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1 Some Philosophy

Newton: finite (perhaps countable???) systems of material points interacting via instantaneous, acting
at a distance forces
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Material points assumed structureless (atomic). Structure appeared as a feature of systems.
Configuration space of the N-point system

Q=E",
Cartesian product of N copies of the (3-dimensional) Euclidean space E.
Alternatively: ¢ € @ is a mapping (injective one)

e:{l,....N} = FE

Typical notation
y=(21,...,04,...,25) € BV, za=@(A) €E.
Continuum mechanics as developed by

Euler, Cauchy, Poisson, Lagrange:

{1,..., N} replaced by B which in the modern language is a differential manifold, or manifold with
boundary, of dimension 3 (2 in the theory of shells and plates, 1 in the theory of rods). B is parame-
terized by Lagrange coordinates.
Configuration space:
Q=E"=x_E
© € @ is an injection subject to some smoothness conditions:

p:B—FE, xi:xi(aK),



the relationship between Lagrange and Euler coordinates,

r = ¢(B)

is the current position of the B-th material point.
But later on some need appeared to consider granular media, when due to internal interactions
the body becomes an ”aggregate” of elements
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which move translationally but have also internal, microrotational and macrodeformative motion.

Examples:
e micropolar Cosserat continua,
e micromorphic Eringen theory.

Those were still macroscopic ideas. But in modern atomistically-molecular picture of matter this
became simply necessity — take molecules in molecular crystals — they rotate and deform. This
leads to observable phenomena like the Raman scattering. But there is also a deeper motivation:



1) Why the material point should be a fundamental object? Why not just the point with an
attached structure — a geometric object?

2) No doubt, some mathematical beauty does exist in fibre bundle models of internal degrees of
freedom and we know for a long time that Physical World is organized mathematically and the
mathematically elegant always finally becomes physically effective.

In micromorphic theory local states are described by linear bases attached to the material point.

Fig. 4

After coordinate fixing they may be identified with elements of GL(n,R) or its subgroups like
SL(n,R) (internal incompressibility) or SO(n, R) (internal rigidity, the Cosserat medium, orthonormal
frames). Internal degrees of freedom are ruled by groups motivated by spatial geometry.

There are also other situations like the bubble-type or other void-type dynamics of objects having
only dilatational internal modes [Gianfranco Capriz|.

Other type of models — internal modes are not necessarily Lie groups but their more general
homogeneous spaces or group-action spaces.



This is the case of nematic liquid crystals described as continua of rods, i.e., the internal space is
the sphere:
Q = S*(0,d) ~ SO(3,R)/SO(2, R).

Fig. 5

These are continua of dipoles, strings or microphysically: two-atomic molecules, elongated mole-
cules, etc.
If the poles are indistinguishable, ) is the so-called elliptic space:

Q = 5%(0,d)/Z

(antipodal identification).

Fig. 6



The dual models are the continua or discrete aggregates of plates which may be "realistically”
interpreted, e.g., as three-atomic molecules or flattened molecules:

Fig. 7

Interesting: in some of those situations the internal configuration spaces like
GL*(3,R), SL(3,R), SO(3,R), SO(3,R)/Zs

are not simply-connected manifolds.

This brings about certain problems in the quantized version of theory (nano- and micro-level). In
particular, multivalued wave functions may appear with all their paradoxes, like half-integer values of
angular momentum even if there is no ”true” spin.

Concentration below: the Eringen-like model when internal degrees of freedom are ruled by
GL(3,R) (mathematically it is more convenient to start from R™ and GL(n,R)), and only then to put
n = 3 or n = 2). This is either granular medium or the system of molecules like ones in molecular
crystals, just rotating and undergoing homogeneous deformations.

Other aspect of the model: the finite element method is becoming now not only the technical tool,
but just the effective procedure of fundamental theoretical analysis, when the body is "triangulated”
into the system of affinely-behaving objects [Miles Rubin]. And now it becomes ”fashionable” to
go with the size of these objects to the micro- and nano-scale. And then quantum mechanics of
mutually interacting affine bodies must be used. This way of describing quantum phenomena may be
competitive to traditional ones, based on the decomposition onto system of phonon modes.



2 Group-theoretical Model of Degrees of Freedom. Euler
Tradition and Affine Models

G is a Lie group — usually linear:

G C GL(N,R) or G C GL(N,C) (but real, e.g., U(N))
G' C L(N,R) or G’ C L(N,C) — Lie algebra

G — Lie co-algebra

Typically: G™* ~ G’ via trace expression: (f,x) = Tr(fx)
R >t — q(t) € G — motion

Lie-algebraic velocities:

{...,eq,...} — basis in G,
{...,€e% ...} — dual basis in G*.

Q=Q%t)e,,  Q=0%)e,, Q) = (Ady)” b (t)
Non-holonomic if G-non-Abelian
Q" =Q%(g)d’, Q' =2%a)d

Structure constants C*,,,,
k
e, em] = Cimer,

v — (pseudo)Euclidean metric on G’,
veG*® G, V=Yt ® €,

Yab = Ybe — coOnstant.
Left-invariant kinetic energies, i.e., Riemannian metrics on G:

1 ~ ~ 1
Q’Yab 2/7( ) )

Tangent bundle T'G-trivial: TG ~ G x G’
Cotangent language — phase space: R
>, ¥ — non-holonomic momenta conjugate to quasivelocities €2, €2

=X, S = gae“

T*G ~ G x G™ trivialization



Transformation properties under group translations:
Left Ly : x — gz
Q— gQg ' = Ad,Q, Q—Q

S gty = AL, T3

Right Ry : 2 +— xg
Q—Q, Qg Qg = Ad,1Q)

Y= X, PO g_lig = Ad;i
Poisson brackets:
{2, %5} = CFy%y, {iza i]} = _Ckijika {%, i]} =0

of of
oqt’ g’

{Zaa f(q)} = _Zai(Q) {iaa f(Q)} = _iai(Q)

Other Poisson brackets vanish.

Geometrically:

Y; — Hamiltonian generators of left regular translations (momentum mappings of L¢)
S, — Hamiltonian generators of right regular translations (momentum mappings of Rq)
Legendre transformation non-holonomically represented:

orT $ orT

2

T o0 T a0
Kinetic energy term of the Hamiltonian:
1~ab/\ S : :
T = 3 Yadb — left invariant
1w ) : .
T = 3 Yadib — right invariant

A% in short v it is reciprocal contravariant metric:
%aC’YCb = 6ab
Equations of motion in Poisson-bracket form:
df
E = {f H }

~v-Euler equations for left-invariant systems:

A~

¢ = _FUCt S, + N,
i Y a2 +
in Q-terms: R
dQb ~ ~
Yab— — _rdeCbacQCQd + Na
dt
or in mixed terms: R
dX ~ ~
¢ = 0%, + N,
dt b

It Na = 0 (geodetic system), these equations are autonomously solvable with respect to 5 or Q.



Then ¢(t) is found by solving non-autonomous linear system:

dq ~
a CJ(t)Q

In general the last two equations form a closed mutually coupled system.
In geodetic models ¥, are constants of motion:

ax
a — 0
dt
In non-geodetic case:
X, AV
=N, ={3,,V}=3%"—
dt { } dq’

In geodetic models the Casimir invariants built of ia are constants of motion and the problem
reduces to orbits of the co-adjoint representations of G in G™*. Poisson structures:
Right-invariant T-models when

1
T= §7aanQb
dXe -
W = VCdCbacszb + Na

Doubly-invariant T-models:
When 7 is the Killing tensor on the semi-simple Lie group

Yab 22 C*1aC" i,
then T is doubly-invariant, C' is totally y-skew-symmetric
Cijk — Ciab;?aj;‘y*bk — _Cjik — _Ck:ji — _Cikj7

both >, f]a are constants of motion and the non-dynamical Euler terms on the right-hand side of

equations of motion do vanish.
Example: usual rigid body, N =3, G = SO(3,R),

0 Q3 O ~ 0 05 O
Q = Qg 0 _Ql 5 Q = Q3 O _Ql
_QQ Ql 0 —&/_\22 ﬁl 0

SO(3,R)’-skew-symmetric matrices identified with axial vectors

0 N3 -3 ~ 0 S -
¥ = —23 0 21 5 Y= —23 0 El
E2 _21 0 22 —21 0
3 3
Iy~ JPS
T = —CLQQ T = 22
; 2 v a=1 ZIa v

where I, are the main co-moving moments of inertia.

{Zaa Eb} = Eabczcy {iaa ib} = _5abc§ca {Zaa i\:b} =0



Euler equations:

dt Iy I,
s, 1 1\aos =
— == —-—=] X133+ N
7 ([1 [3> 1243 + Vg,
d>s I 1\e~ -
— == —-—=]X13+ N
dt ([2 [1) 1242 + 39
where ia = [aﬁa.
In velocity terms: R
s} PPN ~
]Id_tl = (I — I3) 0803 + Ny,
0 PP
]2d_252 = (I3 — I) U Q3 + Ny,
dQ PP
[3d_t3 = (Il - IQ) ngg + N3
Doubly invariant T-spherical rigid body, Killing metric underlying 7":
A, s,
= LVa, =N,
dt dt

Geodetic dynamics — left invariant - isotropic in space, Lgo(s,r)-invariant.
Euler equations for ideal incompressible fluids:
ov® ov® 10
ppl 100
ot oxb p 0x®

v — Euler velocity field in space,

p — density,

p — pressure.

Both — achievements of Euler.

Apparently different.

Arnold: Euler fluid equations interpretable as a right-invariant geodetic system on the infinite-
dimensional ”Lie group” SDiff(R*). More precisely:

o left-invariant under SO(3,R) — rotations in space (Euler coordinates)

e right-invariant under SDiff(R?) — volume-preserving diffeomorphisms of the material space (La-
grange variables)

e geodetic system, no potential, L =T, H =T,

T = g/gijvi(x)vj(x)dgf,

where v* is the Euler velocity field:
w@@::%ﬁﬂ@m
T

0
only here 5% acts!

a are Lagrange coordinates.



We — something between — deformations, but finite dimensions.

Affinely-rigid body, homogeneously deformable gyroscope.

G = GL(3,R), more convenient to use GL(n,R) and later on to specify n = 3, 2.
Better — homogeneous space

(N, U, —,n) — material space

(M,V,—, g) — physical space

Q=M x LI(U,V),
7 7

translational /internal motion

where LI(U, V) are linear isomorphisms of U onto V'
IM=N=U=V=R",

Q = GL(n,R) x,R", de@:
O(t,a) = @' (t)a® + 2(2)

Inertial objects: p — mass distribution measure in NV, it is positive and constant,

m:/ du(a) — total mass,
N

JE = / a®dpu(a) =0 — a® vanish at the material centre of mass,
N

JEE = / a®a’du(a) — inertial tensor, constant
N

(Lagrangian) mass quadrupole.
Kinetic energy obtained in a usual way (summation over material points):

m drtdy? 1 dp'ade’p g
T=Tuw+Tww= 59—+ 59— J
e e = 9 g T T

Legendre transformation:

dx’ dy’ s
pi = mgij— i = gij L Jh4

Kinetic part of the Hamiltonian:

1 .. 1 .. ~
ng pp]+29 PP jJAB,

where jACJCB = 5AB.
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Non-doubtful range of applications of models

L=T-V(y), H=T+V(p)

e macroscopic elasticity when the length of excited waves is comparable with the linear size of the

body,
e micromorphic continua with internal degrees of freedom ruled by linear group [Eringen],
e molecular vibrations, molecular crystals,
e nuclear dynamics (collective droplet model of the atomic nuclei),
e astrophysical objects, vibrating stars, shape of Earth,
e integrable one-dimensional lattices and n-dimensional affinely-rigid body.
Drawbacks:

1. Geodetic models (without potentials — nonphysical, nonphysical - no vibrations, non-limited
expansion and contraction)

2. No dynamical affine invariance — only kinematical one. Advantages of the group structure lost.

What would be affine models?

Do exist formally?

Are realistic?

Canonical objects, transformations, generators

) )

Di, pAi

conjugate to T, A
Legendre:
oT : 4 oT .
Lie-algebraic objects: A
O = SbSO_la sz — SbZASO_lAja
Q=y¢"y, Qg = 4005

Affine velocities. Eringen’s ”gyration”.
Their g- and n-skew-symmetric parts — angular velocity. They are always skew-symmetric in rigid
motion:

P OO
w'y =0 — Q)

o'p = Q%% — Qpt

Their conjugate affine spins — Hamiltonian generators of

p — Ap
A€ GL(V)
Y= 7

Spin and vorticity:
5% =¥ =X

(generators of spatial and material rotations).

p— @B
B e GL(U)
Y=Tp

VAp =545 — Spt

11



Transformation rules:

A Y AYATL S S
B DFEN 5} S+ B7ISB
A Qi AQAL Q0
B Q- 0O, Q+— BOB
Co-moving translational objects:
vt =0 Pa=pit'a

Poisson brackets:
{Eij, Zkl} — 5il2kj . 5kail’
{45, 5%} = 6954 —6p2%,
{Ziﬁ iAB} = 0,
{iABaﬁC} = 5AC'1/)\B7
U pe} ={N506} = 0"y,
where 4 A 4 ' '
1{0); :=AMO); + 55, AO); = a'p;
and 7’ are Cartesian coordinates of the O-radius vector of the current position of the centre of mass
in M.
If F'is any function depending only on the configurations variables, then, obviously,

4 . OF
FY} = olan—
{ ? .7} SOAaSDJA’
i iaF
{F Ay} = 2’5,
~ . OF
F 4 = .
{ Y B} SOB@QOZA

Canonical affine spin:

K1 = [ (=) (7 =) dislw) = [ (' = 2') ' duta)

i dQOjB AB
= 2
YA i

Dipole of distribution of linear momentum.
Affine moment of forces:

N = / (v — =) F (y) du(y).

where F7 is the force distribution.
Equations of motion:

d*z’ - AV
—_— — FZ e —a¥ _
" I dni’
(total force) (potential case)
P05 a ; i
i J — N — A0 k:]‘
AT g 74 Ok Ag
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Balance form:

di |
= F*
d )
dKY do'adp’s up y
— 4B jaB | il
d adt A

where k' = ¢"p; and k' = ¢ A/k?A.
No really Euler form — the non-dynamical term does not vanish ever — affine symmetry of degrees
of freedom broken to the orthogonal one:

d¢'a dsojBJAB _ 99T

dtdt T gy
Similarly:
LR S
dIS:B _ _[?ACjCDR\-DB + ]’\}AB’
or, using non-holonomic velocities,
m% = —mQ 0" + ﬁA,
JACCZZ% _ _QBDQDCJCA + ]’\}AB_

What would be affine models?

Left affinely invariant:

dy?;
dt

1 ~y o~ .
Ty = §£BADCQABQCD7 =N

Right affinely invariant:

1., S o
ﬂn — Jil 0! Qk — NA
t QR kot& g ly dt B

Doubly affinely invariant:
A 9 B s A ~o B ~\ 2
T = 5T (Q2) + 5 (Tr ) = 5Tr (@2) + 5 (Tr )
Comment to d’Alembert:

dSDiK dQOjL
dt dt '’

1
,—Tint = éAKiLj

where
K L KL
.A i j = gng .

