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different backgrounds...

Introduction

A normal form is a simple model for a dynamical system

obtained up to formal conjugation

We say that a local diffeomorphism ϕ ∈ Diff (Cn, 0) has a convergent
normal form if ϕ

for∼ exp(X ) for some X ∈ X (Cn, 0)
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different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)
The linearization problem is a normal form problem

Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)
The linearization problem is a normal form problem

Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)

The linearization problem is a normal form problem
Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)
The linearization problem is a normal form problem

Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)
The linearization problem is a normal form problem

Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)
The linearization problem is a normal form problem

Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)
The linearization problem is a normal form problem

Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Normal forms for diffeomorphisms

ϕ(y) = λy +
∑∞

j=2 λjy j ∈ Diff (C, 0)

λ 6∈ e2πiQ or ϕ periodic

ϕ
for∼ λy = exp

(
(ln λ)y ∂

∂y

)
The linearization problem is a normal form problem

Determining when the normalizing transformation is analytic

λ ∈ e2πiQ and ϕ non-periodic

ϕ 6= exp
(
α̂(y) ∂

∂y

)
for all α̂ ∈ C[[y ]] if λ 6= 1

ϕq = y +
∑∞

j=p+1 ηjy j = exp
(
(ηp+1yp+1 +

∑∞
j=p+2 ρjy j) ∂

∂y

)
∈ C[[y ]] ∂

∂y

Javier Ribón (IMPA) Dynamical Systems Pisa - 2007 3 / 28



different backgrounds...

Exponential operator

A formal vector field is a derivation of C[[y1, . . . , yn]]
X̂ (fg) = gX̂ (f ) + f X̂ (g)

X̂ : C[[y1, . . . , yn]] → C[[y1, . . . , yn]]

g → X̂ (g)

X̂ = X̂ (y1)
∂

∂y1
+ . . . + X̂ (yn)

∂
∂yn

A formal diffeo is an isomorphism of the C-algebra C[[y1, . . . , yn]]
ϕ(fg) = ϕ(f )ϕ(g)

ϕ : C[[y1, . . . , yn]] → C[[y1, . . . , yn]]
g → g ◦ ϕ

ϕ = (y1 ◦ ϕ, . . . , yn ◦ ϕ)
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different backgrounds...

Exponential operator

Taylor’s formula

f (a + t) = f (a) +
∑∞

j=1
∂ j f
∂y j (a) t j

j!

Logarithm

exp : X̂2(Cn, 0) → Diff 1(Cn, 0)

log : Diff 1(Cn, 0) → X̂2(Cn, 0)

exp ◦ log = Id = log ◦ exp
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different backgrounds...

Quasi-analytic normalizing mappings

ϕ = y + ηyp+1 + O(yp+2)

ϕ = exp
(
α̂(y) ∂

∂y

)
→ dy

α̂(y) = d
(
−1

pηyp + h.o.t .
)

+ µdy
y

ϕ = exp(X ) + O(y2p+2)
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σϕ,V = lim exp(X )−n ◦ ϕn → σ̂ϕ is p-summable
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different backgrounds...

Sub-stability

Unfoldings → ϕ(x , y) = (x , y + iy(y − x)(y + x))

Consider the flow Re(iX ) for X = iy(y − x)(y + x)∂/∂y

x = 0

Studying the dynamics of Re(µX ) for µ ∈ S1 \ {−1, 1} is useful to
determine the behavior of the extension of Fatou coordinates in the
neighborhood of Fixϕ and x = 0
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different backgrounds...

Normal forms for diffeomorphisms (ϕ for∼ exp(X ))

ϕ = λy + O(y2) ∈ Diff (C, 0) with λ 6∈ e2πiQ

ϕ
top∼ λz ⇔ ϕ

an∼ λz
Determining whether ϕ is topologically conjugated to its normal form

Generically ϕ
top∼ λz for λ ∈ C∗ and λ ∈ S1

ϕ = y + O(y2) ∈ Diff (C, 0)

ϕ
for∼ exp(X ) =⇒ ϕ

top∼ exp(X )

Quasi-analyticity of normalizing mapping → Ecalle-Voronin invariants

ϕ(x , y) = (x , f (x , y)) ∈ Diff (C2, 0) with f (0, y) ∈ Diff 1(C, 0)

Generically ϕ 6an∼ exp(X ) and ϕ 6top∼ exp(X )

Determining stable structures of ϕ → System of analytic invariants
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different backgrounds...

Setup

Consider ϕ(x , y) = (x + y(y − x)∆(x , y), y + y(y − x)) ∈ Diff 1(C2, 0)

Suppose that ∆(0, 0) = 0

∃!X̂ ∈ X̂2(C2, 0) with ϕ = exp(X̂ )

Fixϕ = SingX̂ → X̂ = y(y − x)
(

∂
∂y + h.o.t .

