise
is not smooth. So in Hairer’s theory, a function is called smooth if locally it can be approximated
by the noise (and higher order terms constructed from the noise). This induces a natural topology
in which the solutions to semilinear SPDEs depend continuously on the driving signal. Hairer’s
approach is very general and allows to handle more general problems than the ones that can be
currently treated with the paracontrolled techniques.

Compared with the theory of regularity structures, we can hardly call paracontrolled distribu-
tions a theory. It is just a set of tools which allows us to understand better the multiplication of
distributions and thus to solve some SPDEs. We use classical notions of regularity and only observe
that there exist interesting settings (i.e. beyond the Young integral conditions) where the point-
wise multiplication extends to a bounded operator in a suitable topology. If there is a merit in this
approach, then its relative simplicity, the fact that it seems to be very adaptable so that it can
be easily modified to treat problems with a different structure, and that we make the connection
between rough paths and harmonic analysis.

5 The paracontrolled PAM

As we have tried to motivate in the previous sections we are looking for a theory for the PAM which
describes the possible limits of the equation

ZLu=F(u)n (10)

driven by sufficiently regular n but as 7 is converging to the space white noise £. From this point of
view we are looking at a—priori estimates on the solutions u to the above equation which depends
only on distributional norms of 7 so in the following we will assume that we have at hand only a
uniform control of 1 in C7%7~2 for some ~ > 0, for the application to the 2d space white noise
we could take y=1— but we will not use this specific information in order to probe the range of
applicability of our approach and we will assume only that the exponent -y is such that 3y —2 >0,
this includes the case y=1—.

Assume for a moment that we are in the simpler situation v >1 and ug € ”. Trying to solve
eq. (10) via Picard iterations (u™),>¢ starting from u® = ug. Since F' preserves C%¢ -regularity
(which can be seen by identifying C¢7 with the classical space of bounded Hélder-continuous
functions of space), the product F'(u°(t))n is well defined as an element of €7 ~2 for all ¢ >0 since
2v — 2 > 0 and we are in condition to apply Corollary 16 below on the product of elements in
Holder—Besov spaces. Now by Lemma 12, the Laplacian gains two degrees of regularity so that the
solution u! to Lul= F(u®)n, ut(0) =wuo, is in C%". From here we obtain a contraction on C7%” for
some small 7' > 0 whose value does not depend on wg, which gives us global in time existence and
uniqueness of solutions. Note that if we are in one dimension the space-white noise has regularity
=12 (see e.g. Exercise 4) so taking v =3/2 — we have determined that the 1d PAM can be
solved globally in time with standard techniques.

When the condition 29y — 2 > 0 is not satisfied we still have that if € C7%7~2 then u €
L7=Cr6" 2N C’%/ 2poe by the standard parabolic estimates of Lemma 12. However with the
regularities at hand we cannot guarantee anymore the continuity of the operator (u, n) — F(u)n
using Corollary 16. Moreover, as already seen in the simpler homogeneisation problems above
this is not a technical difficulty but a real issue of the regime v < 1. We expect that controlling
the model in this regime can be quite tricky since limits exists when n — 0 but the limit solution
still feels residual order one effects from the vanishing driving signal 7. This situation cannot be
improved from the point of view of the standard analytic considerations. What is needed is a finer
control of the solution v which allows to analyse more in detail the possible resonances between
fluctuations of u and that of 7.
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Before going on however we will revise the problem of multiplication of distributions in the
scale of Holder—Besov spaces introducing the basic tool of our general analysis: Bony’s paraproduct.

5.1 The paraproduct and the resonant term

Paraproducts are bilinear operations introduced by Bony [Bon81] in order to linearize a class of
nonlinear hyperbolic PDE problems in order to analyse the regularity of their solutions. In terms
of Littlewood—Paley blocks, a general product fg of two distributions can be (at least formally)
decomposed as

Fa=Y > AifAjg=f=<g+frg+fog

J>—1i>-1

Here f < g is the part of the double sum with ¢ < j —1, f> g is the part with¢>j+1, and fog
is the “diagonal” part, where |i — j| < 1. More precisely, we define

j—2
F<g=g=Ff=> S Aifajg  and  fog= > Aifdjg

j=—1i=—1 li—jl<1

Of course, the decomposition depends on the dyadic partition of unity used to define the blocks A,
and also on the particular choice of the pairs (7, j) in the diagonal part. The choice of taking all
(i, ) with |i — j| <1 into the diagonal part corresponds to the fact that the partition of unity can
be chosen such that supp .# (A;fA;g) C27e7 if i <j—1. If |i — j| <1 the only apriori information
on the spectral support of the various term in the double sum is supp .Z (A; fA jg) C 2748, that is
they are supported in balls and in particular they can have non—zero contributions to very low
wave vectors. We call f < g and f > g paraproducts, and f o g the resonant term.

Bony’s crucial observation is that f < g (and thus f > g) is always a well-defined distribution.
Heuristically, f < g behaves at large frequencies like g (and thus retains the same regularity), and
f provides only a frequency modulation of g. The only difficulty in constructing fg for arbitrary
distributions lies in handling the diagonal term f o g. The basic result about these bilinear
operations is given by the following estimates.

Theorem 15. (Paraproduct estimates) For any B €R and f, g€ 2’ we have

1 <glls=<sllfllc=llglis: (11)
and for a <0 furthermore
1f < glla+sSas 1 fllallglls. (12)
For a+ B3>0 we have
1f o gllatsSa.sllfllallglls (13)

Proof. There exists an annulus < such that S;_1 f A; g has Fourier transform supported in 27.¢7,
and for f € L* we have

185 -1 f Ajglle <ISj—1 Fllzoe A9l L SN f L2779l

By Lemma 9, we thus obtain (11). The proof of of (12) and (13) works in the same way, where
for estimating fo g we need o+ >0 because the terms of the series are supported in a ball 272
and not in an annulus. g

A simple corollary is then the following :

Corollary 16. Let f €€ and g €%€® with a+ 3>0, then the product (f,g)+ fg is a continuous
bounded bilinear map € x €° €5,

The ill-posedness of f o g for @« + 0 < 0 can be interpreted as a resonance effect since f o g
contains exactly those part of the double series where f and g are in the same frequency range.
The paraproduct f < g can be interpreted as frequency modulation of g, which should become
more clear in the following example.
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Example 17. In Figure 1 we see a slowly oscillating positive function u, while Figure 2 depicts a
fast sine curve v. The product uwv, which here equals the paraproduct u < v since u has no rapidly
oscillating components, is shown in Figure 3. We see that the local fluctuations of uv are due to
v, and that uv is essentially oscillating with the same speed as v.

IVAYAVAVERS =

Figure 1. Figure 2.

el el e

Figure 3.

As a corollary of Theorem 15, the product fg of f€%® and g€ €” is well defined as soon as
a+ (>0, and it belongs to € where v =min {a, 5, a + 8}. Using smooth approximations, we
see that while f <g, f > g, and fo g depend on the specific dyadic partition of unity, the product
fg does not.

Example 18. Let B be a fractional Brownian bridge on T (or simply a fractional Brownian
motion on [0, 7], reflected on [r, 277]) and assume that H > 1/2. We have B¥ € ¢/~ and in
particular BH9,BY is well-defined. This can be used to solve SDEs driven by B in a pathwise
sense. In that way we recover exactly the Young integral, and in fact the condition a« + 3 > 0
corresponds to the Young condition v+ ¢ > 1: if f €€ and g € €° and we want to construct J fdg,
then this is equivalent to constructing fO.g, and since 0,9 € €°~! we recover the Bony condition
v+ (6—-1)>0.