Translational motion: dr dad
m xt dx? m
T, = —Cyi—— = — 0408
T Ay 2 AP
or dr dog?
m xt dx? m
Ty = —¢ji—— = —@G 0408
T Yy Ty T 2 A

13



Equations of motion:

e [L-affine invariant:

dp; vty 1=y i
dt —Qza dt - mC pkp]+Q]7
where oV oV
Qi:_%: Qj:—sp A—&ij,
or in the other form: p dl((’))'
Pi o ¥ _ i
dt - Ql? dt Qtot(O) J7

where

1(0); = MO);+%' =a'p; + 37,

Qtot(o)ij = Qtr(o)ij + Qij = $in + sz
e R-affine invariant: .
dpi . dX"p _AA
dt — Qza dt - Q B>
where oY
Qs = _8901‘A<PZB = (¢ )Q' ¢ 5.

Left affine, right metrical:
I ~p -~ Anr ~ BAy ~
Tine = 577KLQKMQLN77MN + EQKLQLK + EQKKQLL

(drunk missile, effective mass).
Right affine, left metrical:

I . A . . B . .
Tint = §gileijzg]l + EQl]’QJi + EQZinj

(Arnold discretized?).

14



Two-polar decomposition:
¢ =LDR™,

where L, R € SO(n,R) — diagonal, D — diagonal, deformation invariants.

Principal axes of the
'Green deformation
tensor (R)

,,springs”, defor-
“mation invariants

Principal axes of the
Cauchy deformation
tensor (L) |

Fig. 8
Angular velocities and canonical momenta:
dL! .
X% = L“i#, its conjugate is p
-~ dR%, .
9 = RGKT its conjugate is T

~ o~

M:=—p—7, N:=p—-7

and then the second-order Casimir invariant has the form
( Mab)2 1 ( Na )2

Z Jr16Z sh?¢ -2 16 h2ee—d"’

where the symbols are used: Q% = D%, ¢* = InQ*.
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Lattice structure:

Ma
Tatt = Zpa 3% Z (th )q

e Hyperbolic Sutherland-like lattices:

32a

1 Z C(N“ab)2
a,b

2q%—¢°
h 2

Taﬁ _ 1 Z(p —p )2+ 1 Z (‘2\4%3)2
int AT+ Ay &0 T T BT 4 A) et g2a o
1 (N%)? 1 9
32(1 + A) ; dﬂ@ + 2n(I + A+nB)p
aff —metr aff 2
Znt o= ,]:nt m”vu )
metr—aff aff 2
T = Tp + m!\SH.
e (Calogero-Moser-like lattices:
1 1 (M®)? 1 (N%)?
Tt = — P? 4+ — — 4 A SV —
= o7 Z « T 37 Zb: Q7 —Qn? 81 Zb (Q7 + Qb2
e Usual Sutherland-like lattices:
1 2 B 2
T = 53 Ea:pa 2A(A+nB)p
1 (M%)?
* 32A 0 sin2 & —q 32A Z COS2 a°—q" —q
Q0 =GL(2,R)
. ; M2 N2
ngzz—(pl"'pz)"' 1 7 12
SL. 16msh’ 4L —9  16mch?d —4
T R —————— _
velf
U U M.N
-~ S
M €
% Ui s [N]< M|
g 1
-2 | ) o' - g
—_—
\ 7
D [ o \
Tem w =~ eff
UZ .y, |N|> M|
Fig. 9
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3 Schrodinger Quantization — General and Affine Models

A fascinating feature of our models of affine collective dynamics is their extremely wide range of
applications. It covers the nuclear and molecular dynamics, micromechanics of structured continua,
perhaps nanostructure and defects phenomena, macroscopic elasticity and astrophysical phenomena
like vibration of stars and clouds of cosmic dust. Obviously, microphysical applications must be based
on the quantized version of the theory. And one is dealing then with a very curious convolution
of quantum theory with mathematical methods of continuum mechanics. It is worth to mention
that there were even attempts, mainly by Barut and Raczka, to describe the dynamics of strongly
interacting elementary particles (hadrons) in terms of some peculiar, quantized continua. By the way,
as French say, the extremes teach one another; it is not excluded that the dynamics of cosmic objects
like neutron stars must be also described in quantum terms. They are though giant nuclei, very exotic
ones, because composed exclusively of neutrons (enormous ”mass numbers” and vanishing ”atomic
numbers”).

Quantization of classical geodetic systems

Let us consider a classical geodetic system in a Riemannian manifold (Q,T"), where @) denotes the
configuration space, and I' is the "metric” tensor field on () underlying the kinetic energy form. In
terms of generalized coordinates we have

1 dg* dg”
T=-r,“L%
27" dt dt
or in Hamiltonian terms ]
T = §F””pupy,
where, obviously,
FMOCI"OW = 5”1/
and
_ar r dq”
Pu= g = g

As usual, the metric tensor I' gives rise to the natural measure ur on @,

dur(q) = \/|det[T,]|dg" - - - dg”,

where f denotes the number of degrees of freedom, i.e., f = dim (). For simplicity the square-root
expression will be always denoted by \/W . The mathematical framework of Schrédinger quantization
is based on L*(Q, ur), i.e., the Hilbert space of complex-valued wave functions on @, which are square-
integrable in the pr-sense. Their scalar product is given by the usual formula:

< Wy |Wy >= /Wl(Q)%(Q)dur(Q)-

The classical kinetic energy expression is replaced by the operator

2
T = —%A(F),

where A denotes the (”crossed”) Planck constant, and A(I") is the Laplace-Beltrami operator corre-
sponding to T,

1
AT = —— S 9,/[T[0™o, = "'V, V.

17



In the last expression V, denotes the Levi-Civita covariant differentiation in the I'-sense. Therefore,
the kinetic energy operator T is formally obtained from the corresponding classical expression 7°
(kinetic Hamiltonian) by the substitution

h
Pu = Pu = gvu'

If the problem is non-geodetic and some potential V(g) is admitted, the corresponding Hamilton
(energy) operator is given by:
H=T+V,

where the operator V acts on wave functions simply multiplying them by V',

(V) (q) = V(g)¥(q).

This is the reason why very often one does not distinguish graphically between V and V.
Stationary situation
We shall deal almost exclusively with stationary problems when the Hamilton operator H is time-
independent, thus, the Schrédinger equation
o

will be replaced by its stationary form, i.e., by the eigenequation
HV = £V,

where, obviously,
1 = exp (—%Et) v

and WV is a time-independent wave function on the configuration space.
Classical background for quantization
We concentrate on the collective modes ruled by the linear and affine groups. It is an important
fact from the Lie group theory that Lie-algebraic objects 2, € G’ give rise to some vector fields X, Y’
on G invariant, respectively, under right and left translations on GG. Namely, for any fixed Q,Q) € G,
they are given by R R
X,00:= Qg V,[0) = 60

Affine velocities are just the special case of these Lie-algebraic objects. The dual objects X, i,
i.e., affine spin in two representations, can be introduced. These dual quantities exist also in the
general case when G is an arbitrary Lie group. They are then elements of the dual space, i.e., Lie
co-algebra, X, ¥ € G’*. Their relationship with canonical momenta p and configurations g is given by
the following formula involving evaluations of co-vectors on vectors:

<pg>=< 3,0 >=<5.Q >,

where g € T,G, p € T;G, and g, g are arbitrary. Denoting the adjoint transformation of Ad, by the
usual symbol Ady, we have that

x—19
2= AdTIE,

the obvious generalization of the corresponding relationship between laboratory and co-moving rep-
resentation of affine (or usual metrical) spin. And just as in this special case, the quantities X, ¥ are
Hamiltonian generators of the groups of left and right regular translations Lg, Rg on G.

In applications we are usually dealing with some special Lie groups for which many important
formulas and relationships may be written in a technically simple form avoiding the general abstract
terms.

18



We are dealing almost exclusively with linear groups G € GL(W) C L(W), where W is a linear
space, e.g., some R"™ or C".

All the mentioned simplifications follow from the obvious canonical isomorphism between L(W)
and its dual L(W)*, based on the pairing

<C,D>=Tr(CD).

The Lie algebra G’ is a linear subspace of L(W), therefore, its dual space G'* may be canonically
identified with the quotient space L(WW)*/AnG’, where AnG’ denotes the subspace of linear functions
vanishing on G’. But, according to the above identification between L(W)* and L(W) itself, AnG’
may be identified with some linear subspace of L(W); we shall denote it by G'*. Therefore, the Lie
co-algebra G™ is canonically isomorphic with the corresponding quotient, i.e.,

G ~ L(W)/G'™.

This is the general fact for linear groups and their Lie algebras. However, in some special cases, just
ones of physical relevance, this quotient space admits a natural canonical isomorphism onto some
distinguished linear subspace of L(W) consisting of natural representants of cosets, e.g., in the most

practical cases G" is canonically isomorphic with G’ itself. For example, it is so for SO(n, R), SL(n, R),
where the Lie algebras SO(n,R)’, SL(n,R)" may be identified with the duals SO(n,R)"™, SL(n,R)"™.
By the way, for certain reasons it is more convenient to use the pairing

< AB>— —%Tr(AB)

for the orthogonal group SO(n,R).
Just as in the special case of affine objects, transformation rules for ¥, 3 are analogous to those
for €2, ; we mean transformations under regular translations:

Ly © Ye—AdT'S, S
R, : Y3, SREN Ad,:f].

Using the identifications mentioned above (assuming that they work), we can write these rules in a
form analogous to that for non-holonomic velocities,

L, Y- kXkL PN f],
Re : Y=Y Sk 'Sk

i.e., just as it is for the affine spin.

Geometrical meaning of ¥ and ¥ is that of the momentum mappings induced, respectively, by the
group of left and right regular translations. And the relationship between two versions of »-objects
is given as follows:

Y= gigil.
The objects ¥ and 5 may be also interpreted in terms of right- and left-invariant differential forms
(co-vector fields), i.e., Maurer-Cartan forms A, B on the group G. Assuming the afore-mentioned
identification, we can express A, B for any fixed X, S in the following forms:

AN =g¢7'S,  B,JS]=%"g

Just as in the special case of affine systems, Poisson bracket relations of ¥- and i—components are
given by structure constants of G. Those for ¥ have opposite signs to those for ¥, and the mutual
ones vanish (left regular translations commute with the right ones).
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Hamiltonian systems on Lie group spaces

We assume that our configuration space () is a Lie group G or, more precisely, its homogeneous
space with trivial isotropy groups. Also in a more general situation when isotropy groups are nontrivial
(even continuous) a large amount of analysis performed on group spaces remains useful.

Obviously, just as in the special case of affinely-rigid bodies, left- and right-invariant kinetic en-
ergies T are, respectively, quadratic forms of €2 and 2 with constant coefficients. Their underlying
Riemannian structures on G are locally flat if and only if G is Abelian.

In both theoretical and practical problems the Hamilton language based on Poisson brackets is
much more lucid and efficient than that based on Lagrange equations. If besides of geodetic inertia
the system is influenced only by potential forces derivable from some potential energy term V(q),
then, obviously, the classical Hamiltonian is given by the following expression:

1
H=T+V(q) = ST (0)pupv + V(0).

It is very convenient to express the Hamiltonian and all other essential quantities in terms of non-
holonomic velocities and their conjugate non-holonomic (Poisson-non-commuting) momenta.

Let {E,} be some basis in the Lie algebra G’ and ¢* be the corresponding canonical coordinates
of the first kind on G, i.e.,

9(q) = exp (¢"E,,) .
Lie-algebraic objects (2, Qe G will be, respectively, expanded as follows:

QO=0E, Q=0'E,.

Using the expansion coefficients Q*, O one obtains the following simple expressions for the left- and
right-invariant kinetic energies:

1 ~ 1
Tiee = §£,LWQ/’LQV7 Tright = §R,LWQ‘LLQV7

where the matrices £, R are constant, symmetric, and non-singular. The positive definiteness problem
is a more delicate matter, and there are some hyperbolic-signature structures of some relevance both
for physics and pure geometry.

For potential systems Legendre transformation may be easily described with the use of non-
holonomic objects, respectively,

= 0T,
Sy =
oOm

v a711"1 ht v
=L, D= SR,

where, obviously, im ¥, are expansion coefficients of i, Y. with respect to the dual basis { E#} of the
Lie co-algebra, i.e., L
x=X,E" E=%,E"

The resulting Hamiltonians have, respectively, the following forms:

1 o~ o~
H = T+ V(0) = 5£75,8, + V(a),

1
H = Zight + V(q> = §RHVZ,LL2V + V(Q)v

where, obviously, the matrices [£*], [R*"] are reciprocal to [L,,], [Ru].
If structure constants of G' with respect to the basis { £, } are defined according to the convention

[E,, E,] = ExC*

ns
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then the Poisson brackets of ¥-objects are given as follows:
(Z,0) =20, .5 =-5CN, {Z.5.)=0

Basic differential operators

Let us define basic differential operators generating left and right regular translations on G. We
denote them respectively by L, and R,,. Their action on complex- or vector-valued functions F' on G
is defined as follows:

0

L)) = 5 ()| (RF) )= GLF k)|

Their Lie-bracket (commutator) relations differ from the above Poisson rules for ¥-quantities by signs:
[L,. L] =-LC%., [R.,RJ=R\C",, [L,R,)]=0.

Poisson brackets between Y-objects and functions F' depending only on coordinates ¢ (pull-backs of
functions defined on the configuration space Q = G) are given by

(2, F} = -L,F, {%, F}=-R,F.

The system of Poisson brackets quoted above is sufficient for calculating any other Poisson bracket
with the help of well-known properties of this operation. Thus, e.g., for any pair of functions A, B
depending in general on all phase-space variables we have the following expression:

0A 0B aALB aBLA

A BY = 9,00, _ 0B
{4, B} =2, s, on,  on, Ty, et

and, when the phase space is parameterized in terms of quantities ¢*, ¥,,, we have the similar expres-
sion:

{A,B} =5,C",, 0408 04 R, B + aTBRﬂA.
0%, 0%, 0%, 0%,

Obviously, the finite regular translations may be expressed in terms of the following exponential
formulas:

F(k(q)g) = exp (¢"L,) F,  F(gk(q)) = exp(¢"R,)F,

with all known provisos concerning exponentiation of differential operators.
Non-holonomic velocities €2, 2 depend linearly on generalized velocities ¢,

QF =0k, (q)¢", Q=" (q)q"
Similarly, > and 5 depend contragradiently on the conjugate momenta p,

Zu=10aX%(q), T =pa®ulg),
where, obviously, L

X0 = 0%, X0 = 0%.
This leads to the following expressions for generators:

0 S O

L — Ea#a—qa, R” — Ea‘ua_qa.

I
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Unitary transformations

It follows from the very nature of the Haar measure p that on the level of wave functions the left
and right regular translations are realized by unitary transformations on L*(G, u1). More precisely, let
us define for any k € G the operators L(k), R(k) given by

(L(k)¥) (9) :==¥(kg),  (R(K)¥Y)(g) := V(gk)

for any g € G. Tt is clear that L(k), R(k) preserve the space L?(G, 1), moreover, they are unitary
transformations,

(LKW [L(R)Ts) = (R(E)W1 [R(E)W2) = (V1] Ws) .

