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Non-local functionals related to the total variation and
connections with Image Processing

Haim Brezis*'#and Hoai-Minh Nguyen{
August 25, 2016

Abstract

We present new results concerning the approximation of the total variation, [, |Vul,
of a function u by non-local, non-convex functionals of the form

s [ [ Se(u(z) ~uw)ife) ,

|.’E - y|d+1

as § — 0, where Q is a domain in R% and ¢ : [0, +00) — [0, +0) is a non-decreasing function
satisfying some appropriate conditions. The mode of convergence is extremely delicate
and numerous problems remain open. De Giorgi’s concept of Gamma-convergence illu-
minates the situation, but also introduces mysterious novelties. The original motivation
of our work comes from Image Processing.

Key words: Total variation, bounded variation, non-local functional, non-convex functional,
Gamma-convergence, Sobolev spaces.
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1 Introduction

Throughout this paper, we assume that ¢ : [0, +00) — [0, +c0) is continuous on [0, +c0)
except at a finite number of points in (0, +o0) where it admits a limit from the left and from
the right. We also assume that ¢(0) = 0 and that ¢(t) = min{p(t+),¢(t-)} for all ¢t > 0, so
that ¢ is lower semi-continuous. We assume that the domain 2 c R¢ is either bounded and
smooth, or that Q = R%. The case d = 1 is already of great interest; many difficulties (and
open problems!) occur even when d = 1.

Given a measurable function u on 2, and a small parameter § > 0, we define the following
non-local functionals:

Au) = fﬂ Q"’(‘Ti“’_)y]d‘jgy)”dmdy and  As(u) := 6A(u/d). (1.1)

Sometimes, it is convenient to be more specific and to write As(u, ¢, ) or As(u, ) instead
of As(u).
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problem (2.2) for a given value of A. The Euler-Lagrange equation associated with
the minimization problem is given by

1
(u(x) = v{x)) ~ acurv(u)(x) =0
(see [78]). Thus, we have the following theorem.
THEOREM 2.5. The method noise of the total variation minimization (2.2) is

1
u(x) — TVF, (u)(z) = —E}\-curv(TVF,\(u))(x).
As in the anisotropic case, straight edges are maintained because of their small
curvature. However, details and texture can be oversmoothed if A is too small, as is
shown in Figure 2.

2.4. Neighborhood Filters. The previous filters are based on a notion of spatial
neighborhood or proximity. Neighborhood filters instead take into account grayscale
values to define neighboring pixels. In the simplest and more extreme case, the de-
noised value at pixel ¢ is an average of values at pixels which have a grayscale value
close to u(i). The grayscale neighborhood is therefore

B(i,h) = {j € I | u(d) = h < u(j) < u(d) + h}.

This is a fully nonlocal algorithm, since pixels belonging to the whole image are used
for the estimation at pixel 7. This algorithm can be written in a more continuous
form,

1 lu(y) —u(x)]?
NFpu(x) = —/ u(yle” Sl dy, <<
Q

C(x)

P 2
where 2 € R? is an open and bounded set, and C(x fQ M&Tﬂuﬂll“dy is the
normalization factor.

The Yaroslavsky neighborhood filters [97, 95] consider mixed neighborhoods B(i, h)
NB,(t), where B,(Z) is a ball of center 7 and radius p. So the method takes an average
of the values of plxel% which are both close in grayscale and spatial distance. This
filter can be easily written in a continuous form as

1 _ () - u(x)|?
YNFy p(x) = 'm/B ( )U(Y)e G dy,

ety —ueo)?

where C(x fB (x) € 5 dy is the normalization factor. More recent versions,
namely, the SUSAN filter [83] and the bilateral filter [86], weigh the distance to the
reference pixel x instead of considering a fixed spatial neighborhood,

In the next theorem we compute the asymptotic expansion of the Yaroslavky
neighborhood filter when p,h — 0.

THEOREM 2.6. Suppose u € C*(Q), and let p,h,a > 0 such that p,h — 0 and

.2
h = O(p*). Let us consider the continuous function g defined by g(t) = %%, for
t#0, §(0) = &, where E(t) =2 fo . Let f be the continuous function defined
by f(t) = 3@() + 80 2—;7, 7(0) :} Then, for x € (2,
I ¢fa <1, YNF, ju(z) — u(z) ~ A%(z)pz,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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