The condition «+ (3> 0 is essentially sharp, at least at this level of generality, see [You36] for
counterexamples. It excludes of course the problem of Brownian case: if B is a Brownian motion,
then almost surely B € €1 for all a <1/2, so that ;B € %ﬁ,;l and thus B o 9;B fails to be well
defined. See also [LCLOT7], Proposition 1.29 for an instructive example which shows that this is
not a shortcoming of our description of regularity, but that it is indeed impossible to define the
product Bd;B as a continuous bilinear operation on distribution spaces.

Other counterexamples are given by our discussion of the homogeneisation above. More simply
one can consider the following situation.

Example 19. Counsider the sequence of functions f,: T — C given by f,(t) = ein’t /mn. Then
it is easy to show that || fn|y — O for all v < 1/2. However let g¢,(t) = Re fn(t) Im 0;fn(t) =
(1- ei2n?t _ e_ﬂnzt) /(2i). Then g,—1/2 in ¢°~ which shows that the map f+ (Re f) (0;Im f)
cannot be continuous in €7 if v < 1/2. Pictorially the situation is resumed in Fig. 4 where we
sketched the three dimensional curve given by t— (Re fn(t),Im fu(t), [ g gn(s)ds) for various values

of n and in the limit.

Figure 4. Resonances give macroscopic effects
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5.2 Commutator estimates and paralinearization

The product F(u)n appearing in the r.h.s. of PAM can be decomposed via the paraproduct < as
a sum of three terms

Fluyn=F(u)<n+ F(u)on+ F(u)>n.

The first and the last of these terms are continuous in any topology we choose for F'(u) and n. The
resonant term F(u) o 1 however is problematic. It gathers the products of the oscillations of F'(u)
and 7 on comparable dyadic scales and these products can contribute to the results at any other
higher scale in such a way that microscopic oscillations can build up to a macroscopic effect which
does not disappear in the limit (as we already have seen). If the function F' is smooth enough these
resonances corresponds to the resonances of u and 7.

We use the paraproduct decomposition to write the right hand side of (10) as a sum of the
three terms

Fu)<n+F(u)on+ F(u)>n (14)
5 2772 2772

(where the quantity indicated by the underbrace corresponds to the expected regularity of each
term). Unless 2y — 2 > 0, the resonant term F'(u) o 1 cannot be controlled using only the C€7—
norm of u and the C¢”~2-norm of 7.

If F is at least C?, we can use a paralinearization result (stated precisely in Lemma 23 below)
to rewrite this term as

F(u)on=F'(u) (uo &) +1r(u, £), (15)

where the remainder ITx(u, &) € €372 provided 3y — 2 > 0. The difficulty is now localized in the
linearized resonant product uo 7. In order to control this term, we would like to exploit the fact
that the function u is not a generic element of C% ™ but that it has a specific structure, since Zu
has to match the paraproduct decomposition given in (14) where the less regular term is expected
to be F(u)<neC€7 2

In order to do so, we postulate that the solution u is given by the following paracontrolled ansatz:

u=u" <9 +uf,

for functions u?, 9, u? such that u?, 9 € €7 and the remainder u* € C€2". This decomposition
allows for a finer analysis of the resonant term u o &: indeed, we have

uon=(u’ <) on+ufof=u’(Won)+Cu’9d,n) +ufon, (16)

where the commutator is defined by C'(u?, 9, n) = (u” <9¥)on —u’ (Jon). Observe now that the
term uf o 1 does not pose any further problem, as it is bounded in C%37~2. The key point is now
that the commutator is a bounded multilinear function of its arguments as long as the sum of
their regularities is strictly positive, see Lemma 20 below. By assumption, we have 3y —2 >0, and
therefore C(u?,19,n) € C€37 2.

The only problematic term which remains to be handled is thus the bilinear functional of the
noise given by ¥ o 7. Here we need to make the assumption that 9 o € C%?7~2 in order for the
product u? (Yo n) to be well defined. That assumption is not guaranteed by the analytical estimates
at hand, and it has to be added as a further requirement to our construction.

Granting this last step, we have obtained that the right hand side of equation (10) is well defined
and a continuous function of (u, u”,uf,9,n,901n).

It remains to check that the paracontrolled ansatz is coherent with the equation satisfied by
solutions to PAM. The ansatz and the Leibniz rule for the paraproduct imply that (10) can be
rewritten as

Lu=L W’ <9 +u)=u? < LI+ [L,u’ <9+ Lut=F(u) <n+ F(u)on+ F(u) =n.



28 SECTION 5

If we choose ¥ such that .9 =7 and we set u” = F(u), then we can use (15) and (16) to obtain
the following equation for the remainder u:

Lut =F'(u) F(u) (90 1)+ Fu) = n— L, F(u) <]9

+F/(u) C(F(u), 9, 1)+ F'(u) (uFon) + p(u, 7). 17

Lemma 25 below ensure that £ ~1[.Z, F(u) < ]9 € C€* if ue £7 and we have already seen that
all the other terms in the r.h.s. are in C¢%7~2 so this equation implies estimates for u# € C€?7 in
terms of the r.h.s. of eq. (17) . Together with the equation u = F(u) < +uf, this equation gives
an equivalent description of the solution and allows us to obtain an a priori estimate on u and
uf in terms of (ug, ||n|ly—2, |9 0 7]|25—2). It is now easy to show that if F € Cf, then u depends
continuously on the data (ug, n,90n), so that we have a robust strategy to pass to the limit in (4)
and make sense of the solution to (10) also for irregular n € C%?~2 as long as v>2/3.

In the rest of this section we will prove the results (paralinearization and various key commu-
tators) which we used in this discussion before going on to gather the consequences of this analysis
in the next section. When the time dependence does not play any role we state the results for
distributions depending only on the space variable, the extension to time varying functions will
not add further difficulty.

Lemma 20. Assume that o, 3,7 €R are such that a+ 8+ v >0 and 8+ v <0. Then for f,g,
h € C° the trilinear operator

C(f,g,h)=((f=<g)oh)—f(goh)

allows for the bound
1C(f, 9. Mgt~ S lallglisliflly, (18)

and can thus be uniquely extended to a bounded trilinear operator from €*xEPx€ to €P+".

Proof. By definition

C(f,g,h Z Ai(AifArg) Aeh(1j <k —11ji—ej<1— Lik—ei<1)
i, 5.k,
= Z Ai(AjfArg) Aeh(1j <k —11ji—ej<ilip—e1<n — Li—e1<1),
0,5,k L

where we used that Sy _1fAxg has support in an annulus 2¥.¢7, so that A;(Sk_1fArg) # 0 only
if i — k| < N —1 for some fixed N € N, which in combination with |i — £| <1 yields |k — ¢| < N.
Now for fixed k, the term ), log|r—¢j< NArgA¢h is spectrally supported in an annulus 2%27 | so
that Zk,z Logik—r|< NARgAh € €P+7 and we may add and subtract ka,z Logik—e|<NARGAD
to C(f, g,h) while maintaining the bound (18). It remains to treat

Z Ai(AjfARg)Ahl—g<n(Tj<k—11lji—g <1 —1)
0,5,k

=— Z Ai(AjfARg)Achl kg <n(Tjzk—1+ i<k —11ji—g>1)- (19)
i TRl

We estimate both terms on the right hand side separately. For m > —1 we have

Am< Z Ai(Aijkg)Aehlk—egN1j>k1)

ey
LOO

< Tmojentyze 1l Am(AF AkgA) L= S > D 277 Flla2 gl 275 | R

gkl iZm k<j

Y 2B faliglaliblly S27 ) Flalgls R,
jzm
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using G+ v < 0. It remains to estimate the second term in (19). For |i —£| > 1 and i~k ~ £, any
term of the form A;()Ay() is spectrally supported in an annulus 2°e7, and therefore

,7,k,¢

Am( Z Ai(Aijkg)Aeh1|ke<N1j<k11ie>1>
LOO

SO Lk alimkmrmml|Ai(A;F Arg) Ah]| L
i, 4,k

<Y 20 a2 liglls2 ™kl S 27V fllallg sl -

jsm

O

Remark 21. The restriction 8+ v <0 is not problematic. If S+ v >0, then (f < g) o h can be
treated with the usual paraproduct estimates, without the need of introducing the commutator.
If 8+~ =0, then we can apply the commutator estimate with v’ < « sufficiently close to v such
that a+ B+ >0.