The assignments G 3 k — L(k), R(k) are, respectively, a unitary anti-representation and representa-
tion of G in L?(G, p),

L(k1k2) = L(kz)L(k1), R (k1ks) = R(k1)R(k2).

To convert L into representation it is sufficient to replace ¥(kg) by ¥(k~'g). Obviously, the difference
is rather cosmetical and related to the conventions concerning the definition of the superposition
of mappings. Nevertheless, any neglect may lead to the accumulation of sign errors and finally to
numerically wrong results.

The operators L,, R, generate the above representations, thus, we have

L (exp(¢"E,)) = exp(¢"L,),  R(exp(¢"E,)) = exp(¢"R,),

with all known provisos concerning domains and exponents of evidently unbounded differential oper-
ators. It is important to remember that the left-hand sides are always well-defined bounded unitary
operators acting on the whole L*(G, u). Unlike this, L,,, R, act only on differentiable functions, they
are unbounded, and the problems of domain and convergence appear on the right-hand sides of the
above equations.

Unitarity of L, R implies that their generators L,, R, are formally anti-self-adjoint (physicists
tell roughly: anti-Hermitian), i.e.,

(LW |Wy) = — (U4|L,Py), (Ru¥|Ws) = — (¥R, Wy)

assuming that the left- and right-hand sides are well-defined (this is the case, e.g., for differentiable
compactly supported functions on G).
Now, let us introduce the following operators:
h N h
Y, ==L, Y, = =R,

i i

They are formally self-adjoint, i.e., "Hermitian” in the rough language of quantum physicists:
B[ 0) = (BB 0), (S0]0:) = (1[S,0,),

with the same as previously provisos concerning the functions Wy, Wy. Obviously, A denotes the
("crossed”) Planck constant.

The operators X, iu are quantized counterparts of classical physical quantities X, ﬁu- They
may be expressed as follows:

h 0 $ R 0

= ;Eaﬂ(q)a_qoﬁ w = ;Eau@)a_qa-

There is no problem of ordering of g-variables and differential operators 0/0q®. This ordering
is exactly as above, just due to the interpretation of L, and R, as infinitesimal generators of one-
parameter subgroups.
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Quantum Poisson bracket
In virtue of the above group-theoretical arguments the quantum Poisson-bracket rules are analo-
gous to the classical ones,

Q{Zlm EV} = EACAMW Q{Eua ZV} = _EACA;AVa Q{Eua EV} =0.

Let us remind that the quantum Poisson bracket of operators is defined as

1 1
—IA.Bl= =
Zh[ B ih

One can show that the kinetic energy operators for the left- and right-invariant models are given
simply by the formerly quoted formulas with the classical generators X, ¥, replaced by the corre-

o{A, B} = (AB — BA).

sponding operators 3J,, im ie.,

| NN h? v
ﬁeft: §R E#EV: _?R RuRw

1 h?
,];ight’, - EEMVE#EV - —7£MVLMLV.

As mentioned, the literal calculation of the Laplace-Beltrami operator in terms of local coordinates ¢*
is usually very complicated and the resulting formula is, as a rule, quite obscure, non-readable, and
because of this practically non-useful. Unlike this, the above block expression in terms of generators
is geometrically lucid and well apt for solving procedure of the Schrodinger equation. In various
problems it is sufficient to operate algebraically with quantum Poisson brackets. To complete the
above system of brackets let us quote expressions involving generators and position-type variables.
The latter ones are operators which multiply wave functions by other functions on the configuration
space,
(F¥) (q) :== F(q)¥(q).

If there is no danger of misunderstanding, we will not distinguish graphically between F and F. Just
as on the classical level we have

{3, Ft = —L,F, {2, F} = -R,F.
Obviously, two position-type operators mutually commute.

Remark: Obviously, only for generators and position quantities the quantum and classical Poisson
rules are identical. For other quantities it is no longer the case, moreover, there are problems with the
very definition of quantum counterparts of other classical quantities. The very existence of the above
distinguished family of physical quantities is due to the group-theoretical background of degrees of
freedom.

Corresponding Haar measures

Let us now return to the main subject of our analysis, i.e., to the quantization of affine systems. For
technical purposes we again fix some Cartesian coordinates ¢, a® in M, N and identify analytically the
configuration space @ = LI(U, V') x M with the affine group GAf(n,R) ~ GL(n,R) x; R". Similarly,
the internal configuration space Qi = LI(U, V') is identified with GL(n,R). The corresponding Haar
measures will be denoted respectively by a, A, i.e.,

da(p,z) = (dety) " tda'---da"do'y---dp™,
= (det @) td\(p)dzt - - - da",
d\(¢) = (dety) "dp'y---dp",.

In terms of the binary decomposition we have the following expression:

d\(p) = d\(l;q;r) = [ [ [sh(e’ — )| dp(l)dp(r)dg* - - - dg™,
i#]
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where p denotes the Haar measure on SO(n,R). Due to the compactness of SO(n,R) we can, but of
course need not, normalize p to unity, u (SO(n,R)) = 1.

The Haar measure on SL(n,R) used in quantum mechanics of incompressible objects may be
symbolically written with the use of Dirac distribution as follows:

dAsp(e) = [ [ sh(e’ — &)| du(D)dp(r)s(q" + - - + ¢")dg" - - - dg".
i#]
Kinetic energy operators for affine models
Affine spin and its co-moving representation are, respectively, given by the following formally
self-adjoint operators:
h h 0

Eab = —,Lab = —,(,OQK
1 1

~ h h o
YA, = “RAp = —p™ .
8@,}}(7 B ; B 2.90 B(‘?gomA

The usual spin and vorticity operators are respectively given by
8% = 2% — g“gaX’, V=35 —nnppEle.

Kinetic energy operators corresponding to the formerly described classical models of internal kinetic
energies are simply obtained by replacing the classical quantities 3, Y45 by the above operators X%,
345 without any attention to be paid to the ordering problem (just because of the group-theoretic
interpretation of these quantities).

Thus, for the affine-affine model (affine both in space and in the material) we have

1 . . B L
i R — 5 L) /P —— ) U 3
e 247 2A(A+nB) ’
1 a4 & B ~, o~
T YD L W — 3 L 3
2A7 P AT 94 A+ uB)” AT P

Similarly, for models with the mixed metrical-affine and affine-metrical invariance we have, respec-
tively,

1 o 1 ) . 1 L
':[‘,mEtfaJff = —=0; JZZ’L Zk 4+ —=3 'EJZ‘ + _~Eli2j j )
int 2_[9 kg J l 2A J ZB J
m 1 a4 D lsa ¢ L $4 5
Tf‘ri et _ 2—IJ7AB770D2ACEBD + ﬂEABEBA + ﬁEAAEBB

with the same as previously meaning of symbols I, A, B.
Similarly, the corresponding expressions for 7, have the following forms:

T?I%Etiaff = %gl]PZP] - %éABf)AiSB7
Ti,ff—met — %5”]})113] = %nABiSAf)B7

where P;, P4 are linear momentum operators respectively in laboratory and co-moving representa-
tions,

h 0 ~ h 0
Pa:_. y P == a Pa:_‘a .
1 0x° K=Y K zsoK@x“

Just as previously, C, G are contravariant reciprocals of deformation tensors,

C*Cyy =0, G*“Gep =63

As mentioned, there are no affine-affine models of Ty, and therefore, no affine-affine models of T.
The corresponding "metric tensors” on GAf(n,RR) would have to be singular.
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Another important physical quantity is the canonical momentum conjugate to the dilatational
coordinate ¢. On the quantum level it is represented by the formally self-adjoint operator

_ho
p_iﬁq'

It is also convenient to use the deviatoric (shear) parts of the affine spin,

a . a P .. ~A . S A pA,
sb.:Eb—Eéb, SB.:EB—E(SB,

obviously, R
P = 3, = 2AA-

Due to the group-theoretical structure of the above objects as generators, the classical splitting
of T into incompressible (shear-rotational) and dilatational parts remains literally valid, namely, we
have the following expressions:

Taff-aff iCSL(n)(Q) + mpz’
Tmet—ef  _ mcsun)(?)

+ 2n(1 + 114 + nB)p2 * 2(1? [— A?) ISIF,
of-met mcsun)@)

N ! VL]

I+ A+nB)? AP -2

where, obviously,

~R ~S

. .a b r s _ A =B R
CsLn) (k) :=8"%8".---8"8°, =878 -8 'g8 4,

k terms in these expressions, and
2 1 a Qb 2 1 A B
S]] = —55 S"a; [VI[" = —§V BV 4.

As mentioned, the SL(n,R)-part of T has both discrete and continuous spectrum and predicts
the bounded oscillatory solutions even if no extra potential on SL(n,R) is used (classically this is the
geodetic model with an open subset of bounded trajectories in the complete solution). In particular,
there is an open range of inertial parameters (A, B,C') € R? for which the spectrum is positive or at
least bounded from below.

One can hope that on the basis of commutation relations for the Lie algebra SL(n,R)" some
information concerning spectra and wave functions may be perhaps obtained without the explicit
solving of differential equations.

There are GL(n,R)-problems where the separation of isochoric SL(n,R)-terms is not necessary,
sometimes it is even undesirable. Then it is more convenient to use the quantized version, i.e.,

1 B
Tjaff—aff - Q2 — 2
int A%~ aaTap®
1 1 1
Tmet—aff — Q2 2 — IS 2
1 1 1
T.aff—met - 2 2 = 2



where «, (3, p are previously introduced constants and C(k) are operators of the full GL(n,R)-
Casimirs, o R
C(k) :==24%b. ... 2,28, = B30, . B35,

the above contracted products contain £ terms. In particular,

C(2) =243 = 54,88, C(1)=%% =34,
In particular, if the inertial constant B vanishes, then the model T?ﬁ’aﬁ may be interpreted in terms
of one-dimensional multi-body problems in the sense of Calogero, Moser, Sutherland, etc., quite
independently of our primary motivation, i.e., n-dimensional affine systems.

As mentioned, on GL(n,R), i.e., for compressible objects with dilatations, some dilatation-stabili-
zing potential V'(¢) must be introduced if the system has to possess bound states. For more general
doubly isotropic potentials V (¢!, ..., ¢") depending only on deformation invariants, there is no possi-
bility of avoiding differential equations (with the help of ladder procedures). Nevertheless, the problem
is then still remarkably simplified in comparison with the general case, because the quantum dynamics
of deformation invariants is autonomous (in this respect the quantum problem is in a sense simpler
than the classical one). The procedure is based then on the two-polar decomposition, which by the
way is also very convenient on the level of purely geodetic models. In certain problems, e.g., spatially
isotropic but materially anisotropic ones, the polar decomposition is also convenient.

Two-polar decomposition for quantum case

On the quantum level the classical quantities p = S, 7 = —V become the operators of spin and
minus vorticity S, —V, i.e., Hermitian generators of the unitary groups of spatial and material rota-
tions acting argument-wise on wave functions. Classical quantities p, T were co-moving representants
of tensors p = S, 7 = =V, i.e., their projections onto principal axes of the Cauchy and Green defor-
mation tensors. Their quantum counterparts, i.e., operators T, t are also co-moving representants of
r=S,t=-V,ie,

T, = L% L,SY,  t% = —-RY%R%5VE,.

They are Hermitian generators of the argument-wise right-hand side action of SO(n,R) on the wave
functions. Just as in classical theory, it is convenient to introduce operators

a . =a Ta a .__ a Ta
Mb._—rb—tb, Nb.—rb—tb.

Commutation relations for operators S, V., T, 75\, M, N are directly isomorphic with those for the
generators of SO(n,R) and are expressed in a straightforward way in terms of SO(n,R)-structure
constants.

Now we are ready to write down explicitly our kinetic energy and Hamiltonian operators in terms
of the two-polar splitting. We begin with the traditional integer spin models, and later on we show
how half-integer angular momentum of extended bodies may appear in a natural way.

Quantum operators S';, —V4p have the following form:

) h . h
S'; = —A'(L), —Vigp = ;AAB(R%

i
where A%;(L) and A“5(R) are real first-order differential operators generating left regular translations

on SO(n,R), or, more precisely, on the isometric factors L : R" — V| R : R®™ — U of the two-polar
splitting, i.e.,

POV = (o (a0 ) F) @)
FOVR) = (on(3e%a%) F) (7).
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In the formulas above, F' are functions on the manifolds of isometries from (R",6) to (V,g) and
from (R™,d) to (U,n). Analytically, in Cartesian coordinates they are simply functions on SO(n,R).
Matrices [w%], [w?p] are respectively g- and n-antisymmetric:

a ac d A AC D
Wy = —9 GbdW ¢, W p = =1 "1NBDW C-

Their independent components are canonical coordinates of the first kind on SO(V,g), SO(U,n)
(roughly, on SO(n, R)),

1 1
W) =exp (GhaB ) W) =oxp (307aE7).

where E%, € SO(V, g)’, E45 € SO(U,n)" are basic elements corresponding to some (arbitrary) choice
of bases in V', U, i.e.,

(Eab)ij — 5aj5ib . gaigbj; (EAB)CD — AD(SCB o nACnBD-

One could reproach against our permanent changing between the simplified analytical description
based on R", GL*(n,R), SO(n,R) and the careful geometric distinguishing between the material
and physical spaces U, V and the manifolds LI(U, V), Ot(R",§;V,g), OT(R™, J;U,n); the latter
two denoting the manifolds of orientation-preserving isometries between indicated Euclidean spaces
(equivalently, manifolds of positively oriented orthonormal frames F™(V, g), F™ (U, n)). However, this
"monkey” way of changing branches has some advantages, provided that done carefully. There are
relationships easily representable for computational purposes in matrix terms, however, in certain
fundamental formulas this may be misleading and risky.

And now, at some final stage of our discussion there appear some expressions where the calculus
on R™ as such (not on R™ base-identified with U, V') becomes not only temporarily admissible but
just mathematically proper one. Namely, it is just the matrix group SO(n,R) that acts on the right
on the objects L € O (R™,§;V,g) and R € OT(R",6;U,n). As said above, on the classical level
the corresponding Hamiltonian generators, i.e., momentum mappings, are given by [p%], [T%]. In
quantized theory the same role is played by the formally self-adjoint differential operators %, 9,

Fawe) = (o0 (5010) F) 0 = (o0 (Gt ) (@)
F(RW(w)) = (exp (%wbarab) F) (R) = (exp (%wbafab) F) (R).

Here the skew-symmetry of [w?] is meant in the literal Kronecker-delta sense; nothing like g and
1 is implicitly assumed:
wab = —wb“ = _5ac5bdwdc‘
Just R™ as such with its numerical metric is used here. In the physical three-dimensional case one

uses the duality between skew-symmetric tensors and axial vectors, thus, on the quantum operator
level we use the quantities T, t,, Y(L)4, Y(R),, where

~a a co

'y =€ T, Pa=§€abrc,

—~ 1 ~

a ¢ c3b
t = €%t to = c€wp te,

2

Ta_acT Y 1 ch
b =€y cy a §€ab c
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Obviously, the expressions Y%, Y, are meant in two versions, as acting on the L, R-variables, thus,
puristically we should have used the symbols Y%(L), Y,(L), Y%(R), Y,(R), however, when non-
necessary, we prefer to avoid the crowd of symbols. Commutation relations are in both cases:

[Taa Tb] = 6abCﬂrca

i.e., in terms of quantum Poisson brackets:

| N ~
%[rmrb] - _eabcrw

S
7 [bay = —€ab Le-
iRl ’
It is clear that R

[To,ty] =0, [Yu(L), Xy (R)] = 0.