)

∃!f ∈ C[[x , y ]] s. t. f (x , 0) ≡ x and X̂ (f ) ≡ 0 =⇒ f (x , x) = x + O(x2)
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different backgrounds...

Transport mapping

Consider ϕ(x , y) = (x + y(y − x)∆(x , y), y + y(y − x)) = exp(X̂ )

Suppose X̂ ∈ X (C2, 0)

The points (x , 0) and (h(x), h(x)) are in the same trajectory of X̂
m

f (x , 0) ≡ f (x , x) ◦ h(x)

Transport mapping

Tr : y = 0 → y = x
(x , 0) → ((f (x , x))−1 ◦ f (x , 0), (f (x , x))−1 ◦ f (x , 0))
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different backgrounds...

Transport mapping up to formal conjugacy

Consider ϕ = (x + y(y − x)∆(x , y), y + y(y − x)) = exp(log ϕ)

Suppose σ ◦ ϕ = η ◦ σ for some η ∈ Diff (C2, 0) and σ ∈ D̂iff (C2, 0)
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different backgrounds...

Methods to divergence. The infinitesimal generator

Consider X = a(y)∂/∂y = (yp+1 + h.o.t)∂/∂y

ϕ = exp(tX )(t , y) ◦ (1 + K (y), y) with K ∈ (yp+1)

ϕ(y)− exp(X ) ∈ (y2(p+1)) =⇒ ϕ
for∼ exp(X )

Denote ω = dy/a(y). Then ω(X ) = 1 implies
∫ ϕ(y0)

y0
ω = 1 + K (y0)

log ϕ is analytic ⇔ ∃ε ∈ C{y} such that
∫ ϕ(y0)

y0
(ω + dε) = 1∫ ϕ(y0)

y0
(ω + dε) = 1 ⇔ ε− ε ◦ ϕ = K

ϕλ = exp(tX )(t , y) ◦ (1 + λK (y), y) with K ∈ (yp+1) and λ ∈ C
log ϕλ is analytic ⇔ ∃ελ ∈ C{y} such that ελ − ελ ◦ ϕλ = λK
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different backgrounds...

Calculations

X = ηyp+1

1+λyp
∂
∂y

Consider ε(K )− ε(K ) ◦ exp(X ) = K with ε(K ) =
∑∞

j=1 εj(K )y j ∈ C[[y ]]

K = yp+k with k ≥ 1

εk (yp+k ) = −1
kη

εp+k (yp+k ) = 1
2 + O

( 1
k

)
ε2p+k (yp+k ) = −kη

12 + O(1)
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6 ∃ϕ with ϕ
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Theorem
Let X ∈ X2(C, 0). There exists ϕ ∈ Diff 1(C, 0) in the formal class of
exp(X ) such that its infinitesimal generator is divergent.
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different backgrounds...

Resume

∃ϕ whose infinitesimal generator is divergent in the formal class of X

⇑ (Potential theory)
Divergence of the homological equation

⇑ (Uniform boundness principle)
Topological dynamics of Re(X )

α ∈ R \Q
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Finite determination world → Finite world
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different backgrounds...

Towards the divergence of the transport mapping

ϕλ = (x + λy(y − x)∆(x , y), y + y(y − x)) = exp(X̂λ)

∃!fλ ∈ C[[x , y ]] such that X̂λ(fλ) ≡ 0 and fλ(x , 0) ≡ x
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different backgrounds...

Calculations

ε− ε ◦ (x , y + y(y − x)) = y(y − x)∆(x , y)
ε(∆) =

∑∞
j=1 εj(∆)

L(∆) =
∑∞

j=1 Lj(∆)x j = ε(x , x)− ε(x , 0)

εk+1(yk ) = −yk+1

k+1

εk+2(yk ) = yk+1
(

k
2(k+2)y −

k
2(k+1)x

)
εk+3(yk ) = yk+1

(
−k(k+5)
12(k+3) y2 + k(2k+7)

12(k+2)xy − k(k+2)
12(k+1)x

2
)

Lk+1(yk ) = −1
k+1

Lk+2(yk ) = −k
(k+1)(k+2)

Lk+3(yk ) = k(k−20)
12(k+1)(k+2)(k+3)
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different backgrounds...