Our next result is a simple paralinearization lemma for non-linear operators.

Lemma 22. (see also [BCD11], Theorem 2.92) Let a € (0,1), 3€(0,a], and let F € C;Jrﬁ/a.
There exists a locally bounded map Rp: €™ — €*? such that

F(f)=F'(f)<f+Rr(f) (20)

for all f €€“. More precisely, we have
1 o
IRe(Dllacs s S IF Nl gaesre (L4 1FIEEE),
If Fe C§+ﬁ/a, then R is locally Lipschitz continuous:

IRE(F) = Re(@)lla+s SIF (| czeora LI flla+1glla) T 1 f = glla-
b

Proof. The difference F(f)— F'(f) < f is given by
Re(f)=F(f)=F'(N)=<f=> [AF())=Sima F'(/)Aif]= > w,

i>—1 i>—1

and every wu; is spectrally supported in a ball 2¢%. For i < 1, we simply estimate ||u;|p~ <
| Fllcy (141 flla). For i>1 we use the fact that f is a bounded function to write the Littlewood-
Paley projections as convolutions and obtain

ui() :/Ki (z—y) K<io1(x—2) [F(f(y) — F'(f(2) f(y)]dyd =
Z/Ki (z—y) K<ioa(z—2) [F(f(y) - F(f(2)) = F'(f(2)) (f(y) = f(2))]dyd 2,

where K; =% 1p;, K<i*1:2j<i—1 K, and where we used that f Ki(y)dy=pi(0)=0fori>0
and [ K«;_1(2)dz=1 for i > 1. Now we can apply a first order Taylor expansion to F and use
the 8/a—Holder continuity of F’ in combination with the a—Holder continuity of f, to deduce

|ui<x>|5|\F|\C;+s/a||fn;+ﬁ/a/ |Ki(@—y) Keia (w—2)| x |2 —y|* TP dyd 2
SIFlgpeorall flla™ @ 27H+D),

Therefore, the estimate for Rp( f) follows from Lemma 9. The estimate for Rp(f) — Rr(g) is shown
in the same way. O

Let ¢ be a distribution belonging to €” for some 8 < 0. Then the map f — f o g behaves,
modulo smoother correction terms, like a derivative operator:
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Lemma 23. Let «€(0,1), €(0,a], vER be such that a+ S+ v >0 but a+v<0. LetFeCl}‘*B/a'
Then there exists a locally bounded map p: € x €7 — €*t8+7 such that

F(f)og=F'(f)(fog)+1r(f,9) (21)
for all f €€“ and all smooth g. More precisely, we have

1
WL F )l 5 S IE N g (L LFIET ) gl
If Fe C§+ﬁ/a, then Il s locally Lipschitz continuous:

ITF (£, 9) =T (u, v)llat g+ S I Nl gz ara W+ AL o+ lula) 2+ o lly) (1 = wlla+lg=vll).

Proof. Use the paralinearization and commutator lemmas above to deduce that
(f,9)=F(f)eg—=F'(f)(fog)=Rr(f)og+(F'(f)<flog—F'(f)(feog)
=Rp(f)eg+C(E'(f), f,9),

so that the claimed bounds easily follow from Lemma 20 and Lemma 22. O
Besides this sort of chain rule, we also have a Leibniz rule for f+— fog:

Lemma 24. Let a € (0,1) and v <0 be such that 2.4+ v >0 but o+ v <0 Then there exists a
bounded trilinear operator Il : € x € x €7 — €***7, such that

(fu)og=f(uog)+u(fog)+IL(f,u,g)
for all f,ue€*(R) and all smooth g.

Proof. It suffices to note that fu= f <u+ f>u+ fou, which leads to
IL(f u, 9)=(fu)og—f(uog)+u(fog)=C(f u,g9)+C(u, f,g)+(fou)og. O

Lemma 25. Let f € £8 G €C%* such that LG € CE*~2. There exists H=H(f,G) such that
ZLH=[%, f<]|G. Moreover H € Cr¢*+8nC" /21> and

[H | cionmrpoe + 1H llatp S N l2o(IGlla+ [ £G la—2)

Proof. Let f. be a time mollification of f such that ||0if|r~ < %271 and || fo — fllo= <

| f1l.se?/? for all £ >0, for example we can take f.= p.* f with p.(t)=p(t/e)/c and p: R — R
compactly supported, positive, smooth and of unit integral. Consider the decomposition for ZH
given by

LANH=A(f - f) LG -ZL((f~ [-) =@+ Ai[fe < LH - Z(f- < H)]
Then
LAN(H+(f = fo) =G)=Ai[(f = fo) < LG+ Ail f- < LG - Z(f- < G)]
=A[(f = fo) LGN+ Ai[Lfe < G+ 0ufe <0G
Schauder estimates for % give
[A(H + (f = f2) <G|l pars SNA(f = fo) R LG+ Ai[Lfe < G+ Oufe < 0G| cpigatso—2

Now choosing & =272 we have

18:((f = f) < G)la+s S27NA((f = £) <= Do 27 f = [ellL=IGlla Sl 27 /IGla

and

1Al(F = 1) < LGt -2 S 2P NAL(S = £) < ZG] a2 5271 = flle| ZG a3
SIF sl £ G-
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and since (< 1:
AL fe < G+ 0ufe < 2G|l at -2 S 2PN ufe | Lol Gl + | fell 61 Gl

S zollGlla + 1L 181G o
Finally

1Al [lats SN fll2o(IGlla+ | ZGla—2)

which implies the thesis since || A;H || <27 (@2 || A H || o+ 5. The estimate on the time regularity
of H can be deduced similarly by noting that (f — fo) <G € C’(T()‘Aﬁ)mLOo uniformly in e. |

5.3 Paracontrolled distributions

Here we build a calculus of distributions satisfying a paracontrolled ansatz. We start by a suitable
space of such objects.

Definition 26. Let a € R, 3> 0, and let u € €. A pair of distributions (f, f') € €* x € is
called paracontrolled by g if we have a smoother remainder
ff=f—f'<ue@th.

In that case we abuse notation and write f € 2° = 28(u), and we define the norm

Ifllze=11£"lls+ 1l fHllaxts-
Ifae%™ and (f, ') € 2°(a), then we also write

dgs(f F)=I1F" = Flls+ 1 = Fllats.

Of course, we should really write (f, f') € 27 since given f and g, the derivative f’ is usually
not uniquely determined. But in the applications there will always be an obvious candidate for the
derivative, and no confusion will arise.

Remark 27. The space 27 does not depend on the specific dyadic partition of unity. Indeed,
Bony [Bon81| has shown that if < is the paraproduct constructed from another partition of unity,
then [|f' <u— f'<ullavs SISl sllwlla-

Nonlinear operations As an immediate consequence of Lemma 3, we can multiply paracon-
trolled distributions provided that we know how to multiply the reference distributions.