Obviously, the raising and lowering of indices is meant here in the trivial Kronecker-delta sense, so it
is written only for cosmetic reasons, e.g.,

a c ak ccl
€' = 0" 0" e,

etc. What concerns the V- and U-space objects like S; = r';, VA5 = —t4p, analogous expressions
are true when one uses orthonormal coordinates, i.e., when g;; =, d;;, nap =+« 04p. When more general
rectilinear coordinates are used, the formulas become more complicated because various expressions
involving det[g;;], det[nap| appear; there is, however, no practical need to use this representation.
In orthonormal coordinates in V' and U spaces we have again the following expressions in terms of
axial vectors:
rij — Sij _ eijkrk — eiijk,

tAB = —VAB = EABCtC = —GABCVC.

These quantities are expressed through differential operators A’;(L) and A4z(R), i.e.,

. . 1 .
A'5(L) = €5 Ay(L), Aw(L) = Q%'k—/\]k([f),
1
A 5(R) = *5°Ac(R), A4(R) = 5e,é,BCABC(z-z).

When using the convention of "small” and ”capital” indices, one can omit the L- and R-labels at
A-symbols. Obviously, we have:

Si=r; = zAi» Vo= -ty = —QAA-
i i

One should be careful with some subtle sign problems in commutation relations,
[A-i7 A-j] - _GijkAkH [AAu AB] - _EABCA07 [A‘”M A-A] - 07

therefore,

1 1

1 i

_h[S’La S]] = Eijksk‘a _h[VAavB] = _GABCV07 [SHVA] =0.

Let us also notice that
[Aia Ta(L)] = 07 [Ala AA] = 07 [Al7 TG(R)} = 07

[AAa Ta(L)] = 07 [Ta(L)a Ta(R>] = 07 [AAa Ta<R)] =0.
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”Rotation vector” space language
Obviously, ”coordinates” w%, on SO(n,R) are redundant, unless we restrict ourselves to wg, =
Jacwp, @ < b (or conversely). If n = 3, one uses so-called "rotation vector” k%, where
1 b

a a c a a c
wb:—ebck, k:—§€bwc.

It is convenient to use the "magnitude” k = /(k')2 + (k2)2 + (k3)2. In this parameterization, SO(3, R)
is covered by the ball £ < 7 with the proviso that antipodal points on the sphere k = 7w describe the
same half-rotation, i.e., rotation by 7 about a given axis. For k < m the representation is unique.
The magnitude k equals the angle of rotation, whereas the versor @ := k/k represents the oriented
rotation axis in the right screw sense (for k& = 7 it does not matter right or left ones; they coincide).
In certain expressions it is convenient to use the spherical coordinates k, 9, ¢ in the k-space, thus,

k' = ksin 9 cos o, k* = ksin ¥ sin o, k® = kcos .

For the completeness, let us quote some important three-dimensional formulas.
The ”"basic” matrices £%, € SO(3,R)" are represented dually by the actually basic system of E,,

where 1
Eab — EabcEm Ea = §Eabchcv (Ea)bc = _Eabc-

The structure constants are then given simply by ”epsilons”:
[Em Eb] = eabcEc'

For any rotation vector k € R®, corresponding matrices W (E) € SO(3,R) act on vectors u € R? as

follows:
sin k—

1—
(1 —cosk) Fx

L2
obviously, the scalar and vector product are meant in the standard R3-sense. The components of k
are canonical coordinates of the first kind on SO(3,R),

W(E)-E:coskﬂ—{— (E-H)E-I—

o0

W (F) =exp(WE) =3 % (W E)™.

One can show that
W(k)-u = ﬂ+Exﬂ+%Ex(Exﬂ)+m
1- = = - _
+ ﬁkx(kx(k:x(k:xu)))Jr

This infinite series is an alternative representation of the exponential formula. The term with mul-
tiplicator 1/n! contains the n-fold vector multiplication of @ by k. Explicitly the matrix of W (k) is
given by

a C

w (E)ab =cosk 6% + (1 — cosk) kk];b +sink e“bcz;

obviously, the raising and lowering of indices is meant here in the trivial (purely cosmetic) delta-sense.
One can show that generators of right regular translations on SO(3,R) are given by the following

expression:
kE k0 E o k\ k.,k® 0 1 0
Y, = —ctg— 1— —ctg= | = — — —e,, kb )
@~ ¢ 28ka+< 20g2) K2 okt 27" Bke

This is a common formula for Y,(L), Y,(R), and now for simplicity we again use the analytical
matrix representation, when U and V are identified with R? and the L, R-terms of the two-polar
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decomposition are identified with elements of SO(3,R). To specify this formula to Y,(L), Y.(R)
one must replace the general symbol of the rotation vector k on SO(3,R) by the rotation vectors [, 7
parameterizing the L, R-terms:

L(l)=exp(IE,),  R(T)=exp(rE,).
Generators of the left regular translations on SO(3,R) are as follows:

k k:(9+< k k:)k:ak"a 1 ,,0

1— Zetel 9 e, .
2°%85 ) 2 o T 2% N gpe

And this again specifies to A, (L), A(R) when instead of k we substitute respectively [, 7, i.e., rotation
vectors parameterizing the manifolds of L, R-factors in the two-polar decomposition.
Let us observe that

0
Aa - T(z = Da = €q Ckb_7
b T ke
and these differential operators generate the group of inner automorphisms of SO(3, R):
W (k) — UW (k) U =W (Uk),

where U runs over SO(3,R). Roughly speaking, these transformations result in rotations of the rota-
tion vectors. And, just as previously, substituting here [ and 7 in place of k we obtain the corresponding
transformations of the manifolds of L (Z)— and R (T)-terms of the two-polar decompositions. One can
show that the generators of the left and right regular translations on SO(3,R) may be expressed in
terms of operators d/0k and D, acting, respectively, along the radius and tangently to spheres in the
representative spaces R? of the rotation vector k, i.e.,

ke 0 1k 1
A, = 22— —= kD, + =D
a k ok 2tegfe M Dt 9D,
ke 0 1  k 1
YT, = = — —ctg—exk’D, — =D,.
a g ok 2¢t8g ki De = o

Obviously,
[Dm Db] - _eabch-

In many formulas we need orthogonal invariants like ||S||?, ||V||?>. They are based on the Casimir
invariants Cso(n,r)(2) built of generators A,, X, of the left and right regular translations on SO(n, R).
If n = 3, these Casimirs have the following form:

AN =Y"=AT+ A+ A =03 +05+ 703,

and one can show that analytically

0? kO 1
C 2) = A2 =2 = ct D*
s0(3.r)(2) (8k2 +etey 8k:) * 4sin® &

where
D? = Dj + D; + D3.

Obviously, )
IS]|> = —=h*Cso@r) (L (1)) IV|* = =h*Cso@r) (R (7)),

where the last two terms multiplied by —A? are obtained from the previous Csos,r) by substituting
the [- and 7-variables in place of k.

Remark: Obviously, the equality A% = Y? holds only when A, and Y, involve the same kind
of independent variables, e.g., k on the abstract SO(3,R) as generators of the left or right regular
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translations, [ when both operating on the left two-polar factor L(I), or ¥ when both acting on the
right two-polar factor. But of course ||S||*> and ||V]]? are different for any dimension n, although, of
course, the following always holds:

ISI =117, IVI* = [It]*

Expansion of wave functions

When we use the two-polar decomposition ¢ = LDR™!, then, according to the Peter-Weyl theorem,
the wave functions on GLT(n, R) may be expanded in L, R-variables with respect to matrix elements
of irreducible representations of the compact group SO(n,R). Obviously, the expansion coefficients
depend on deformation invariants, i.e., on the diagonal factor D (equivalently, on the variables Q® or
¢® =InQ*). In general, we have that

(a) N(B)

o = wLD = Y S Y DD,

a,fEQ mmn=1 k=1

where the meaning of symbols is as follows: () is the set of equivalence classes of unitary irreducible
representations of SO(n,R), N(«) is the dimension of the a-th representation class. It is finite because
SO(n,R) is compact, D is the a-th representation matrix. For many classical groups D are explicitly
known (at least in terms of some well-investigated special functions).

Analytically D¥(L), D?(R™!) are matrices depending on the group coordinates w%, wr% of L,
R, e.g., rotation vectors [, 7 if n = 3. The argument D of f is the system of g-variables ¢', ..., q"
According to the mentioned multi-valuedness of the two-polar decomposition, the reduced ampli-
tudes f*%(q',...,¢") must obey some conditions, because ¥ must not distinguish triplets (L, D, R)
corresponding to the same configuration ¢ = LDR™.

Therefore, on the submanifold M™ c SO(n,R) x R" x SO(n, R) with non-degenerate systems of

(¢',...,q") (no coincidences) we must have that

N(@) N(9)
wa™ )= Dy, =g ") DL(W)

ml
r=1 s=1

for any W € K*. The same holds on the subsets M*P1rk) c SO(n,R) x R™ x SO(n,R) with
degenerate systems (¢',...,¢") (coincidences of some ¢’s). The difference is that in degenerate cases
W runs over the continuous subgroups of SO(n,R) generated by K+ and the subgroups H (P1-px)
described above. The special case of the total degeneracy is extreme and, because of this, very simple
one. Indeed, then in the two-polar decomposition it is only LR~! that is meaningful whereas L, R
separately are not well-defined. Therefore, if D = cI,, i.e., ¢! = --- = ¢® = ¢, then the reduced
amplitude obeys very severe restrictions, i.e.,

fcl,) = 0 if a#p,
f2%(cly) = gmilrs-

ml

The non-uniqueness is extreme here, namely, for any Z € SO(n,R) the triplets (L,cl,, R) and
(LZ, cl,, RZ) represent the same classical configuration, thus, the wave functions do not distinguish
them.

It is seen that if ¢!, ..., ¢" are interpreted as coordinates of some fictitious material points on the
real axis R, one is dealing with a very peculiar system of identical para-statistical particles.

It is clear that in geodetic models or in models with doubly isotropic potentials (ones depending
only on deformation invariants; dilatation-stabilizing potentials V'(¢) provide the simplest example), m
and [ in the Peter-Weyl expansion are ”good” quantum numbers. In other words, the spin and vorticity
operators S';, VAp do commute with the Hamilton operator H. The same concerns representation
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labels a, § € €, i.e., finally, the systems of eigenvalues for the Casimir operators of the groups SO(V g),
SO(U,n) acting argument-wise on wave functions. Let us remind that these Casimirs are given by

Csowg(p) ~ S%SF,---S7.5%,
Csown(p) ~ VARVEy - VRV,

p operator multipliers in every expression; p < n and even.
In such situation it is convenient to keep «, 3, m, [ fixed and use the following reduced amplitudes:

N(B)
() = Upi(L, D, R) ZZ (DD (R™),

n=1 k=1

with the same as previously provisos concerning the one-valuedness of ¥ as a function of .
In the physical case n = 3, we have obviously the following standard form of SO(3, R)-Casimirs:

Cso(vg)(2) =ST+ S5+ 85 =T; + T3 + T3 = Csopr) (2),

Csow,n(2) = VI+ V2+ V2=t + 2 +t3 = Csopr)(2).

Our expansions for wave functions are then described in terms of well-known expressions found by
Wigner, and, of course, the family of rotational Casimirs begins and terminates on p = 2.

Obviously, for n = 3, €2 is the set of non-negative integer, o, 3 are traditionally denoted by symbols
like s, 7 =0,1,2,..., etc., N(s) = 2s+1, N(j) = 2j+1, and the indices (m,n), (k,[) are considered as
jumping by 1, respectively, from —s to s and from —j to j; here the tradition is too strong to respect
the formal logical conventions. Thus, according to the mentioned conventions:

U(p) = ¥(L, D, R) Z Z Z Ds D)D;I(R* ).

s,j=0m,n=—sk,l=—j

Similarly, the reduced amplitudes are written as:

U(p) = V¥ (L,D,R) Z Z Ds (D)DL(R™).

n=—s k=—j

Here D* are celebrated Wigner matrices of (2s + 1)-dimensional irreducible representations of the
three-dimensional rotation group. They are well-known special functions of mathematical physics and
may be assumed to be something in principle standard and well-know.

Obviously, the amplitudes W7, are eigenfunctions of rotational Casimir invariants, i.e., essentially
angular momentum and vorticity:

ISIP5, = |[F]*w5, = h?s(s + 1)w;]

ml’

IR A [ S s (R D

mi?

where, let us remind, in three dimensions we have the following expressions:
IS|? =82 +S2+S2,  |V|*=VZ+VEtVe

and similarly for T, t. According to tradition, one uses such a basis that \If;i{l are also eigenfunctions
of the third components of rotational generators,

SyU, = hmU¥,  VyU¥, = hlw¥,.
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And, obviously, when the values n, k in the superposition are kept fixed and we retain only the
corresponding single term, for the resulting ¥ we have
T30, = hn )
k

mly
n

’ t U, = hkWs,.
nk nk nk

Representation matrices

In this way one is dealing with quantum states of well-definite values of magnitudes and third
components of the angular momentum and vorticity. For the general n, the amplitudes \Ilf‘rg have,
of course, the well-definite values (h/i)?C(«,p), (h/i)?C(53,p) of the Casimirs. And now it will be
convenient to return for a while (at least in a formal way) to the general case of dimension n.

Let us again use the exponential formulas for the elements of W(w) € SO(V, g), W(w) € SO(U, ),
and just their simply numerical counterparts in SO(n, R),

1
W(w) = exp (§wabEba) 5
where the basic matrices E°, are simply given by
(Eba)cd — 5bd66a o 5b05ad

(just showing that one works just in R™ and SO(n,R)’ not in V', U, SO(V, g), SO(U, n) basis-identified
with the previous ones). And from now on let us again decide to work in purely analytical matrix
form using orthonormal coordinates in V', U and identifying them with R". Representation matrices
D® are given by the following expresion:

1
Da(w) = exp (awabMaba) ’

where the N(a) x N(a) anti-hermitian matrices M*®, form irreducible representations of the Lie
algebra SO(n,R)’, thus, their commutation rules are identical with those for E®,.

