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1D is very special

* No single-particle excitations at low energies.
® Absence of long-range order. No BEC.

® Non-refractive scattering: Integrability.

® Absence of thermalization.

What happens when one goes from 1D to D > 17



Second lecture

1. Competing phases in optical lattices:
quasi-1D lattices.

2. 2D Bose gas: BKT phenomena. BKT in the
presence of Josephson coupling.

3. Fast rotation: quantum Hall regime. Edge
excitations and Topological order in vortex
liquids.



Low-energy description of quasi-1D OL's

Very anisotropic lattice (J_>>]J)
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[AF Ho, MAC & T Giamarchi, PRL 92 (2004)]
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Low-energy description of quasi-1D OL's

Very anisotropic lattice (J >>]J)
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\ Periodic potential =~ —8=

localizes the atoms

\ Josephson coupling

Delocalizes the atoms
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Zero-temperature phase diagram
|[AF Ho, MAC & T Giamarchi, PRL 92 (2004)]
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Zero-temperature phase diagram
‘Charging’ energy |[AF Ho, MAC & T Giamarchi, PRL 92 (2004)]
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2D optical lattices: 3D Supertluid (BEC) phase

[AF Ho, MAC & T Giamarchi, PRL 92 (2004)]

Mean-field theory: condensate fraction

7\ /(K- o\ 271/2K AT
(T = 0) ~ po (;) (h: p@o) = f(K)
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Mean-field theory: condensate fraction

7\ /(K- o\ 271/2K AT
(T = 0) ~ po (;) (h: p@o) = f(K)

Excitation spectrum

(D(Q) ) W+
/ (- (Goldstone)

7\ 2K/(4K-1)
By “(ﬁ)
> Q

Variational approach: momentum distribution at T = 0

n(Q,q) _ Tb22 2K
w(Q)*

Y50(Q)d(q) +

1/2
2
[QQ + (v1Q/vs) } transverse velocity:

vy~ pb(J /) EETD [



A roton mimimum?

1D Regime: Lieb-Liniger model
[JS Caux & P Calabresse, PRA (2006) |

10 110
1

45 45
q 4
35 cH]
] 1
L 35 4
%10
i ]
g 45 4
§ 4 §
7 i)
8 3
¥ i ¥
g " ' g
4 : 2
3 S15 3
2 2
. / L / L
LTI 3 {

5 3 25 ¥ 3% 4 a o5 1 15 2 &3 3 35
k. k.



w -'kz

A roton mimimum?

1D Regime: Lieb-Liniger model
[JS Caux & P Calabresse, PRA (2006) ]
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When does the deconfinement transition occur?

Time-of-flight (TOF) = n(k)
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Mott Insulator width ~ hi
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When does the deconfinement transition occur?

Time-of-flight (TOF) = n(k)
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When Classical maps onto Quantum

Classical Ising model (a typical configuration)
t

(Imaginary time evolution of) Quantum two-level system

Micing LA \g/\J
/ =Tre T ="'lIre Q

DR Y
HIsing Z O J02+1 I:]Q — E(Jv h)a_z + A(Jv h)OA-aj

\ 2D XY = 1D Sine-Gordon |




Low-T phase of the 2D Bose Gas

Classical phase fluctuations
u<T = Ur)~pl/2(T)e®® ™
The XY model 7
" K(T) 2 K1) ¢ 2
— dr (VO — ’
S L COUEE= > dleta)
Equipartition

@O x T+ (% =0)) x [dP=q () xTlog (53 ) = +o0

&

U

Quasi-long range order

(U () W(0)) o (O e OO)) o ( £ ) TR Ty

|

But high-T expansions yield a disordered phase (e?®)¢=#(0)} o g~ Ixl/€e(T)



Not the whole story: enter vortices

I} (I‘) -~ 6z’@(r)

v(r) = —%Re U (r)iV¥(r)] o« VO(r) ]{ v - dl = % n
Brortex = —3= / dr (Vyortex(r))? = hQ;ps log (?) [Vvortex(T)] ~ ﬁ
Svortex = log (?2)
Fortex = Evortex — 1" Svortex °
it _ s ey _ g
2m B

BKT predict a (non-Landau) continuous phase transition
between a QLR ordered and a disordered phase
mediated by vortex-anti-vortex unbinding