Theorem 28. Let o, B€R, v<0, witha+ f+v>0. Let ue €, vEE?, and let n € €7 be
such that there exist sequences of smooth functions (uy,) and (vy,) converging to u and v respectively
for which (uyov,) converges ton. Then

PPu)d fr foi=f<v+ f=v+ flov+C(f u,v)+ f'nes”

defines a linear operator which admits the bound

1Cf0) ot = 1 f-0 = f <Vllatry S lgalllvlly + lullallvlly + [1nllasn)-

The operator does not depend on the partition of unity used to construct it.
Furthermore, there exists a quadratic polynomial P so that if u, v, satisfy the same assumptions
as u, v, N respectively, if f € 2°(a), and if

M :=max { ||l |0llys 17l [l 18] 17 o (1 1[5 0ays 11 F 5y b
then

1(F0)* = (J5) s < P(M)(dga(f, )+ lu = alla+[v =3y + 19 = llat)-

Given Lemma 3 (and the paraproduct estimates Theorem 15), the proof is a simple exercise
and we omit it. From now on we will usually write fv rather than f-v.
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To solve equations involving general nonlinear functions, we need to examine the stability of
paracontrolled distributions under smooth functions.

Theorem 29. Let a € (0,1) and 3 € (0, o). Let u € €%, f € 2°(u), and F € C§+B/a. Then
F(f) € 28 with derivative (F(f))' =F'(f)f’, and

IF(F)lgs SIE | gaeora(L+LFIZ6) 1+ [[ullZ).

Moreover, there exists a polynomial P which satisfies for all F € C’f+ﬁ/a, uEE, fe PP(1), and

M :=max {|[ulla, |@la; | |95, | Fllosa) }
the bound

dga(F(f), F(])) SP(M)|F || gzt /0 (dga( f, f) + Ilu —lla).

The proof is not very complicated but rather lengthy, and we do not present it here.

Example 30. Let B! and B? be two independent Brownian bridges on [0, 27]. From the identifica-

tion of ¥* with the space of a—Hblder continuous functions we get B!, B2e ¢'/2~ . If fo BlodB?
denotes the Stratonovich integral, then we can set

BloatB2:at/ BSIOdBQ—B1 <8tB —Bl>8tB.
0

In that case the existing results for the Stratonovich integral easily give us B! o ;B2 € ¥°~ and
that (BY" 0 9,B*"),, converges to B'o 9,B? for a wide range of smooth approximations.

Note that while we cannot control B1'™ 0 9,B>™ using analytical arguments, there are stochastic
cancellations that appear due to the correlation structure of the Brownian bridge. Theorem 28
equips us with a tool to take these cancellations into account when studying objects which “look
like” the Brownian bridge, which is most useful when solving SDEs.

Of course, the theory of rough paths does exactly the same thing. And in the case of SDEs it
actually does a much better job. But the advantage of Theorem 28 is that here the dimensionality
of the index parameter plays no role and therefore it is applicable to SPDEs driven by more
complicated objects, say space-time white noise.

Schauder estimate for paracontrolled distributions The Schauder estimate Lemma 12 is
not quite enough: since we are working on spaces of paracontrolled distributions, we need to
understand how the integration against the heat kernel acts on the paracontrolled structure. For
that purpose let us adapt the notion of paracontrolled distributions to take into account that
solutions to SPDEs will be functions of time with values in distributional spaces. We also restrict
the parameter range for a and 3. While one could imagine extending the result to more general
settings, for the equations under consideration here the following definition will be sufficient.

Definition 31. Let o, >0 be such that a4+ € (0,2), and let w € L*. A pair of distributions
(f, ) e L x £P is called paracontrolled by g if f*=f — f'<u€ CE*TP. In that case we write
€2 =28u), and for all T >0 we define the norm

1 lge =1F1l2n + 1 F¥llopgesa + 1Ll gionmrrz o
Ifae %> and (f, f’)E.@ﬁ(ﬁ), then we also write

doa(f, D)= 1" = Fll oo + 155 = Fllesgars + 1 £ = Flloensrop

Theorem 32. Let € (0,1), a€(0,2— 3), u€ C€*~2, and let LU =u withU(0)=0. Let f'€ L5,
freCetP=2 and go€ €**P. Then (g, f') € 2°(U), where g solves

Lg=f"<u+f4  g(0)= go,
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and we have the bound
19llo8ry Slgollats+ A +T)f (X + [ullopga-2) + | fill opga+a—2)

for all T > 0. If furthermore @, U, f, fﬁ, Go, § satisfy the same assumptions as u, U, ', f%. go, g
respectively, and z'fM:max{Hf’Hz?, @]l cpga-2,1}, then

dgp(9,9) S llg0 — Gollats
+A+T)M ' = Flll g+ llu =@l ogga—2+ 11 = Fillomgaro—2).

Proof. Let us derive an equation for the remainder g#. We have

Lot= L(f'<U)=Lg=[L(f'<U) = f' < LU+ ' < LU - [f' <u+ f1]
=[ZL(f <U)— f'<2U] - ft.

We know also that there exists H € C¢**# such that ZH =[.Z, f' <]U so we can apply standard
Schauder estimates of Lemma 12 to .Z (g% — H) = — f¥ to get

9%l cpgars+ 19¥l conmrapo SISl o (IU lorge + 1L |l opiga—2) + 11 fHl gpiga+o—2.
T T
The estimate for g¥ — G* can be derived in the same way. O

Bibliographic notes Paraproducts were introduced in [Bon81|, for a nice introduction
see [BCD11]|. The commutator estimate Lemma 3 is from [GIP13], but the proof here is new
and the statement is slightly different. In [GIP13], we require the additional assumption a €
(0, 1) under which C' maps €* x €” x €7 to €**t#*7 and not only to €°*7. Theorem 29
is from [GIP13] and relies on a paralinearization result due to Bony.

Theorem 32 is new, but it is implicitly used in [GIP13, GP14]. The estimates presented here
will only allow us to consider regular initial conditions. More general situations can be covered by
working on “explosive spaces” of the type

{f€C((0,00),¢%): sup [t77f(t)|l¢= <ooforallT >0}
te(0,T]

and similar for the temporal regularity. This is also done in [GIP13, GP14].

Of course it is easily possible to replace the Laplacian by more general pseudo-differential
operators. We only used two properties of A: the fact that A(f'<U) — f' < (AU) is smooth, and
that the semigroup generated by A has a sufficiently strong regularization effect. This is also true
for fractional Laplacians and more generally for a wide range of pseudo-differential operators.

5.4 Fixpoint

Let us now give the details of the solution to PAM in the space of paracontrolled distributions.
Assume that F:R — R is in CZ¢ for some € > 0 such that (24 ¢)y > 2.

We know from Theorem 29 that if X € C¢7 and v € 27(X), then F(u) € 27(X). So if
X o n € C€*~2 is given, then Theorem 28 shows that F(u)n = (F(u)n)* + F(u) < n with
(F(u)n)t € C€?~2. Integrating against the heat kernel and assuming that uy € €27, we obtain
from Theorem 32 that the solution v to .Zv=F(u)n, v(0) =wuy, is in 27(9), where 9 solves L9 =1
and ¥(0) =0. So for all T'> 0 we can define a map

L P23 X)—27(9),  T(uljor)=vlp,1)-

We want to set up a Picard iteration using I'r, so domain and image space should coincide which
means we should take X =1). Refining the analysis, we obtain a scaling factor 7% when estimating
the 27.(9)—norm of v. This allows us to show that for small 7'> 0, I'r leaves suitable balls in 27(¢)
invariant, and therefore we obtain the (local in time) ezistence of solutions to the equation under
the assumption Yone CE?7 2.
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To obtain uniqueness, it suffices to note that by Theorem 29 the map u — F(u) is locally
Lipschitz continuous from 25(¥9) to 257(9) (recalling that F € CZ*¢), while Theorem 28 and
Theorem 32 show that multiplication with £ in concatenation with integration against the heat
kernel defines a Lipschitz continuous map from 27 (99) to 27-(9) (it is here that we use ey +2v—2>
0). Again we can obtain a scaling factor T°, so that I'r defines a contraction from 27.(9) to 23(9)
for some small 7' > 0.