Remark: For any a € € and for any pair of indices b, a, M*%, are just matrices not (b, a)-matrix
elements of some M®; let us notice in this connection that a,b = 1,n, whereas any M®’, is an
N(a) x N(a)-matrix. Obviously, when dealing with matrices D*(L), D?(R), we must specialize
the redundant ”coordinates” w®, to the ones parameterizing respectively the L- and R-terms of the
two-polar splitting, writing, e.g.,

D (L(1)) = exp (%zabwba) DB (R(r) = exp GrabMﬂba) |

For example, in three dimensions, where the pseudovector & may be used instead of the tensor w’,,

i.e., D* (W (k)) = exp (k*M*,), we should write that
D (L (1)) =exp(I®M®,), D’ (R(F)) =exp (r*M,),

where M?®, (s being non-negative integers and a = 1,2,3) are basic (2s + 1) x (2s + 1), thus, odd-
dimensional, anti-hermitian matrices representing in an irreducible way the Lie algebra SO(3,R)".
Therefore,

[Msay Msb] = _EabcMsca

and it is impossible to reduce simultaneously all M?, to the block form. The apparently impossible
even dimension (2s+ 1) of M?,, thus, positive half-integer s will be an important point of our further
analysis because SO(3,R)" (just as any SO(n,R)’, n > 3) admits even-dimensional representations
corresponding to the half-integer angular momentum, both for rigid and homogeneously deformable

bodies.
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Algebraic form of equations
Let us introduce Hermitian matrices
I

SO&ab — ;Maab’

thus, for n = 3,

Sja = EMja,
1

and 1
%[Sjm Sjb] = Eachjo

1
These are standard well-known matrices, possible to be determined in purely algebraic terms, basing
only on the commutation relations. And it was just a surprise that there exist even-dimensional irre-
ducible representations, experimentally compatible with the half-integer internal angular momentum
spin. The (27 + 1) x (27 + 1) matrices S’ provide the quantum description of the angular momentum
with the quantized magnitude i%j(j+1); j being a non-negative integer, or also a positive half-integer
in the theory of fermionic objects.
The representation property of D%, i.e.,

D*(Ry1Rp) = D*(R1)D"(Ry),

together with the definition of generators imply that certain obvious relationships which enable one
to replace some differential operations and equations by algebraic ones. Namely, it is clear from the
above formulas that

PALLDHL) = DAL,
?AAB(R)DB(R) = D(R)S™p,
SXULDAL) = DS,
h

;T“b(R)DB(R) = SPDO(R);

expressions on the right-hand side meant, obviously, in the sense of the matrix multiplication.
In other words,
Szj\paﬁ — Saquja[)’, VAB\I]aﬂ _ \DaﬁSﬂAB,

where U’ is an abbreviation for the N(a) x N(3) matrices [\I/iﬂ (m =1,N(a), I = 1,N(ﬁ)>.
Obviously, everything is formally correct because S*;, S%4p are, respectively, N(a) x N(a)- and
N(B) x N(f)-matrices. Let us stress once again that the indices (7,j), (A, B) label basic matrices
within their sets; they do not refer to matrix elements.

From now on it will be convenient to write
UL, D, R) = D*(L) f**(D)D*(R™);
obviously, the reduced amplitude f**(D) is an N(a) x N(§)-matrix depending only on deformation

invariants D,, = Q% = exp(q“).
Similarly, 7%, and t% act on ¥’ as follows:
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Therefore, this action reduces simply to the action on the reduced amplitude f*? only. It will be
convenient to denote it as follows:

— —
Saabfa,@ — Saabfaﬁ, Sﬁabfaﬁ — faﬁ(D)Sﬁab.
By assumption, the representations D* of SO(n,R) are irreducible, therefore, the matrices

Ca(p> — §aab5abc . Sauwsawa

p factors

are proportional to the N(«a) x N(«) identity matrices,

h p
c*)= (1) Clantve,
where the numbers C(«, p) are eigenvalues of the corresponding Casimir operators built of the gener-

ators of the left and right regular translations on SO(n,R), e.g.,

Cso(nm) (p) = A%A° - - A", A, .

~~

p factors

So, finally, let us summarize the corresponding formulas for the physical case n = 3,
ISI*@ = [[F*¥ = A*s(s + 1) T,
IVIPW = [[6]*W = A% (j + 1) W,
S, U = 55, s VU = uigs
in particular, in the standard representation,

S, 0% = hmU

ml — mi?

ViU = hlw?,.

ml —

And just as for the general dimension value n, a little more complicated action of T, t, resulting in
affecting the reduced f(D)-amplitudes,

R . . — .
ra ij —s SSaij — SSaij,
~ . . — .
ta . fSJ —s fSJS]a — Sjafs.?_

In particular, again in the standard representation,

T3 [f;f:l} = [hmf;fz} )
ts [ffrfl} = [hlf;fl} :

Reduction to Cartan subgroup

Matrix elements of irreducible representations have important well-investigated properties which
enable one to algebraize a good deal of differential equations problems and to perform an effective
reduction of the quantum dynamics. Roughly speaking, this is reduction to the Cartan subgroup of
GL(n,R), i.e., to its maximal Abelian subgroup. This is just the group of diagonal matrices, i.e.,
degrees of freedom parameterized by deformation invariants ¢',...,¢". This reduction from n? to
n degrees of freedom is possible for geodetic problems, for dilatationally-stabilized problems (i.e.,
essentially for geodetic problems on SL(n,R)) and, more generally, for doubly isotropic models when
the potential energy is non-trivial but depends only on the deformation invariants, i.e., it has the form
V(q',...,q"). Let us remind that in this sense quantum mechanics of affine bodies is ”simpler” than
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the classical one where for n > 2 there is no simple way of reducing equations of motion to the Cartan
subgroup.

It is convenient to start again with the general n, and later on to restrict ourselves to the special
cases n = 2,3. Due to the standard orthogonality properties of D%,,,, the scalar product of wave
functions ¥ may be reduced to one for the amplitudes f*? depending only on deformation invariants,
ie.,

N(a)
<w = Y g [ Y Zflnkfzgfpdl - dg",
,ﬁEQ n,m=1k,I=1

where, let us remind, the weight P is given by the following expression:
P(q'.....q") =[] Ish(g' = &)
i#]

If we fix the labels «, 3, m, [ ("good” quantum numbers for doubly-isotropic problems) and consider
the simplified N(a) x N(f)-matrix amplitudes,

v’ (Liq,...,q" R) =D*(L)f*" (¢",...,¢") D’ (R7"),

then the scalar product reduces to

af|olB
<V >= RN

/Tr <fféﬁ+ (ql,...,qn) gﬁ (qu,..’qn)>p<q1"._7qn)dq1._.dqn’

where, obviously, f{" A% denotes the Hermitian conjugate of the matrix f;' p

Obviously, for the general expansion the corresponding formula involves the summation over «, [,
and the multiplication of reduced amplitudes and trace operation meant in the sense of two-matrices
with the entries labelled by two-indices fnk , l.e.,

1
< Uy | Wy >= S
n aﬂZeQwa(ﬁ)

/Tr <f1aﬁ+ (ql,...,q”) f2aﬁ (q17“'=qn)>P(ql,---,qn)dq1~~~dq"7

For the sake of completeness, let us write explicitly

N(a) N(B)

T1r<1aﬂJr ) ZZfl an-

n,m=1 k,l=1

When we consider the class of problems with «, 3, m, [ fixed once for all, then one can avoid the
divisor N(a)N(f3), with the proviso of being careful with the normalization of amplitudes so as not
to violate the statistical interpretation.

In certain problems it may be convenient to avoid the weight factor P in the above expressions for
the scalar product. To achieve this one should introduced rescaled amplitudes given by the following

matrices:
g% =/ Pfos.

Then the factor P disappears from the above formulas, f*? becomes replaced by ¢*?, and everything
else remains as previously.
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Metric tensors and arc elements

Essentially everything said above remains valid when discussing the half-integer angular momen-
tum. Orthogonal groups SO(n, R) in the two-polar decomposition are then replaced by their coverings
Spin(n), but it does not change anything in local analytical expressions. Technically, the only change
is that the range of group parameters changes. And where for different parameter values the corre-
sponding elements of SO(n,R) were identical, in Spin(n) they are different. It was described above
in some details for SO(3,R) and its covering Spin(n) = SU(2), where the main analytical novelty was
replacing the range [0, 7] for the rotation vector magnitude & with [0,27]. All analytical formulas
remain formally the same, e.g., those for the generators of left and right regular translations A,, Y,.
The metric Killing tensors on SO(3,R) and SU(2) normalized to be §;; in k-coordinates at the group
identity (thus, differing by the minus one-half factor in comparison with the general Lie-algebraic
definition), i.e.,

I(a,b) = —%Tr(ab), I'(a,b) = —2Tr(ab)

respectively, on SO(3,R) and SU(2), in both cases they are analytically given by the same formula:

4 k 4 k\ k.k
Fab—ﬁsm —dap + (1—ﬁs1n2§> a’b,

In other words, the corresponding arc element is as follows:
k

ds® = Topdkdk® = dk® + 4sin® - (d192 + sin® ¥dy?) .

Obviously, this metric is conformally flat, e.g., defining new coordinates
7 = (a/k)tg(k/4)k, a>0,
we obtain that
16a2

a? +r?
where the second factor is just the arc element in Euclidean R? expressed in terms of spherical
coordinates. This is the conformal mapping of SU(2) onto R if we consider the total range r € [0, oo].
It is interesting that r € [0,a] on SO(3,R). This is also some kind of arguments that SO(3,R) is

somehow "imperfect” in comparison with its universal covering SU(2).
The Haar measure g in both cases is given by

ds® =

(dr2 + 72 [dl‘}z + sin? 19d<,02]) ,

du (E) = % sin gdgk = 4sin? gsin ddkdidy
if we wish its weight function to be equal one in k-coordinates at the unit element (E = 0). But if we
wish, as we often do, to normalize the total measure of the compact group to unity, then both cases
will differ by a constant factor.

Quantizing affine-affine kinetic energies

One can show after some calculations that the operator
both spatial and material affine transformation is as follows:

7 BB
Taff aff D -~
int Sy 2A(A T nB) g

+ 32AZ h2q ;q 32AZ h2f1 *q

Taff aff

o of kinetic energy invariant under

where A, B are constants as previously in classical formulas,
a ~a Ta a ~a Ta
M%), = —1% — t%, N =T1"% — t%,
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and

OlnP 0
Pzﬁq 8q Za Z dq* 0q°

(every differentiation operator acts on everything on the right of it), P is the previously introduced
weight factor.

It is seen that this is almost the previously used classical formula with classical canonical quantities,
e.g., p%, 7% replaced by the corresponding operators 1%, t9,. There is, however, some difference
and possibility of an easy mistake in the sector of (¢% p,)-variables. Namely, the term involving
differentiation with respect to ¢* is not, as it might be expected, the usual R"-Laplace operator in ¢*
variables, although it contains such a term. Let us observe that in the ¢ = LDR™!-representation
the 0/0q® operators act only on the f® amplitude, whereas 7%, 9 act only, respectively, on the L-
and R-variables. Therefore, there is no problem of ordering of operators in Tﬁi’aﬁ. One could get rid
off the first derivatives of ¥ with respect to ¢* by the substitution which was already used within a
slightly different context, namely,

Y= VPU.

The action of the last three terms in Tf‘g “ on ¢ is exactly as that on ¥ because 9/9¢%, M%,
N%, do not act on (g% — ¢°)-quantities of which P is built; roughly speaking, the VP is "transparent”
for these operators. It is no longer the case with the D-term, both in the good and in the bad

senses. Namely, the action of —(h%/2A)D on ¥ is represented by the action of the following operator
—(R*/2A)D on ¢:
h? ~ h? o? ~
—D=—— ——+V
24 24 Z o2 v

where V is the following artificial potential term:

~ Rl Rm1 oP\*
V=——— 4=
2A P2 4AP - 0q°

In other words,

Dy = VPDU.

There are no first derivatives of ¢ with respect to ¢%, and the differential action is given by the
usual R"-Laplace operator, just as in mechanics of n g-particles on R. But this simplification is
only seeming one because, if n > 2, it is completely destroyed by the ”"potential” V. Obviously, in
realistic problems concerning deformable objects Hamiltonian should also contain dilatation-stabilizing
potential, i.e.,

H= Taff aff +V(q)

int

Although such simple SL(n,R)-geodetic models may successfully describe elastic vibrations, some
more general isotropic potentials V (¢',...,¢") are also acceptable and compatible with the above
description.
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Metric-affine and affine-metric models
Quantizing metric-affine and affine-metric kinetic energies we obtain, respectively, the following
operators:

Tmet—aff _ h2 D h2 82
int - 2@ 26 an

1 (M?,)2 1 (N9,)2 1 ,

* 32« Zb gh2a'=¢" 320 Zb: 2e = + ZHSH 5

a, 2 a, U

2 2 92
S N
200 20 0¢?

1 (M) 1 (N2 1 ,

- —|v
+ 320{ QZJ) Sh2qa5qb 32a az,b Ctha;qb + 2ILLH H )

with the same meaning of operator symbols as above and the same relationship between inertial
constants (o, 3, 1) and the primary ones (I, A, B) as previously.

Potential case

As mentioned above, for Hamiltonians H = T + V with some dilatation-stabilizing potentials
V(q), or more generally, with some doubly-isotropic potentials V' (¢!, ..., ¢"), the action of operators
M?%, and N%, become algebraic and standard, and the stationary Schrédinger equation, i.e., energy

eigenproblem
HY = EV,

splits into family of eigenproblems for the amplitudes f®?; they are partial differential equations

involving ¢“-variables only:
Haﬁfoaﬁ — Eaﬂfaﬁ’

where f*° for any «, 3 € Q is an N(a) x N(3) matrix depending on ¢',...,¢". In a consequence of
the double (spatial and material) isotropy, this problem is N(«a) x N(3)-fold degenerate, i.e., for every
component of f** there exists an N(a) x N(f3)-dimensional subspace of solutions. Let us remind that
in the primary symbols f,?k’g the indices m, [ just label the degeneracy of solutions for every f;’f . H8

ml
is an N(a) x N(f)-matrix of second-order differential operators,
H* =T +V,

where V denotes a dilatation-stabilizing or general doubly-isotropic potential, and T®* denotes the
kinetic energy operator. It is one of the previous ones restricted to the corresponding («, 3)-subspace.
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Therefore, for the affine-affine, metric-affine, and affine-metric models we have, respectively,

h? 1
ap fpaf  _ 7 ap af
T0f? = —Df +32A; h2q;q f
2
B 1 <Sﬁab + Saa ) faﬁ hQB 82 faﬁ
324 ~— ch?22=2 ;‘1 2A(A+nB)dg*”
2
Ba _ Qaa
h2 h2 1 (S b S b)
maffab — _ 2 s 92) fab af
f 2o DI = 3,02 *32023 =
2
B 1 <Sﬁab * 5 ) fa,@ h_28_2focﬁ
320 » h2 2 26 0q%"
— N2
Ba aa
h2 h2 1 (S b—S b)
ap faff af _ 7 af af
T f 2 DI AT D e

— N2
1 (Sﬁab + Saa ) . K2 92 »
32« ” ch?¢=2 *q / 20 8q2f
The constants a, 3, p are exactly as previously; do not confuse them with labels o, 3 at f®?. In the
physical case n =3, a =s=0,1/2,1,... € N/2U {0} and similarly f =j =0,1/2,1,... e N/2Uu {0}
assuming that the half-integer values of angular momentum and vorticity are admitted. Otherwise we
would have s,5 € NU {0}. Obviously, in this case C(s,2) = —s(s+ 1), C(5,2) = —j(j + 1), and the
additional constants in the last two formulas are simply (h?/2u)s(s + 1), (h%/2u)j(j + 1), expressions
close to the heart of any physicist. Let us stress that, even if half-integers are admitted, there is a
restriction that (j — s) must be integer, i.e., 7 and s have the same "half-ness”. In any case, it must
be so if wave functions are to be well-defined on GL(3,R) not only on the ”artificial” configuration
space SU(2) x R? x SU(2). If they are to be statistically interpretable in GL(3, R) itself, then only the
terms with half-integer (s, 7) or integer (s, j) may be separately superposed, no mutual superposition
admissible (although some blasphemic doubts may be raised against this superselection, i.e., against
statistical interpretation in GL(3,R)).