From a difference equation to a differential equation

Action of the one parameter group

ϕ0 = (x , y + y(y − x)) = exp(X̂ ) = exp
(

y(y − x)(1 + h.o.t .) ∂
∂y

)

ε− ε ◦ ϕ0 = y(y − x)∆(x , y) → L = ε(x , x)− ε(x , 0)

(ε ◦ ϕt
0)− (ε ◦ ϕt

0) ◦ ϕ0 = (y(y − x)∆(x , y)) ◦ ϕt
0

↓
L = ε ◦ ϕt

0(x , x)− ε ◦ ϕt
0(x , 0) = ε(x , x)− ε(x , 0)

ε− ε ◦ ϕ0 = X̂ (y(y − x)∆) = limt→0
(y(y−x)∆(x ,y))◦ϕt

0−y(y−x)∆(x ,y)

t
has vanishing linear transport mapping

Consider a solution ε0 ∈ C[[x , y ]] of X̂ (ε0) = −y(y − x)∆(x , y)

ε0 − ε0 ◦ ϕ0 = y(y − x)∆−
∑∞

j=2
X̂ j (ε0)

j! ⇒ L(∆) = ε0(x , x)− ε0(x , 0)

We replace ε− ε ◦ ϕ0 = y(y − x)∆(x , y) with X̂ (ε0) = −y(y − x)∆(x , y)
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different backgrounds...

From a difference equation to a differential equation

Theorem
Let ∆ ∈ C{x , y} with ∆(0, 0) = 0. Suppose that

ε0(x , x)− ε0(x , 0) 6∈ C{x}
for a solution ε0 ∈ C[[x , y ]] of (log ϕ0)(ε0) = −y(y − x)∆(x , y). Then
ϕλ = (x + λy(y − x)∆(x , y), y + y(y − x)) has no convergent normal
form for all λ ∈ C outside a polar set.

The theorem above is still true if we consider
ϕλ = ϕλ,u = (x + λy(y − x)∆, y + y(y − x)u) with u ∈ C{x , y} \ (x , y)

log ϕ0,u is analytic =⇒ Linear transport mapping is convergent

Divergence of linear transport mapping is not a finite determination
property
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different backgrounds...

The differential equation (log ϕ0)(ε0) = y(y − x)∆

ϕ0 = (x , y + y(y − x)) = exp
(

y(y − x)û(x , y) ∂
∂y

)
, û ∈ C[[x , y ]] \ (x , y)

Linear transport mapping → L(∆) = ε0(x , x)− ε0(x , 0) with ∂ε0
∂y = ∆(x ,y)

û(x ,y)

L(∆) =
∑∞

j=1 Lj(∆)x j

Let B be the Banach space {∆ =
∑

∆jkx jyk ∈ C{x , y} :
∑
|∆jk | < ∞}

Lj : B → C is a continuous operator ⇐ Cauchy’s formula

Uniform boundness principle

Either L(∆) 6∈ C{x} for all ∆ in a dense subset of H or
lim supj→∞

j
√
||Lj || < ∞
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y(y − x)û(x , y) ∂
∂y

)
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...
v0,k

 =


Lk+1(1)
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...
L2k+1(yk )


||vk ,0, vk−1,1, . . . , v0,k ||2 ≤ ||Hilb−1

k ||2C2(k+1)

||Hilb−1
k ||2 = ρ4k

K
√

k
(1 + o(1)) (Kalyabin) where K ∈ R+ and ρ = 1 +

√
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log ϕ0 is convergent
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different backgrounds...

Main theorem

Theorem
There exists ∆ ∈ C{x , y} such that ϕ = (x + y(y − x)∆, y + y(y − x))
does not have a convergent normal form

log(x , y + y(y − x)) is divergent
⇓ (Group action + Unif. bound. principle)

L(∆) 6∈ C{x} for generic ∆ ∈ C{x , y}
⇓ (Potential theory + Homological equation)

ϕλ = (x + λy(y − x)∆, y + y(y − x))
does not have convergent normal form for generic λ ∈ C
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different backgrounds...

Resume

Convergent normal forms
Determining whether normalizing mappings are analytic

Exploiting the quasi-analiticity of normalizing mappings
Determining stable structures

Example of diffeomorphism with no convergent normal form

Based on the rigidity of dicritic structures

Methods to prove divergence
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different backgrounds...

Remarks

Theorem
Let n > 1. There exists ϕ ∈ Diff 1(Cn, 0) with no convergent normal
form.

Genericity

The diffeomorphism ϕ = (x + y(y − x)∆, y + y(y − x)) ∈ Diff (C2, 0)
has no convergent normal form for ∆ ∈ C{x , y} ∩ (x , y) generic.

Dicritic phenomenon

∃∆ ∈ C{x , y} ∩ (x , y) such that ϕ = (x + y2(y − x)2∆, y + y2(y − x)2)
has no convergent normal form.
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