Even better, I'r not only depends locally Lipschitz continuously on u, but also on the extended
data (ug, 7,9 o 1), and therefore the solution to (10) depends locally Lipschitz continuously on

(Uo, 77719077)

5.5 Renormalization

So far we argued under the assumption that 9 o 5 exists and has a sufficient regularity. This should
be understood via approximations as the existence of a sequence of smooth functions (7,,) that
converges to 7, such that (¥, o n,) converges to ¥ o . However this hypothesis is questionable
and, recalling our homogeneisation setting, actually not satisfied at all. More concretely this can
be checked on some approximation sequence when for example 1= £ is the 2d space white noise.
Indeed, if ¢ is a Schwartz function on R? and if ¢, =np(n-) and

m(@)=pns€a) = [ onla=pewy= 3 (€ pult 2mk =),
R? kez?

then we will see below that there exist constants (¢,,) with lim,c, = co, such that (J, 0 n, — ¢,)
converges in Cr%?7~2 for all T > 0.

This is not a problem with this specific approximation. The homogeneisation setting shows that
even when 17— 0 there are cases where the limiting equation is nontrivial. In the paracontrolled
setting we have continuous dependence on data so this non—triviality of the limit can only mean
that is 9 o n which does not converge to zero.

Another way to see that there is indeed a problem consider the following representation of the
resonant term: use £ =n to write

Don=00L9 =2 L(909)+ 300009 = 5|00 + 5 L (909) ~ 0y < ..

Integrating this equation over the torus and over t € [0,T] we get

/OTAﬂon%/OTAIawIM%A (ﬂ(T)oﬁ(T))/OTA(amwazﬁ)

but now if 9o ne€ Cr¢?~2 and ¥ € Or€" then all the terms should be well defined and finite but

this is cannot be since would mean that [ OT Jr |09 |? < +00. By direct computation however we
can check that

/ 0,9(t,-)|? =400
T

for any t >0 almost surely if 7 is the space white noise. Note also that the problematic term |9,9|?
is exactly the correction term (9, X (t,2))? appearing in the analysis of the linear homogeneisation
problem above.

In order to obtain convergence of the smooth solutions in general, we should introduce correc-
tions to the equation to remove the divergent constant c,. Let us see where the resonant product
Yo n appears. We have

(F(u)n)f=F(u) =0+ (F(u)fon+C((F(u), 9, n) + (F(u))' (0 n).

Now (F(u))'=F'(u)u’ by Theorem 29, and if u solves the equation, then v’ = F'(u) by Theorem 32.
So we should really consider the renormalized equation

gun = F(un)onn = F(un) gn - Fl(un)F(un)cn
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and in the limit
ZLu=F(u)on:= (F(u)on)* + F(u) <1, (22)

where the paracontrolled product (F(u)on)* is calculated using ¥Jon =lim,, (9,01, — ¢,). Formally,
we also denote this product by F(u)on= F(u)n— F'(u)u’-00, so that the solution u will satisfy

Lu=F(u)— F'(u)F(u)- 0.

Note that the correction term has exactly the same form as the It6/Stratonovich corrector for
SDEs and indeed we should consider (22) as the “It6 form” of the equation: one can show that for
F(u)=u and for the right choice of the constants (c,), our solution agrees with the Wick product
solution of [Hu02].

Remark 33. The convergence properties of (¢, 0 1n,) are in stark contrast to the case of ODEs:
If we replace 1, by 9:B,, then we should replace ¥,, by B,. In one dimension we then have
B, 00:B,,=1/20:(B, 0 B,,) for smooth data, so that convergence of the term B,, o 9,B,, comes for
free with the convergence of B,, (which is of course false in higher dimensions). This comes from
the Leibniz rule for the first order differential operator 0;. For £ we have different rules and as

we have discussed

(7971 o 77'n) = (ﬁn o gﬁn) = %j('ﬂn o 7971) + (axﬁn o a»L79n)

Since convergence of (9,19, o 9,19, is equivalent to the convergence of the positive term |9,1,,|2,
we cannot hope to have simple cancellation properties and this is the reason why we need to
introduce an additive renormalization when considering the parabolic Anderson model while this
renormalization is not needed in the 1d ODE setting.

These considerations lead us to give the following definition.
Definition 34. (Rough distribution) Let v € (2/3,1) and let
Vpam CE12x C6212

be the closure of the image of the map

@pam: (Chaps C([07 OO), IR) - ypam7
given by
Opam(0, f) = (0, D00): =(0, 200 — ), (23)

where ® = JO, that is LP® =6 and ®(0) =0. We will call Opam (0, f) the renormalized PAM-
enhancement of the driving distribution 6. For T >0 we define Ypam(T') = Vpamljo,1] and we write
Y|y, .m(r) for the norm of Y € Ypam(T) in the Banach space €72 x Cr¢*~2. Moreover, we
define the distance dy, )Y, Y) =Y — Y|y, ..c7)-

Remark 35. It would be more elegant to renormalize ® o § with a constant and not with a time-
dependent function (and indeed this is what we need to do to recover the Wick product solution in
the linear case). But since we chose ®(0) =0, we have ®(0) o =0 and therefore ($,,(0) 0 0,, — ¢y,)
diverges for any diverging sequence of constants (¢,). A simple way of avoiding this problem is to
consider the stationary version ® given by

where I1o denotes the projection on the non-zero Fourier modes, II1ou = u — @(0). But then P
does not depend on time and in particular ®(0) # 0, so that we have to consider irregular initial
conditions in the paracontrolled approach, which require “explosive” Besov spaces and complicate
the presentation. Alternatively, we could observe that in the white noise case there exist constants
(cn) so that (9,(t) o &, — ¢,) converges for all ¢ >0, and while the limit (J(¢)o€) diverges as t— 0,
it can be integrated against the heat kernel. Again, this would complicate the presentation and
here we choose the simple (and cheap) solution of taking a time-dependent renormalization.
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Theorem 36. Let v€(2/3,1) and >0 be such that (2+¢)y>2. Let Y € Ypam, F €C1E, and
up € €%*. Then there erists a unique solution u € P7(®) to the equation

Lu=F(u)ob, u(0) = ug,

up to the (possibly finite) explosion time T=7(u) =inf {t > 0: ||u||g¢ =00} > 0.

Moreover, u depends on (ug,Y) € €7 x Ypam in a locally Lipschitz continuous way: if M ,T >0
are such that for all (uo,Y) with [[uoll2y V [|Y||y,..(r) < M, the solution u to the equation driven
by (uo,Y) satisfies T7(u) >T, and if (dO,Y) is another set of data bounded in the above sense by
M, then there exists C(F, M) >0 for which

dgg(u, @) < O(F, M)(||uo — ol 24 + dy, () (Y, Y)).

Remark 37. It is not necessary to assume F' € Cf +¢ for the local in time existence it suffices if
F € C?*¢. This can be seen by considering a ball containing ug(z) for all x € T¢, by considering
Fe C’f *¢ which coincides with F on this ball, and by stopping u upon exiting the ball.