In three dimensions the above-mentioned additional terms (h%/2u)s(s+1), (h*/2u)j(5+1) seem to
be physically interesting and, at least qualitatively, compatible with some experimental data. It is so
as if the doubly affine background (affine invariance in space and in the body) was responsible for some
fundamental part of the spectra, which later on, the more the p is smaller, splits due to some internal
rotations. The term (/%/2u)s(s+ 1) is physically intuitive and classically corresponds to the situation
when in the system some regime of rigid rotations was established after time of transition processes.
But, perhaps, (h?/2u)j(j + 1) appearing in the affine-metrical model is even more interesting. Being
a formal analogue of certain aspects of angular momentum, it is not angular momentum and may be
perhaps semiclassically related to the isotopic spin or similar internal quantities ruled by SU(2) and
appearing in nuclear and elementary particle physics.

Remark: just as previously, the terms with the first-order derivatives of f*? with respect to ¢® may
be avoided by the substitution
7 = VP,

which was also used for simplifying the scalar product. But then again the artificial potential V
appears in all reduced Schrodinger equations.
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Combine models and their possible use
By the way, one can have both things, i.e., the terms (h?/2u)s(s + 1) and (h?/2u)j(j + 1) terms.
For this purpose we would have to use the kinetic energy consisting of four terms:

I - I ~ ~ A~ ~ B~ ~
Tine = égikgleZijl + EanLnMNQKMQLN + EQKLQLK + EQKKQLLa

where, obviously, the last two terms might be as well written as follows:

A . B . .

In matrix language, using Cartesian coordinates g;x =4 dik, N4 =+ 0ap, we would simply write that

g(Tr(AZ)Q
g(TrQ)Z.

Ty = %Tr(QTQ) + %TI(QTQ) + éTr(fAlz) +
— I21T (Q1Q) + %Tr(ﬁTﬁ) + gTr(QQ) +

But now some reproach might be raised that, doing as above, we forget our primary motivation
concerning the dynamical GL(n,R)-invariance and return to models which are only orthogonally
invariant (geometrically speaking, O(V, g)- and O(U, n)-invariant), and it is again only pure kinematics
that is ruled by affine group. This would be true, and we indeed do not insist on the above model.
Let us notice, however, that this model, having still high dynamical symmetry, may also work as a
purely geodetic model encoding a kind of elastic bounded vibrations without any extra introduced
potential. Moreover, due to the lack of dilatational invariance, it is not excluded (we are not yet sure;
this is a conjecture) that even dilatation-stabilizing potentials would not be necessary.

Doubly isotropic d’Alembert models

The above remarks again put our attention on the doubly isotropic ”d’Alembert” models of classical
kinetic energy with JX% = Infl. This time, as a measure particularly convenient for quantization,
the usual Lebesgue measure [ on L(n) should be used,

di(p) = dp'y - ",
In terms of the two-polar splitting,

di(L, D, R) = P(Q)du(L)dp(R)dQ" - - - dQ",

where p, as previously, is the Haar measure on SO(n,R), and the weight factor P, is now given by the
following expression:

p=1J1@) =@ =] l@"+Q" Q" —aQ"].
a#b a#b

Everything concerning quantization looks in a similar way like previously for affinely-invariant
models. For example, expansion of wave functions ¥ with respect to D*(L), D?(R) with f*%(D)-
reduced amplitudes is exactly the same. The difference appears in details concerning the integration
procedure, just the weight factor P, is substituted instead of P. Also, in spite of formal similarities,
the particular form of the kinetic energy operator is different,

R (M)
T = D, +
int Y Y] Z Qb 1 Z (Qe +Qb

where now

Oln P,
l Pl Z 8@“ aQa Z 8 Qa Z aQa (‘)Qa-

41



Just as previously, the weight factor P, in the scalar product and first-order differentiations 09/0Q*
may be avoided by rescaling
¢ =V HY,

but in the resulting differential operator acting on ¢ also some rather unpleasant potential term

appears, i.e.,
~ Rl Rl OP\>
Vi=——— +—— ).
‘T AR za: (an)

It is obvious that without an appropriate potential term V the geodetic Hamiltonian T4 cannot
work in theory of deformable objects because just as on the classical level it describes only purely
scattering, non-bounded motions. Indeed, the above operator

B2 e h? 0?
dA _ " An - _
= QIA 21 EA: O(pia)?

is simply proportional to the usual Laplace operator in R™ written in non-typical coordinates.
Therefore, the only realistic applications of the above T are those as a term of some doubly
isotropic Hamiltonian

H=T"+V(Q',...,Q").

Just as previously, due to the double isotropy of the model, the resulting stationary Schroédinger
equation
HY = EV

splits into the family of equations for partial amplitudes f*’ depending only on g%-variables,

Haﬁfoaﬁ — Evoaﬂfozﬁ7

where
— — 2
h2 1 (Sﬁab _ Saab>
af pa Y af el af
HOP = gD g S g
< — 2
S04, 4 §aa
1 b b
+ —Z( 2> FPHV(QL.QY) £

81 & (Q*+ Q")

For d’Alembert models, the problem of coverings and multi-valued wave functions looks exactly
like in affine theories. Simply SO(n,R)-groups in the two-polar decomposition must be replaced by
the coverings Spin(n). In particular, for n = 3 when o, 3 = 5,5 = 0,1/2,1,..., everything said above
remains true, and S*%,, S7% are replaced by the standard Wigner matrices of angular momentum,
S%q, S,

Usual Wigner matrices 57,

In three dimensions those terms of the affine-affine reduced operator T® which contain the factor
1/32A may be written in the following form involving the usual Wigner matrices S7:

1§ (8% = 259570 + [ (57,)°

16A £ sh? 22
- 1 3 (Ssa)zfsj + QSSaijSja + fsj (Sja)Q
16A & ch? = ’

where in any a-th term of both summations we have obviously b # a, ¢ # a, b # ¢ (it is clear that it
does not matter what is the sequence of b, ¢).
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The same holds for the metric-affine and affine-metric models with the proviso that the inertial
factor A is replaced by a. As mentioned, the last constant-multiplicator terms are respectively

2 2

I . B .
Sj . . S]
_ZMS(S + 1) f¥, —QMJ(J + 1) f%.

Similarly, in reduced d’Alembert expressions the terms with the 1/87-factor become for n = 3:

L (%)Y = 28% I8, + [ (S0a)?
2=

AT — (@ — Q)
1 O (S%0)2f% + 255, 4957, + f59(59,)?
+E ; (Qb I Qc)2 !

with the same as previously convention concerning indices a, b, c.

For affinely-invariant geodetic models the bounded state L2-solutions appear for particular rela-
tionships between s and j (« and () in n dimensions). For the d’Alembert models of kinetic energy
this is impossible, an appropriate potential V (Q*, ..., Q™) must be always used.

Both the affine and d’Alembert expressions become particularly simple for the lowest possible
values of rotational quantum numbers s, j, and then there exists some hope for rigorous or at least
numerical solutions. Thus, for s = j = 0 the corresponding expressions vanish at all, and the resulting
Schrodinger equations for f% are purely scalar. For s = j = 1/2 we obtain the spinor-spinor state,
which is also relatively simple because then S/2, = (h/2)a,, (S 2a)2 = (h?/4)I,, where, obviously,
o, are Pauli matrices, and I5 is the unit 2 X 2 matrix.

Two-dimensional case on classical level

In some physical problems also the two-dimensional case n = 2 may be physically interesting. And
in any case it is mathematically exceptionally simple. This is, so to speak, ”pathological” simplicity
following from the commutativity of SO(2,R). Although this exceptional simplicity is rather ”exotic”
from the point of view of the general n, it may suggest some guiding hints for analysis of this general
situation.

The main two-dimensional peculiarity is that

I/b\:p:,s7 ?:T:—V

This is exactly due to the commutativity of SO(2,R). Because of this, the convenient quantities p, 7
are constants of motion for geodetic models and models with doubly-invariant potentials. It was not
the case for n > 2, where only S, V are constants of motion (for invariant geodetic models and, more
generally, for doubly-isotropic models). But it is just the use of p and 7, or equivalently M and N,
that simplifies the problem and enables one to perform a partial separation of variables, especially
effective on the quantum level. If n = 2, the two things coincide, and the problem may be effectively
reduced to the Cartan subgroup of diagonal matrices (deformation invariants) even on the classical
level.

Let us begin with the classical description. In the two-polar decomposition ¢ = LDR™! we shall
use the following parameterization:

{cosoz —sinoz] R_{cosﬁ —sinﬁ]

sina cosa sinf  cospf
D= Q' 0 | [ expd 0
0 Q| 0 expq? |-
The splitting GL*(2,R) = RTSL(2, R) is well-suited to coordinates
1
q=§(q1+q2), r=q —q,
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and their conjugate canonical momenta, respectively,
1

P = D1+ D2, m=50h—m%

Before using these convenient coordinates, let us express classical kinetic energies in terms of primary
variables. First of all, let us notice the obvious fact that the angular velocities of L- and R-rotators

are given, respectively, by

dL dL do | 0 -1
= L' =
A a T [ L 0 ]’
dR dR ~ dB| 0 -1
V=—R'=R"'"— =9=— :
dt dt dt { 1 0 }
The corresponding spin and vorticity quantities are given (in canonical representation) by the following
expressions:
~ 0 1 ~ 0 1
| veceeren[ 4 4]

where p,, pg are, respectively, canonical momenta conjugate to «, (3. The corresponding duality

pairings are as follows:
do 1 1 1 .
Pa—y = 5Te(Sx) = 5 Tr(px) = 5Tr(pX),
g 1 1 1~
— ==-T =—=T =—-T
Po g =3 r(V) 5 r(79) 5 r(79),

where da/dt, d3/dt are arbitrary virtual velocities of the variables «, (.

The corresponding classical quantities

M=-p-7 N=p-7

are respectively given by the following expressions:

v=m| O o] =w-m| o]

where
m = Pg — Pa; n::pﬁ+pa

may be interpreted as canonical momenta conjugate to the corresponding "mixtures” of angles 3, «a:

1 1
Y= é(ﬁ_a)7 0= 5(6—{—&),

ie.,

In fact, one can easily show that _ .
m7y 4+ nd = pa + sl
for arbitrary virtual velocities occurring in these formulas, thus,

m = Py = P3 — Pas N =ps =Dpg+ Da,
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and conversely,
1 1
§(n—m), pgzi(n—km).

The previously used magnitudes of S, V' become:

Pa =

1 1
||S||:|po¢|:§|n_m|7 ||V||:|p5|:§|n+m|

For the classical affine-affine kinetic energy in Hamiltonian representation we obtain the following
expression:

1 B
Taff aff  _ 2 2\ 2
1 m? 1 n?

T 164 sh?7-d 164 Ch?@;

the meaning of symbols A, B is like previously, and n = 2 is substituted to constant factors.
Similarly, for the metrical-affine and affine-metrical models we obtain, respectively,

Tt = 21 (p} +p3) + 25
1 m? 1 n? 1
T T6a WPl 160 P il m)”,
Top et = %(ﬁﬂ?iH%pz
1 m? 1 n? 1
+ — —(n+m)?,

16c S}ﬁ@ 16c ch2q2;q 8,u

where the meaning of constants a, 3, p is like previously, but with n = 2 substituted, thus,

(I+A)(I+A+2B) (12—A2)'

As m and n, or equivalently p, and pg, are now constants of motion, it is seen that for geodetic prob-
lems and for problems with doubly-isotropic potentials V (¢*, ¢%), e.g., with dilatation-stabilizing ones
V(q), everything reduces to the two-dimensional dynamics in variables ¢!, ¢* ruled by the effective
Hamiltonian obtained by the formal substitution of fixed values p,, pg (or m, n) to the above expres-
sions. Moreover, for SL(2,R)-geodetic problems, or for GL(2, R)-problems with separated variables
potentials V (¢,z) = Vau(q) + Vin(z), everything reduces trivially to independent one-dimensional
motions. In the above geodetic models it is only the relationship between constant values of m, n
that decides whether the motion is oscillatory or unbounded. The first case happens, obviously, when
In| > |m|; then at large "distances” |¢*> — ¢'| the attractive ch™*-term prevails. On the contrary, if
In| < |m|, one deals with the repulsive case, i.e., with the decaying motion of invariants ¢', ¢°. This
is the simplest example of the fact mentioned above that affinely-invariant geodetic models admit an
open family of bounded (vibrating) and an open family of non-bounded (decaying) motions. Obvi-
ously, for general n > 2 the situation is more complicated because then M?%,, N%, fail to be constants
of motion and perform oscillations somehow coupled with those of ¢*. Using new variables ¢, x, p, p.,
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we can rewrite the above models of 7 in the following forms:

Jaft-aft  _ P v (Pa=p)’  (patpp)’
o 4(A+2B) A 164sh’%Z  16Ach’Z’
2 2
zll;r;et—aff — p + Py
4I4+A+2B) IT+A
(Pa — pp)’° (Pa + ps)° Ip;,
_|_ —
16(1 + A)sh®Z  16(1 + A)ch’L  [2 — AZ
2 2
/];ff—met — p + Py
4I4+A+2B) T+A
L a=pe) (et ps) Ipj

16(1 + A)sh®Z  16(1 + A)ch’L  [2 — A2

In the special case n = 2, it is easily seen that on the level of variables ¢, x all these geodetic models
have identical dynamics. The difference appears only on the level of angular variables o, 5. And, just
as for the general n, the same is true if we introduce to Hamiltonians some doubly-isotropic potentials
V' (g, x). In particular, this is true for dilatation-stabilizing potentials V'(¢), i.e., in a sense, for geodetic
invariant models on SL(2,R) (incompressible bodies).

Quantization of two-dimensional models

Let us now turn to quantization. The Haar measure A on GL(2,R) is given by the following
expression:

dX (a:q", % 3) = |sh (¢ — ¢°)| dadBdq*dg?,

ie.,

d\ (a; q, x; B) = |shz| dadBdgdz, P = |shz|.

The Peter-Weyl expansion with respect to the L, R-factors of the two-polar splitting is just the usual
double Fourier series: o
V(asq; )= Y fm"(g o) e,
m,neL

Taff —aff

The reduced kinetic Hamiltonian corresponding to 7.5 is as follows:

h? hZ anmn
mmnmn — 1) fmn o _
/ A o 4(A+2B) 0q¢?
h2(7’L — m)2 fmn . h2(’l’L + m)2 fmn

16Ash®2 16Ach’Z ’

1 0 afmn
D, fm™ = — | |shz|—— | .
o |shz| Ox (’S 7 oz )

For the metric-affine and affine-metric models Z;met—f  Faffi—met
expressions:

where

we obtain, respectively, the following

S

I+A" 4(I+A+2B) 0g¢?

h*(n —m)? R*(n+m)? .~ Ih*m?
16(1 + A)sh®2 16(1 + A)ch2§f TR

Tmn fmn

fmn _ fmn’
h2 h2 a2fmn
Tmn fmn D.fmn _
/ I+A o 4(I1+A+2B) 0¢?
B*(n +m)? Ih?n?

hQ(n — m)2 fmn +
16(1 + A)sh*2 16(1 + A)ch®2 12 — A2

fmn _

fmn
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with the same meaning of symbols as previously. It is seen that in all these expressions the complete
separation between dilatational and incompressible motion is very effectively described in analytical
terms just due to the use of coordinates ¢, x. Obviously, for geodetic Hamiltonians on GL(2,R)
the energy spectrum is continuous (and classical trajectories are unbounded; in a sense equivalent
facts) because dilatational motion is free. As in the general case, this fact is physically avoided by
introducing to the Hamiltonian some dilatation-stabilizing potential Vgi(g). On the quantum level
the simplest possible model is the potential well.