In the linear case F(u) = u we actually have global in time solutions. In the general case, we
only have local in time solutions because we pick up a quadratic estimate when applying the
paralinearization result Theorem 29. This step is not necessary if F' is linear, and all the other
estimates are linear in u. When F € C§ a more refined argument can get rid of the quadratic
estimate and estabilish global existence in full generality. For the details see [GIP13].

Proof. It is an easy exercise to turn the formal discussion above into rigorous mathematics to
obtain existence and uniqueness on a small time interval. It remains to show three things: how
to pick up the scaling factor T° from the map I'r, how to iterate the construction so that we get
existence up to the explosion time, and how to obtain the local Lipschitz continuity.

As for the scaling factor, note that in the estimate of Theorem 28 we have considerable space
in the parameter (3, so that we can estimate

IT7(w) |93 < Cr (1 + [[uoll2y + [[ull3,0)

for all 8 with 2y + >0, with a constant Cr y depending only on [|F[|cz and [|Y]|y,,,.(7)- But
now any fixed point u for Iy will satisfy u/(0) = F(up) and u#(0) =uo (since ¥(0) =0), so that we
may restrict our attention to those u. Then we can use the estimate

lu'll g S Il (0) | g+ T~ D72’ 25

for all 3 € (0, 7), and similarly for |[uf||c g +s + HuﬁHC(TaAg)/sz, to show that for small T =
T(M) > 0 and suitable C'(M) > 0, the map I'r leaves the set {u € 27 (u', u*)(0) = (F(uo), uo),
llullz7 < C(M)} invariant. In the same way we can show that I'r defines a contraction on a
comparable set, possibly after further decreasing 7.

Now let us assume that we constructed the solution u on [0, Tp] for some T > 0. Then we slightly
have to adapt our arguments to extend u to [Ty, To + T]: Now we no longer have 9(7Tp) = 0, and
also the initial condition u(Tp) is no longer in 42?. But we only used that 9(0) =0 to derive the
initial conditions for u’ and u*. Since we already know u on [0, Ty], we do not need this anymore.
And we used ug € €%" only to obtain smooth initial conditions for uf. But again, uf(Tp) € €27 is
already fixed.

Let us come to the continuity in (ug, Y). If (i, Y) is another set of data also bounded
by M, then we know that the solutions v and @ both are bounded in 27 by some constant
C=C(F,M)>0. So by the continuity properties of the paracontrolled product (and the other
operations involved), we can estimate

dog(u, @) < P(C)(|luo — fioll2y + dy,(r) (Y, Y) + T 2dgs (u, @) )

for suitable 8 < « and for a polynomial P. The local Lipschitz continuity on [0, T'] immediately
follows if we choose T'> 0 small enough. This can be iterated to obtain the local Lipschitz continuity
on “macroscopic” intervals. 0
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5.6 Construction of the extended data

In order to apply Theorem 36 to eq. (10) with white noise perturbation, it remains to show that
if ¢ is a spatial white noise on T2, then ¢ defines an element of Ypam- In other words, we need to
construct Yo€.

Since P, ¢ is a smooth function for every t > 0, the resonant term P, £ o ¢ is a smooth function,
and therefore we could formally set ¥ o £ = f OOO (P;€o&)dt. But we will see that this expression
does not make sense.

We will need that (€(k))ez> is a complex valued, centered Gaussian process with covariance

E[(k)E(K)] = (27)? Lh= k-, (24)

and such that &(k)=&(—k).

Lemma 38. For any x € T? and t >0 we have

=E[(P£0&)(z)]=E[A 1 (Pigog)(a)]=(2m) 2 et

keZ?

In particular, g; does not depend on the partition of unity used to define the o operator, and
[ o gsds=00 for all t>0.

Proof. Let £ € T2, ¢t>0, and ¢> —1. Then
E[A¢(Péod) (@)= Y E[A(A(PE)A;&) ()],
li—jl<1

where exchanging summation and expectation is justified because it can be easily verified that the

partial sums of Ay (P, &0 &)(x) are uniformly LP-bounded for any p > 1. Now P, =e **(D), and
therefore we get from (24)

E[A (i (P€) Aj€) ()] o
—@m) S e o (ks 1Y) pulk) eI p (kL (R)E(R)

k,k'€Z?
= (270*2 Z pe(0) pi(k) e tkI? /Jj(k') _ (27r)7214:,1 Z pi(k) pj(k) otlkl?
kez? hez2

For |i — j|>1 we have p;(k) p;(k) =0. This implies, independently of = € T?, that

E[(P; &0 &)(x)] = (27) QZ Z pi(k) p; —t\kl2:(2ﬂ)—2z etk

keZ? i,j keZ?
while E[(P;£o&)(z) — A_1 (P£0&))(xz)]=0. -

Exercise 5. Let ¢ be a Schwartz function on R? and set

n(@) = ((n2p(n-)) * &) (x) :Az n*e(n(z —y)&(y)dy =Y (& n’p(n(z+2rk —)))

kez?
for x € T2. Write FR2¢(z =[gee —#=2) p(z)dx. Show that
E[(PtEnOEn)(fﬂ)]:E[A—1(Ptﬁnoin)(fﬂ)]:(%)ﬂz e P Fra (k /).
kez?

Hint: Poisson summation yields >, ¥(z — y + 2rk) = (2m) 2, Freto(k )et sz =y} for any
Schwartz function .

The diverging time integral motivates us to study the renormalized product ¥ o § — [ 0' gsds,
where [ gsds is an “infinite function”:

Lemma 39. Set
t
wos)(w:/ (Po€oé — g,)ds
0
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Then IE[||19<>§||gTCg27,2(T2)] <oo forally<1,p>1,T>0. Moreover, if ¢ is a Schwartz function

on R? which satisfies [ p(z)dz =1, and if &, = ¢, * £ with ¢, = n®p(n - ) forn € N, and
t)= [, P&udt, then

nli_{r;oE[||79°‘f —(Uno&n— fn)”pcﬁgwf?(w)] =0
for all p>1, where for all x € T?

fo(t) = E[dn(t, 2)&n(z)] = E[(In(t) 0 £n)(2)]

:(27r)72 Z |F r2 (l;'/n” (1 7t\k|2)+(27r)72
keZ2\{0} | |
Proof. To lighten the notation, we will only show that IE[[[Jo€||, 2. 2] <oo. The convergence of
(Uno&n— fn) to 9o is shown using similar arguments, and we leave it as an exercise. Let ¢t >0 and
define 2, = P, £ 0 £ — g¢. Using Gaussian hypercontractivity, we will be able to reduce everything to
estimating E[|A/Z¢(z)|?] for £> —1 and z € T2 Lemma 38 yields Ay g;=0=E[A; (P, {0 &)(z)] for
¢>0and z€T? and A_; gt =g =E[A_1(P£o&)(x)], so that E[|AZ(z)|?] = Var(Ay( P o €)(x)),
where Var denotes the variance. We have

Ag(Pgo&)(w)=(2m)2 Y " py(k).F (P 0 €))(K)

keZ2

=(2m)~* Z Z el btk oy (kg + ko) pillr ) e ~H1E (k1) (k)€ (ko).
kl,kQGZZ "L*j‘gl

Hence

Var(Ay (P o &)(x))

:(27.‘_)—82 : 2 : 2 : } : ei<k1+k2’m>pg(k1+/€2)pi(k1)eft|kllzpj(k2)
ki,ko ki,kd li—j|<1 |i'—j/|<1
. ’ ’ P N I 2 2
x e RIHRT) o (k1 k) pir (k1) e 7RI p (kb cov (€ (K1) € (K2), E(KT)E(KD)),

where exchanging summation and expectation can be justified a posteriori by the uniform LP—
boundedness of the partial sums, and where cov denotes the covariance. Now Wick’s theorem
([Jan97], Theorem 1.28) gives us
cov(&(k1)€ (ka), £ (k1) (K3)) = B[ (k1) € (ko) € (kD)E (k5) | — B[ € (k1)E (ko) JE[ € (1
kDE(kS) ] +E[& (k)€ (1) B[ € (ko) € (k)]
FE[E(k1)E (kD) JE[E(Ra)E ()] —E[€(k1)E (ko) |E[E(K])E (k)]

=(2m)* (Lhy = — s gm o + Loy = e L= — k),

(k)]

and therefore

Var(Ag(Fg o §)(x Z Z Z Lo<do<iipi(kr + ko) pi(ka) pj(k2)

ki,ka |i—j7|<1 |i'—j'[<1

[ pir(k1) pjr(ka)e™ 2P 1 pio(ka) pjo(ky)e—t IRl =Rl

There exists ¢ >0 such that e~ 2t/*I” <e~t2” for all k esupp(p;) and for all i > —1. In the remainder
of the proof the value of this strictly positive ¢ may change from line to line. If |i — j| < 1, then we

also have e~** <=2 for all k e supp(p;). Thus

Var(Ag (P o §)(x))
_ 2i
S Z 1€§i1i~j~i/~j’z 1suPp(Pi,)(k1+k2)1SUPP(Pi)(k1)1SUPP(Pj)(kQ)e ate2
45,89 kl ka2

924
20920 ,—tc2?t < —t6221 —tc2“
<3 e g ZUS :

i >0 >0
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where we used that 22 < et(e=eN2 for any ¢’ <c.
Consider now 9o£(t) fo Esds. We have for all 0 <s<t

E[ [d0t(t) = doe o) 5] = 57 220~ [ Elladies(®) - dog(s))(@)Prida,

Since the random variable Ag(90€(t) — ¥o&(s))(x) lives in the second non-homogeneous chaos
generated by the Gaussian white noise £, we may use Gaussian hypercontractivity (see [FV10],
Appendix D.4) to obtain

2p

t
E[|Ag(90€(t) — 90&(5)) (2)?] SE[|Ag(9oE(t) — 9o&(s)) (2)[]*P < </ E[IAeEr(w)I]dT>
But we just showed that
E{IAE ()] S E[AE @2 S 71/t s <1 2yt e

(changing again the value of ¢), and therefore

2 2p
]E[||19<>§() 9o&(s B“ 2} 2221)1’(27 2)(/ r—1/290p—rc2 de>

2p
< 7,,—1/22@(2’}/—1)677“622[(17,.
@L
t [e%e} 2p
S(/ 7“71/2/ (2;5)27—1e—rc221'dxdr)
s —1

The change of variable y=+/72% leads to

t 00 2p
5(/ 7“_1/27“_(27_1)/2/ y2fy—26—cy2dyd,r) )
s 0

For o> 1/2, the integral in y is finite and we end up with

t 2p
5(/ r‘"’dr) S|t — s )27

provided that v € (1/2,1). So for large enough p we can use Kolmogorov’s continuity criterion to
deduce that ]E[ [9o€ Hc 525 2] < oo for all T'>0. The claim now follows from the Besov embedding

theorem, Lemma 11. O
Combining Theorem 36 and Lemma 39, we are finally able to solve (10).

Corollary 40. Let € >0 and let F € C2+E and assume that ug is a random variable that almost
surely takes its values in €7 for some o with (24 )y >2. Let & be a spatial white noise on T2.
Then there exists a unique solution u to

Lu=F(u)og, u(0) = ug,

up to the (possibly finite) explosion time T=7(u)=1inf {t > 0: ||u||g¢ = 0o} which is almost surely
strictly positive.

If (pn) and (&) are as described in Lemma 39, and if (un,0) converges in probability in €27
to ug, then u is the limit in probability of the solutions u, to

Lup=F(un)on, Un(0) = un, o

Remark 41. We even have a stronger result: We can fix a null set outside of which J¢¢ is regular
enough, and once we dispose of that null set we can solve all equations for any regular enough ug
and F' simultaneously, without ever having to worry about null sets again. This is for example
interesting when studying stochastic flows.
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The pathwise continuous dependence on the signal is also powerful in several other applications,
for example support theorems and large deviations. For examples in the theory of rough paths
see [FV10].

6 The stochastic Burgers equation

Let us now get to our main example, the “KPZ family” of equations. We concentrate here on the
Burgers equation SBE, but essentially the same analysis works for the KPZ equation. We can also
treat the heat equation in the same way, although in that case we need to set up the equation in
the right way. We will indicate how to do this after we treat Burgers equation.

Recall that Burgers equation is

fu:amu2+azga U(O) = Uo, (25)

where u: [0, 00) X T — R, £ is a space-time white noise, and 0, denotes the spatial derivative. To
begin with let us analyze the difficulty for this equation. As we argued before, the solution u cannot
be expected to behave better than the solution X of the linear equation

ZLX =05¢

(for example with zero initial condition at time 0). Arguing similarly as in Exercise 4, one can show
that almost surely X € C4 /2~ In particular, u? is the square of a distribution, and therefore a
priori it does not make sense.

But what raises some hope though is that if X,, denotes the solution to the linear equation
with regularized noise &,, then (9,X?2),, converges to a space-time distribution 9,X2. So as in the
previous examples there are stochastic cancellations going into 9,X?2, and Theorem 28 will allow
us to take these cancellations into account in the full solution w.

6.1 Structure of the solution
In this discussion we consider the case of zero initial condition and smooth noise £, and we analyze
the structure of the solution. Let us expand u around the solution X to the linear equation
LX =0,£, X(0)=0. Setting u= X +u>!, we have
Lul =0,(u?) = 0,(X?) +20,(X u?1) + 0. ((u?1)?).
Let us define the bilinear map
B(J.0)= 10, f0) = | Pdu((s)a(s)ds.

Then we can proceed by performing a further change of variables in order to remove the term
0-(X?) from the equation by setting

u=X+B(X,X)+u>2 (26)

22 gatisfies

Lu>?

Now u

20,(X B(X, X))+ 0.(B(X, X)B(X, X))

+20,(XuZ2) 4 20,(B(X, X) u>?) + 0u( (1>2)2). (27)

We can imagine to make a similar change of variables to get rid of the term
20,(XB(X,X))=%B(X,B(X,X)).

As we proceed in this inductive expansion, we generate a number of explicit terms, obtained by
various combinations of X and B. Since we will have to deal explicitly with at least some of these
terms, it is convenient to represent them with a compact notation involving binary trees. A binary
tree 7 €7 is either the root e or the combination of two smaller binary trees 7= (7172), where the
two edges of the root of 7 are attached to 71 and 7o respectively.