This is, in a sense, reduction to the geodetic quantum problem on SL(2,R). Obviously, the problem
with Vgi(¢) remains explicitly separable. It remains so also for a more general class of doubly isotropic
potentials, e.g., for ones explicitly splitting,

V(g,z) = Vau(q) + Van(2),

but perhaps also for more general ones. Solutions of the corresponding stationary Schrodinger equa-
tions may be sought in the following form:

f" (g, ) = "™ (@)X (x);

the problem reduces then to one-dimensional Schrédinger equations for ™" and x™". And now, in the
special two-dimensional case, it is explicitly seen that there exists a discrete spectrum (bounded situa-
tions) for y-functions, i.e., for the isochoric SL(2, R)-problem, even in the purely geodetic case without
any potential V,(x). And this is true in spite of the non-compactness of the SL(2,R)-configuration
space. Everything depends on the mutual relationship between "rotational” quantum numbers m, n.
If |n4+m| > |n —m|, the attractive ch~*-term prevails at large ”distances” |x| — oo and the spectrum
is discrete. In the opposite case, if |n +m| < |n — m]|, it is continuous.

For the affine-affine geodetic model on SL(2,R), the total spectrum (total in the sense of solutions
for all possible m,n € 7Z) is not bounded from below; this might seem undesirable. For the metric-
affine and affine-metric geodetic problems on SL(2,R), the spectrum may be bounded from below
(and so is the corresponding kinetic energy). Everything depends on the mutual relationship between
inertial constants I, A, B, which play the role of some controlling parameters.

Two-dimensional d’Alembert models

For comparison, let us quote a few corresponding formulas for the ”usual” d’Alembert model in two
dimensions. We restrict ourselves to the doubly-isotropic model. The classical kinetic Hamiltonian
may be expressed as follows:

1 1 m? 1 n?
TdA _ — (p2 L p2 - - o4 -7
W R g T g

with the same meaning of symbols as previously. Let us stress that Q® are diagonal elements of D,
and now the variables ¢* = In Q® would be completely useless. The quantity P, is given simply by the
following expression:

A=(@) - (@)= @'+ (@' - @)
and the usual Lebesgue measure on L(2,R) ~ R* is expressed as follows:
dl (0;: Q", Q% B) = P (Q', Q%) dadBdQ'dQ?.

As mentioned, geodetic models are non-physical (and, by the way, the above coordinates would be
completely artificial for them). There is, however, a class of physically reasonable doubly isotropic
potentials V (Q*, @?) for which the corresponding Hamiltonians H = 7 +V describe integrable systems
admitting solutions in terms of separation of variables. This fact is obvious when, instead of Q!, Q?,
the (7/4)-rotated coordinates @, @~ on the plane of deformation invariants are used,

0= (@£ ).
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The polar and elliptic coordinates on the (Q", Q™ )-plane are also convenient,

Q" =rcos, Q™ =rsing

and
Q" = chpcos A\, Q™ = shpsin \.

There exist physically reasonable potentials V' for which the corresponding Hamiltonian problems
are separable (thus, obviously, integrable) in coordinates (Q*,Q7), (r,¢), or (p,\). There are also
interesting superintegrable (degenerate) models separable simultaneously in two or even three of the
above coordinate systems.

On the quantized level the reduced Schrodinger equation has the following form:

Hm’l’Lfm?’L — Emnfmn’

where
h2 mn h2m2 mn h2n2 mn 1 2 mn
Obviously,

of
D, f= .
S Z o (Pa)
Everything said above about separability of the classical problems remains true on the quantized level.
Again the coordinate systems (Q,Q7), (r,¢), (p, A) are crucial.

Hamiltonian systems on U(n)

To finish these quantization remarks let us mention briefly about Hamiltonian systems on U(n),
i.e., in a sense, affine systems with ”compactified deformation invariants”. The resulting kinetic energy
operator has the following form:

h? B 0?

T - _Tp,y "5 9
2A U+2A(A+nB)6q2

32AZ 2q*‘1 32AZ

COS2 q°—q° *q

where

o 1 0 alnPU
Po = P_Uzazﬁ_q“ 23 Z dq dg°
Py = H‘sin(q“—q)‘.

a#b

The Haar measure is given by the following expression:
d\y(L, D, R) = Pydu(L)du(R)dq" - - - dq",

where pu, as previously, denotes the Haar measure on SO(n,R).

Obviously, U(n) is compact, thus, all classical trajectories for geodetic models are bounded and the
corresponding quantum spectrum is discrete. Nevertheless, more general models with doubly-isotropic
potentials,

H:T+V(q1,...,q”),

may be also of physical interest.
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The problem splits again, just as in the GL(n, R)-case, into the family of reduced problems resulting
from the Fourier analysis on SO(n,R) performed both in the L- and R-variables:

Haﬁfoaﬁ — Eaﬂfaﬁ)

where

ﬁ_282faﬁ 1 ()S(Tﬂab _ ?ab>2

h2
HYff = ——Dyf* — oh
/ arovd 20 0¢? " 34 — gin? 7 d
— — 2
1 <S’8ab+5aab>

+ faﬁ—i_v(qla"‘?qn)faﬁv

32A ab COS2 —qa;qb
with the same meaning of symbols as previously.

Just as in the GL(n,R)-models, particularly simple are physical dimensions n = 2,3. The former
one has also certain very peculiar features and admits simple calculations based on integrable models

and separability techniques. Namely, H™" acts as follows:

h? h%(n — m)? B (n 4+ m)?
H™ e — __Da: mn mn mn
/ A e 16 A sin® 5 e 16A cos? 5 /
o hZ 62fmn o
+ V:c(x)f - +Vq(Q)f ;

4(A+2B) 0¢?
where, obviously, the Haar measure has the following form:

d\y (ov; q, x; B) = | sinz|dadfdqdz,

D.f L9 (|sinx|%).

- | sin x| O

and

The problem also separates, in particular, for geodetic problems, V = 0, or for potentials of the
above-mentioned form:

Vg, z) = Vau(q) + V().
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4 Systems of Affine Bodies
The configuration space of a single structural element is identified with

Q:RHXG:QtrXQinm

in particular, for elements with affine modes of deformation:
Q =R" x GL(n,R).

Usually, especially in classical (non-quantized) problems, GL(n,R) is replaced by GL*(n,R). The

labels "tr” and ”int” refer obviously to translational and internal degrees of freedom. The total body

(medium) consists of N elements. Its configuration space is obviously given by the Cartesian product
Q¥ = QN x QN ~ R™ x G;

int —
in our treatment GL(n,R) or GL™(n,R) substituted for G. Therefore, the configuration is an array:

q:($1,~--7$N;801a~--790N),
where 4 € R", p4 € GL(n,R), and A =1, N.

For a single structure element the summation of usual kinetic energies of its constituents gives the
usual d’Alembert form

o = )+ )

int
where v € R", £ € L(n,R) denote respectively the translational and internal velocities:

- drt - dp!
v = T ézk = ﬂa
dt dt
and M, J are constant inertial characteristics. More precisely, M is the total mass of the element and
the symmetric positively definite matrix J is its modified inertial tensor, i.e., second-order moment of

the mass distribution with respect to co-moving (Lagrange) coordinates,
kl k1
TS SRS prves
P p

Summation is performed over constituents ("atoms”) of the element ("molecule”); p, is the mass of
the p-th constituent. Sometimes it is convenient to use the symbol of integration with respect to the

mass distribution measure p:
JH = /akaldu(a).

Remark: the above kinetic energy is spatially isotropic, i.e., invariant under the transformations L 4
below with A restricted to the orthogonal group O(n,R) (spatial rotations). So are its both terms
separately. The material rotations R4 preserve Ti, trivially, but in general T}, is non-invariant under
the right-acting O(n, R). However, it is invariant under the right actions of O(n, J), the subgroup of
GL(n,R) preserving J. This reduces to the O(n, R)-invariance, when J is isotropic, i.e., J = Ild,; I
is a positive constant of internal inertia and Id,, is the n x n identity matrix. Then

int

Ter = éTr GE

The total kinetic energy of the body is given by

N N N
dA ’A_l T 1 T
T _AZ:;TA —QAZ:;MATr(UAvA)—F2AZ::1T1"(§AJA§A).
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Assuming that the body consists of identical structure elements we have that My = M, Jy = J,
A=1,N.

Let us again concentrate on a single element. Its Green and Cauchy deformation tensors are
respectively denoted as

Glel = "o =Glel",  Clel=¢ T =Cle]",

similarly, for their contravariant inverses we write

Glel = '™, Clol =’

Spatial and material transformations are respectively given by left and right regular translations:
= La(p) = Ap, @ Ra(p) = A
for any fixed A € GL(n,R). When A € O(n,R), then obviously
GlAg] = Glgl,  ClpAl = Cly,
and for the general A € GL(n,R)
GloA] = ATGlglA,  ClAg] = ATHCg]AT"

There is no concise formula for G[Ag], ClpA] if A is not orthogonal (does not belong to O(n,R)).
Deformation invariants are scalar functions f : GL(n,R) — R invariant under two-side regular
orthogonal translations

f(ApB) = [f(p)
for any A, B € O(n,R). There are n basic invariants through which all other ones may be expressed.
Various choices are possible, e.g., the following frequently used

Kalgl = Tr (Gle]") = Tr (Cle] ™), a=1,n,

eigenvalues \,[p] of Gly],
det (Glp] — A[@]1,) = 0,

or coefficients I,[p] of the eigenequation

n

det (Gle] = AL) = > (= 1)FL_i[p]\":

k=0

obviously, Iy = 1 is standard. Geometrically speaking, deformation invariants are functions on the
manifold of double cosets
Inv := O(n,R)\GL(n,R)/O(n,R).

Deformation invariants are used when constructing potential energy models for a single affine body.
When dealing with the system of such bodies we need some basic scalars assigned to pairs of internal
configurations. In analogy to Green and Cauchy deformation tensors for any pair ¢, ¢ € GL(n,R) we
define the quantities

G, =9, Clhp,p) = Ty,
Obviously,
Gl ¢] =G, Cly.¢] = CW,

i.e., the above mutual deformation tensors reduce then to the usual ones.
But one can also define another mutual quantities, namely,

F[¢a 90] = ¢_1807 E[’(/), 90] = QDw_l.
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For orthogonal matrices they reduce to the previous ones,

b, € O(n,R) = T, o] = Gy, ], X[, ¢l = Cl, ],

Obviously, I'[v), ¢|, X[, ¢| are exactly group-theoretical counterparts of the displacement vector in
translational degrees of freedom. Indeed, interpreting R” as an Abelian group under addition of
vectors, we immediately notice that the I'-prescription in the non-Abelian multiplicative matrix group
GL(n,R) has exactly the same group meaning as v =y — w in R".

It is clear that for any A € O(n,R)

GlAY, Apl = Gy, 0],  ClpA,pA] = Cly, ¢l

i.e., they are respectively invariant under spatial and material isometries. For the general A € GL(n,R)

we have
GlpA, oAl = ATGp,¢lA,  ClAY, Ap] = A7 Clp, o] A7

And just as previously there is no concise expression for G[Ay, Ap], C[ A, pA] if A is non-orthogonal.
Transformation rules for I', 3 have another form. Namely, for any A € GL(n,R) we have

[[Ay, Ap] = T[4, @], S[Ay, Ag] = AS[, ] AT,
T[YA, Al = AT, ] A, YA, oAl = T, ¢.

Therefore, I' is invariant under spatial affine transformations and suffers the inverse adjoint rule
under material affine transformations. And conversely, ¥ transforms according to the adjoint rule
under spatial affine mappings and is affinely invariant under material transformations.

The quantities Gy, ], C[v, @], T'[Y, ], X[, ¢], give rise to scalars which may be used as argu-
ments of the potential energy terms. Typical scalars of this type are given by

Kalt, 0] = Tr (G, ¢]") = Tr (Clv,¢] ™),  a=1,n.

Just as in the case of deformation invariants, these scalars are invariant under spatial and materia
rotations (left and right regular translations of ¢, ¥ by orthogonal matrices):

KAV B, ApB] = K¢, ¢], A, B € O(n,R).

One can also use solutions of the eigenequation for G[i, ] (or C[1), ¢]), or coefficients in the eigenequa-
tion as basic invariants. Another kind of invariants is built of I', ¥-objects, e.g.,

Ma[th, @] = Tr (T[1, ¢]*) = Tr (E[W), ¢])

or, according to the \,-, I,-schemes. These objects are invariant under all affine spatial and material
transformations, i.e.,

Mo[AYB, ApB] = M,[Y, 9], A ,BeO(n,R)

for any A, B € GL(n,R). These scalars measures of the ”distance” between internal configurations
are affinely invariant. Unlike this, the measures /C, are only orthogonally invariant, so they are usual
Euclidean distances.

Dynamical models. Affine invariance problems. Realistic questions, academic ques-
tions, and pure fantasy

For the system of affine bodies Lagrangian has the form:

L=T-V,

where the kinetic energy is obtained by summation of individual kinetic energies,

N N N
T=> Ta=Tp+Tw=> (Tu)s+ > (Tut)s-
A=1 A=1 A=1
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The potential energy in typical situations consists of two main terms, the one- and two-body potentials,
Vv =y 4y

It is known that in realistic problems it is usually less then 10% of energy that could be assigned
to three-body and higher multibody interactions. Y™ is the sum of terms depending on individual
elements,

N
VO (aapai ) =Y VWp(zs,08).
B=1
The over-simplified models where V) 5 splits into the sum of translational and internal parts,

Vg (25, 08) = V5 (x8) + Vi 5 (98)

are not very realistic, nevertheless, they provide some so-to-speak zeroth-order approximation. When
the elements are identical, all V) 5 have the same functional form.
The binary term has the usual form,
1N
(2) : . B ©) )
vV ("'71'14790.47"')—2 ZV KL(l’KaSOK;xLa(PL)-
K,L=1

And again the simplest, although rather academic models are those with the separated dependence
of V® on translational and internal variables,

V(2)KL (Tk, ;2L QL) = Vt(rQ)KL (rk, ﬂUL) + Vi(nZt)KL (x SOL) .

Mutual interactions should be translationally invariant, i.e., V® g depend on z, 1, through Zxzy =
rr, — Tx. Isotropy of the physical space implies that the radius-vectors x; — zx enter V) k. only
through their lengths ||z, — 2x||. There is some more discussion concerning the dependence of V®
on internal degrees of freedom. Isotropy of the physical space implies that Vi(th) k1, should depend on

¢k, @r only through the mutual tensors Glyg, 1], lek, ¢1], thus,

VO o (@r, or 21, 01) = fxr (12 — 2|, G ok, o1] T [ok, o1])

and obviously for the body consisting of identical elements there is no dependence on K, L; fx = f for
some fixed f. And if the dynamics is to be invariant also under simultaneous material rotations, then
at the same time, V@ g1 must depend on internal configurations only through Clex, oL], Llvk, ©1]-
But this means that V® g is algebraically built of the mutual invariants, e.g., chosen as K,[px, ©L],

Ma[SDK7<,0L],
VO (i, 52, 00) = [rr (lon — 2k, K e, or) , M ek, ¢r]) -

In the last formula, K, M are abbreviations for the systems KC,, M,, a = 1,n.