Then we define recursively

X=X X(Mm) = B(X™, X72),

)
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giving
XY=B(X,X), X'=B(Xx,xY), x'=Bx,x9, x¥=BxY,xY)
and so on, where
(s0)=V, (Vo)=X, ()=, (VV)=V,

In this notation, the expansion (26)-(27) reads

u=X+X"+u>2, (28)
u22:2XY'+X‘U+QB(X,u22) +QB(XV, u??) + B(u”?,u>?). (29)

Remark 42. We observe that formally the solution w of equation (25) can be expanded as an
infinite sum of terms labelled by binary trees:

u= Z co(m)XT,

TeT

where ¢(7) is a combinatorial factor counting the number of planar trees which are isomorphic
(as graphs) to 7. For example c(e) =1, ¢(V) =1, ¢(\) =2, c(‘%) =4, ¢(\¥) =1 and in general
o(T) =3, roer Limm)=r c(T1)c(72). Alternatively, we may truncate the summation at trees of
degree at most n and set
u= Z ()X 4+ u”n,
T€T ,d(T)<n
where we denote by d(7) € Ny the degree of the tree 7, given by d(e) = 0 and then inductively

d((m1m2)) =1+d(m1) + d(72). For example d(V) =1, d(\y) =2, d(‘((/) 3, d(¥)=3. We then obtain
for the remainder

S = Z C(Tl)C(TQ)X(TlT2)+ Z C(T)B(XT,’U>”)—i—B(u?",u?"). (30)
T1,72:d(T1) <n,d(T2)<n T:d(T)<n
d((mim2)) 2n

Our aim is to control the truncated expansion under the natural regularity assumptions in the
white noise case, where we have X € C¢ /27, Since (30) contains the term B(X,u>") which in
turn contains the paraproduct Jd,(u®" < X), the remainder u*" will be at best in C€'/?~. But
then the sum of the regularities of X and u”" is negative, and the term B(X,u”") is a priori not
well defined. We therefore continue the expansion up to the point (turning out to be u=3) where

we can set up a paracontrolled Ansatz for the remainder, which will allow us to make sense of
X ou”™ and thus of B(X,u”").

6.2 Paracontrolled solution
Inspired by the partial tree series expansion of u, we set up a paracontrolled Ansatz of the form
u:X+XV+2XY'+uQ, u®=u'< Q+uk, (31)

where the functions v/, Q and u? are for the moment arbitrary, but we assume v/, Q € £ and
ut € £?* where from now on we fix a € (1/3,1/2). For such u, the nonlinear term takes the form

0y = 0p( X2+ 2XV X + (XV)2 +4X°X) + 20,(u®X) (32)
+20,(XY (@ + 2X%) + 8u((u® +2X7)2).
As a consequence, we derive the following equation for u®:

LuQ = 0,((XV)2 4 4X9X) + 20, (X)) + 20, (XY (19 + 2XY)) + 0. ((u@ + 2XY)2) (33)

)2),

— XY 4 42X 1 20,(u2X) +20,(XY (1@ + 2XY)) + 0, ((u@ + 2X
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If we formally apply the paraproduct estimates Theorem 15 (which is of course not possible since
the regularity requirements for the resonant term are not satisfied), we derive the following natural

regularities for the driving terms: X € C¢ /2~ x¥ece-, xVe p2- X" € ZY?~, and

Xv € %'~ In terms of «, we can encode this as
Xeccogo!, xYeog?1, XY'e,ij‘, Xv"eiﬂ“, x¥ e g,

Under these regularity assumptions, the term QOE(XV(uQ + XY')) + 0. ((u® + XY')Q) is well defined
and the only problematic term in (33) is 9,(u®X). Using the paracontrolled structure of u¥, we
can make sense of 9,(u?X) as a bounded operator provided that Q o X € C€?*~! is given. In
other words, the right hand side of (33) is well defined for paracontrolled distributions.

Next, we should specify how to choose @ and which form u’ will take for the solution u®. We
have formally

209 = XY 1 42X 1 20,(u9X) + 20, (X¥ (1 + 2X 1)) + 0,((u® + 2X%)2)
—480,(XVX) + 20,(uX) + CE2 2 =4XY <0, X +2uQ < 0, X + CF>2,

where we assumed that not only Zx%e C%“~2, but that 5‘I(XY' 0 X) e C¢?*~1 (which implies

X" € C%*~2, but also the stronger statement XY x¥ < 0, X € C%€?*~2). By Theorem 32,

this shows that u? is paracontrolled by J(9,X), in other words we should set @ = .J(9,X). The

derivative u’ of the solution u? will then be given by u’'= 4XY'+ 2u9.

Unlike for the parabolic Anderson model, here we do not need to introduce a renormalization.
This is due to the fact that we differentiate after taking the square: to construct u?, we would have
to subtract an infinite constant and formally consider u®2 = u? — co. But then

0,u®? = 0, (u? — 00) = D u.
So we obtain the following set of driving data for Burgers equation:
Definition 43. (Rough distribution) Let c€ (1/3,1/2) and let
Xibe CCEY~ 1 x CE€%~1 x LY x L2 x CE*— 1 x C¢%—1
be the closure of the image of the map ©,pe: C(R4, C°(T)) — Xibe given by

Oue(0) = (X(8), x¥(0), x¥(0), X% (0), (X" 0 X)(6), (Q 0 X)(0)), (34)
where X(6) = @),
xY(6) = B(X(6),X(6)),
xY0) = B(xY9),x0)), (35)
x%0) = Bx6).xV0)),
Q) = J(0.X(6)).

We will call One(0) the RBE-enhancement of the driving distribution 6. For T > 0 we define
Xibe(T) = Xrveljo,7) and we write || X[y, () for the norm of X in the Banach space Cré>—1 x
Cr620 1 x L% x L3 x Cr62~ 1 x Cr€?*~ 1. Moreover, we define the distance dx,,.(1)(X,
X)=||X-X]

Xrbe(T)"

Naturally, the acronym rbe stands for rough Burgers equation. For every X € X, there is an
associated space of paracontrolled distributions:

Definition 44. Let X € Xpe and let 8 € (0, o] be such that 2o + § > 1. Then the space of
paracontrolled distributions 2°(X) is defined as the set of all (u,u’) € C€*~1 x L with

u=X+ XY 2xt < Q+
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where ut € LB, For T >0 we define
[ull s = 1u'll o + [t cpga+o-
If X € Xpe and (1,4') € QQ(X), then we also write

dgp(u, @) = |Ju' — @ o + [luf — @ ¢ pepn 5.

We now have everything in place to solve the rough Burgers equation driven by some X € X;pe.

Theorem 45. Let a € (1/3,1/2). Let X € Xppe, write 0,0 = X, and let ug € €**. Then there
exists a unique solution u € 2*(X) to the equation

Lu=0u?+ 0,0, u(0) = uy, (36)

up to the (possibly finite) explosion time T=7(u) =inf {t > 0: ||u||g¢ =00} > 0.

Moreover, u depends on (ug, X) € €?* X Xybe in a locally Lipschitz continuous way: if M, T >0
are such that for all (uo, X) with ||uoll2a V [|X[|x,,.(1) < M, the solution u to the equation driven
by (uo, X) satisfies T(u) > T, and if (1o, X) is another set of data bounded in the above sense by
M, then there exists C(M) >0 for which

dag(u, @) < C(M)(|Juo — diol|20 + dx, () (X, X))

Proof. By definition of the term d,u?, the distribution u € 2%(X) solves (36) if and only if
wl@=u—X—-X"— 2XY' solves

Lu® = LXY 4 49,(X7X) + 20, (u@X) + 20, (XV(u? +2X7)) + 9, ((u@ + 2X7)2)

with initial condition u%(0) = ug. This equation is structurally very similar to the parabolic
Anderson model (10) and can be solved using the same arguments, which we do not reproduce
here. O

Of course, to be of any use we still have to show that if ¢ is the space-time white noise, then
there is almost surely an element of X associated to 0,£. While for the parabolic Anderson model

we needed to construct only one term, here we have to construct five terms: XV, XY', Xv, XY' oX,

Qo X. This construction will be included in [GP14], alternatively we may simply differentiate the
extended data which Hairer constructed for the KPZ equation in Chapter 5 of [Hail3].

The same approach allows us to solve the KPZ equation .Zh = (9,h)°?+ &, and if we are careful
how to interpret the product wof, then also the linear heat equation 2w =wo€. In both cases, the
solution will depend continuously on some suitably extended data that is constructed from £ in a
similar way as described in Definition 43. Moreover, the formal links between the three equations
can be made rigorous. These results will be included in [GP14].
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