In our model, geometry of degrees of freedom and kinematics is ruled by the affine group. On
the other hand, the dynamics is not invariant either under spatial or material affine transformations.
The spatial metric tensor and the inertial moment J break the affine symmetry and restrict it to the
Euclidean one in the physical space and to O(n,J) in the material space. What concerns potential
energy of mutual interactions, it is clear that the vector norm ||z, — zk|| and transposition-dependent
invariants K ¢k, @] also restrict the spatial symmetry to O(n,R). But it is well-known that partic-
ularly interesting models and successful analytical procedures appear when the group of dynamical
symmetries (symmetries of Lagrangian) coincides with the kinematical group, or at least, when it is as
large a subgroup as possible. The questions arise as to the formal possibility and physical usefulness
of affinely-invariant models. For a single affinely-rigid body such models are in a sense possible. Their
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physical usefulness is not yet decided, although there are some arguments supporting it. Namely, it is
quite possible that in complex media with a complicated net of internal interactions a single element
is more sensitive to its material surrounding than to the ”true” metric tensor (produced, according
to General Relativity by the gravitational field as its ”vacuum” non-excited state). The more so such
a mechanism works in defect theory. Let us also mention the concept of effective mass in crystals,
where the kinetic energy of electrons is not based on the "true” metric, but on the effective tensor
produced by the material surroundings. There are nice mathematical models of the kinetic energy of
a single affine body with the kinetic energy based on the Cauchy tensor used as a metric. There are
also some physical arguments supporting such a hypothesis.

The material affine invariance may seem perhaps more natural because there exist models of
continua based on very rich material symmetry. As mentioned, this is Arnold description of the ideal
incompressible fluid. It is based on infinite-dimensional group of volume-preserving diffeomorphism.
They act on the right, i.e., as material transformations. In any case, finite-dimensional geodetic
models of small grains or suspensions with kinetic energies materially invariant under SL(n, R) may
be considered as on over-simplified, drastically discretized version of the Arnold model.

Obviously, everything said above concerns directly a single affinely-deformable element, never-
theless, just as in the d’Alembert model, applies also immediately to the total system, because the
modified kinetic energies are additive. One should only use explicitly the label K referring to structural
elements.

And now let us go back to the problem of potential energy. As mentioned, the external one-particle
potential V() cannot be affinely invariant (only constant functions may be so). The formula for the
doubly isotropic binary potential Vg]); seems to suggest something similar for the dynamics of mutual
interactions. However, things are not so simple and one can try to find some modifications towards
the affine invariance, just as it was done in the case of kinetic energy models. Some at least formally
admissible suggestion may be easily formulated.

Let us fix some pair of structural elements labelled by (K, L). Internal configurations ¢k, ¢ €
GL(n,R) give rise to the Cauchy tensors C[pk], Cl¢L]. In our considerations above we were faced
with the idea of using C[p] as a kind of spatial "metric tensor” underlying affinely-invariant kinetic
energies of single elements. Let us now introduce the objects

Cliow ol = 5 (Clox] + C o))

It is symmetric in the labels K, L and positively definite. This motivates the temptation to use it as
a "metric tensor” underlying some modified ”distance” between xx and x, namely,

Dlzk, oxizr, o] = \/($K — )" Clok, i) (vx —o1)

_ \/Tr (C lox ool (wx — xp) (wk — xL)T)

Obviously, the above prescription is invariant under the spatial action of GL(n,R):
D[Arg, Apr; Axp, Apr] = D [zk, ox; 7L, oL

for any A € GL(n,R). This is a rather curious affinely-invariant ”distance”. And now we can modify
the potential by introducing into it this new distance-like argument in addition to the usual one:

fose = aall = v/ — o) (o = o) = [T (o = ) (o = 20)7).

So, finally, we have

V1(<2)L (9CK, <PK;9€L,90L) =

= fKL(HxK _ILH ,D[-’L’K,QOK;,I‘L,QOL] 7IC[90K790L] aM [SDKvspL])a

o4



where in realistic situations all fx coincide with some fixed f. It is seen that VI(?)L depends on its
configuration arguments through the system of four scalar quantities. Two of them, namely, ||zx — x|
and K ¢k, pr] are invariants of the rotation group O(n,R). The remaining two, D vk, ¢k ; 21, pr] and
M vk, ], are invariant under the total linear group GL(n,R). One can expect that the dependence
of V@ on the latter two scalars is a highly symmetric, affine background of mutual interactions
between constituents of the body. Further on, this high affine symmetry is broken and reduced to
the orthogonal one O(n,R) by the arguments ||zx — x|, K[¢Kk,pr]. This may happen in such a
way that V@ is a sum of some purely affine term dependent only on D, M and on an appropriate
symmetry-restricting metrical term built of || - || and K.
It is a very interesting question whether the binary purely affine models

V! = frr (D, M)

may be realistic. The question was not yet touched seriously. Nevertheless, some limitations of
applicability of the binary affine paradigm seem to be obvious. Earlier we discussed dynamical models
of a single affinely-rigid body, in particular, the purely geodetic models, i.e., ones without potentials.
Lagrangian coincides then with the kinetic energies (metric tensors on GL(n,R)) given above. It turns
out that for incompressible affine bodies, when the configuration space of internal motion is restricted
to SL(n,R), the purely geodetic affine models predict the existence of an open family of bounded
(oscillatory) trajectories within the general solution. However, on the non-restricted GL(n,R), when
the volume changes are admitted, geodetic affine models predict the non-restricted dilatational motion,
i.e., unlimited expansion or contraction. This is an evidently non-physical feature of these models.
Therefore, at least some dilatations-stabilizing potential Vg (det ¢) must be assumed. When we deal
with systems of affine bodies, then it is clear that for an appropriate choice of f the relative volumes

det ¢/ det px = det (ng_lgpL) =det I [pk, L]

are stabilized in the sense of performing bounded motions. However, no binary potential may stabilize
the single volumes det ¢ themselves. Their time evolution will be non-bounded although the above
ratios are bounded functions of time. To prevent this one should introduce some one-body potential
term stabilizing (making bounded) the over-all dilatational behaviour,

N
1
V(gﬂ) (-~~7S0A7~-- ZV(MK detng)

K=1

It is reasonable to assume that all Vd 1 i are identical (when the body consists of identical elements),

When V1(<2)L depend on their arguments in a proper way, so that det I'[¢k, @] are bounded functions
of time, then in principle it would be sufficient to use Véill) depending on det ¢ 4 for some fixed label A
only. If such V) (det @) stabilizes det 4, then automatically all volumes det ¢ will be stabilized
by V@, But of course such a choice of the shape of ¥ would not be either aesthetic or reasonable.

General quantization ideas

There is a direct logical chain from the atomic and molecular structure to macroscopic properties,
constitutive laws and material engineering. The point is particularly delicate on the nano-level,
where one is dealing with a very peculiar convolution of quantum and classical concepts. In any
case, quantization is necessary then. Also some quasi-classical and correspondence problems are very
relevant for these phenomena.
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The first step towards quantization is the classical canonical formalism. One should start from
Legendre transformations which for potential systems with Lagrangians L =T — V(- -+ ; 2k, @x; -+ )

are given by
K oL or Ka oL oT

i anK n anK7 T aéKia - agKia

p

or, alternatively,

x _ OL _ oT $Ka _ OL _ oT sKi _ 0L _ oT
o v’ ’ OO K", 8@1{%7 T 00K

a

Inverting these formulas and substituting them to the energy expression

- 0L . 0L
E =2 : i — —
! Ko ek 08K’y
one obtains the classical Hamiltonian
H=T4+YV.

Let us quote the resulting formulas for the geodetic (kinetic) Hamiltonians 7. For the ”usual”
d’Alembert model we obtain

, / , 1 1
TS = 794 7dA = mTr (pp") + éTr (77T ).

This is, as mentioned, the "usual” expression compatible with the d’Alembert principle. Although
from some point of view it seems the best-motivated one, in complicated systems with collective modes
and strong internal interactions some doubts and just objections may be raised against it. Our idea
here was to concentrate on models motivated by symmetry principles, first of all, by affine symmetry.
Let us now review Legendre transforms of affine models quoted above.

Of course, the model of translational kinetic energy T35~ coincides exactly with Tg’A, so we have

. 1 1

Trls—af — T — T T

i om? P~ o r (pp")
1 4 1~ 1 P 1
S17? Gle]™'p 51 r (pp’ Gle] ™)

The corresponding expression for 7;,* % has the following form:

. 1 1
af—is __ ATA: A~
Tor = g P= gy (29"
o 1 T -1 1 T —1
= 537 Clel p—QMTr(pp Clel™).

Let us now quote the Legendre transforms of affinely-invariant internal kinetic energies. So we
obtain

int

Tai=d %Tr (C’[gp]*lﬂTJflﬂ) = %Tr <§]TJ*1/X\]> )

In particular, for the isotropic inertial tensor we have the expression:

. 1 PPN 1

af—is T -1_T

Toi © = ﬁTr (Z E) = ZTI (Cle) 'n'n) .

Let us remind that the configuration space of our N-body system is given by
QV = Q" x QVin = R™ x GL (n,R)"

i.e., configurations are arrays. The manifold Q" is obviously an open subset of the linear space

R™ x L (n, R)N = R™N x R™N ~ R DN,
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In any one-element configuration space R"x GL(n,R) we are given two distinguished measures. One
of them is the Haar measure « invariant under left and right group translations. The other one is the
usual Lebesgue measure a on R"x L(n,R). It is invariant under additive translations. In terms of
coordinates

da(z,p) = det - dadety - - dp™y,
da(z,9) = (dety) ™ 'da(z, o)
= (det) ™" "dat---da"dply - de™y.

When we neglect translational motion then the Haar measure A on GL(n,R) and the Lebesgue measure
[ on L(n,R) are used

dl(p) = dp'y---do™s,
d\(p) = (dete) " 'dl(p) = (detp) " dp's - dp™,.

Configuration spaces of the total N-element system are endowed with the N-told tensor products of
these measures, a™, oM, (V) \IV),
The quantized theory is formulated in the following Hilbert spaces:

L2 (QY,a™) L2 (QY,a™) ,L? (GL(n, R)N, A | L? (GL(n,R)",I™) .

Their elements, i.e., wave functions, are complex probability amplitudes of finding the system at a given
classical configuration. Classical quantities depending only on configuration variables are represented
in these L?-spaces as operators of multiplication by real-valued functions, in particular, by coordinates
like ¢, ¢',, etc. According to the general rules of quantum mechanics all other quantities are also
represented by Hermitian or formally Hermitian (symmetric in dense domains) operators in these
Hilbert spaces. Usually some ordering problems of non-commuting operators appear then. However,
in dynamical applications, when Hamiltonian operators are constructed, one deals usually with some
special physical quantities of well-defined geometric interpretation. As a rule, they are generators
of symmetry groups underlying the problem. In our model they are just the affine spin in both the
spatial and co-moving representation, the usual metrical spin and vorticity, etc.
Linear momentum operators in spatial and co-moving representations are given respectively by

h 0 h 0
P iax“K’ P ZSOK a@:ch’

where, obviously, K = 1, N is the "particle” label. These operators are formally Hermitian both in
L% (QN,a™) and L* (QN,a™). The operators

h 0 a h 0
D P N ac , 3,0 = - c
K'b= 7 YK Dorcte K'b= 7 YK b@goKCa

are formally Hermitian (not literally, they are unbounded as all differential operators) in L2 (QN ,av ))

and in L2 (GL(n, R)V, )\(N)). Therefore, when using these Hilbert spaces we may interpret X%, fJK“b
as operators of affine spin respectively in the spatial and co-moving representations.

Just as in classical theory, p¥, are infinitesimal generators of translations of the K-th constituent.
Similarly, 3%, generate spatial affine transformations (rotations and homogeneous deformations) of
internal degrees of freedom of the K-th "molecule”. ) k% generate material affine transformations of
the K-th element. Namely, let us consider the operators

1
Vi (y) = exp (ﬁy“pKa) ,  yEeRY
Ly (2) := exp (%zbaEK“b) : z € L(n,R),
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where the operator exponent is meant in the usual power-series sense. If this series convergent in the
action on some function ¥ : QV — C, then

(VE@)U)(...,xa,. 0By . ) =
=V (.., A+ YOAK, -5, OBy ),
(L (2)U)(...yxa,eee 0By -0 ) =
=U(..,x4...;...,exp (20kB) ¥B,.-.)-

Similar statements may be formulated about the co-moving objects, e.g., defining
i, o~
Ry (Z) = exp (ﬁzbaEKab) , zeL (n,]R) ,

we obtain that

(RK(Z)\I/)(...,:L‘A,...;...,QOB’...):

=(..,%a,..;...,ppexp (20BK),...).

One can act separately on all arguments, nevertheless, the special geometric role is played by trans-
formations acting in the same way on all arguments, e.g.,

Viy) = Vi(y)---Vn(y),
L(z) = Li(2)---Ln(z2),
R(z) = Ri(2)---Rpy(2).

Their generators are respectively identical with the total linear momentum and the total affine spin
in the spatial and co-moving representations,

N N N
Pa = Z p"a X = Z X%, X = Z X%
K=1 K=1 K=1
Obviously,
/l; a

V(y) = exp (ﬁy pa) ,

L) = oo (5:0)

R(z) = exp (;—izbaiab) :

Obviously, all exponential operators quoted here are unitary in L (Q", a®™) or L? (GL(n, R)N, A(V)).
However, Ly, Ry are not unitary in L? (QV,a™) and L? (GL(n, R)", (™). The reason is that the
measures a, [ are not invariant under group translations. Also, when working in L2 (QN calv )) and
L2 (GL(n, R)N, [N )), that is admissible, one must modify the definition of the above unitary operators

(introducing some multipliers). The generators X%, X%, are not formally Hermitian and to become
such they must be modified by some additive corrections:

hn ~ ~ hn
"B =X% + 2—2.5%, Y =X% + 2—2.5“17-

Let us also quote the formally Hermitian operators
k% =xxP% s+ Tk = A% + Sk,
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which generate affine transformations acting both on translational and internal degrees of freedom
of the K-th constituents. Ax and 3k are respectively the translational (orbital) and internal parts.
One can also introduce the total quantities

J% =A% + X%
obtained by the K-summation.
We have also that

h
A = A + ?5%.
i

Let us observe that for the total quantities we have

hnN hnN

N =N+ 0%, 8% =5+ ——0%,
21 21
and similarly
hN
/Aab — Aab + _‘5ab.
21
After quantization the canonical momenta 7%%; conjugate to ¢x?, become operators:
Ka o E’ 8
7 { angja ‘

They are formally Hermitian in L? (Q, a™), L* (GL(n, R)™, ™), but not in L? (Q~, o),
L2 (GL(n, R)Y, )\(N)), so now the situation is quite opposite to the previous one.

59