Coupling XY models

BKT-like physicsina SF to MI in quasi-1D optical lattices
[T Stoferle et 2/ PRL 92 (2004)}

stack of 2D Bose (Gases
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The ENS Experiment

Optical lattice [Z Hadzibabic et @/ Nature (2006)}
LAtHCE ——
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g1(r) = (T (r)T(0)) ~ x|~ «

The ENS Experiment

1
- 2K(T)

[Z Hadzibabic et 2/ Nature (2006)}
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Josephson coupled classical 2D Bose gases
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Fixing the phase: calling Mr. Josephson

- 1 Tunneling tends order

i 1 L < p the relative phase

B

I éiﬂ|

Hy=—t, /dr [qﬁ( )Ws(r) + h. c.] ~ —2tLp0(T)/dr cos [0 (r) — Ou(r)]

Mr Josephson is happy when ©4(r) = O5(r) (mod2n) forallr

However

Entropy wants to have both 0;(r), ©2(r) disordered



Phase diagram. Deconfinement

[P Donohoue & T Giamarchi, PRB 63 (2001)]
[AF Ho, MAC & T Giamarchi, PRL 92(2004), MAC et @/ New J of Phys 8 (2006)}

[L Benfato et 2/ PRL 98 (2007)} .
[L. Mathey ez @/ cond-mat/0612174} .
[MAC et «/ PRA 75R (2007)}
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Interference pattern

[A Polkovnikov, E Altman & E Demler,
X PNAS 103 (2006)]

|“| Boe) = ¥ () ()

o(r, 1) = Ui(r, 1 — non osc. + [BQ( ) exp (27gz> + h.c.]
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Interference pattern

[A Polkovnikov, E Altman & E Demler,
X PNAS 103 (2006)]
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Interference pattern

[A Polkovnikov, E Altman & E Demler,
X PNAS 103 (2006)]
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D

Independent clouds (t1 =0) Coupled Clouds (1 #0)
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Proof of relative coherence but not of superfluidity...



Response to slow rotation
Minimize to find the equilibrium state

F(QaT) — _TlOg Tr e_HROT(Q)/T

HROT(Q) — Z [;)7; — Q- (I‘i X pz) —+ U(I’Z)] —+ Z V(I‘Z — I'j)

1<J



Response to slow rotation
Minimize to find the equilibrium state

F(Q T)=—Tlog Tr e~ Hror(Q)/T

_ A )2
Hrot(2 Z (p; —¢ Q(I')) +u(rz)—% (2 x 1r;)° +ZV r; —r;)

6AQ(I‘) =m (2 xr) 1<J
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Minimize to find the equilibrium state

F(QaT) — _TlOg Tr e_HROT(Q)/T
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N 2
HROT(Q) _ Z |:(pz - GAQ(I'z)) + ’U,(I‘z) o % Q > rz
=t eAo(r) =m (£ x 1)

OL, = / dr Ao(r) - j(r) Linear response to a transverse field (a-Aq(q) =0)

Lo = 7 3 [ drdt’ capralia(i, () 430

a,3,7y

(Ja(@)is(— q)>=f||(q»T)ngﬁ /(@) (50‘6 Mﬁ)




Response to slow rotation
Minimize to find the equilibrium state

F(QaT) — _TlOg Tr e_HROT(Q)/T

oy — eAg(r)’ m
HROT(Q)Z|: : QmQ - +u(rz)—5 (2 x 1r;)° +ZV r; —T;)
1<

1=1

eAq(r) =m (2 xr)

OL, = / dr Ao(r) - j(r) Linear response to a transverse field (a-Aq(q) =0)

Lo = 7 3 [ drdt’ capralia(i, () 430
a,3,7y
(@)= = i (4. TV 22 417 (4, T) (aw qj;‘;ﬁ)

Q= 0= lim f,(¢,T) < p = ps,
q—>
ps < K (T) canbe obtained from the RG flow



Rotational response

Measure the frequency of the scissors mode
L=1Q (Q < ) [F Zambelli and S Stringari PRA 63 (2001)]

1/1.

2.0




Fast rotation



Rotation of a superfluid leads to vortices...
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Rotation of a superfluid leads to vortices...

[Madison et al. PRL 84 (2000), Abo-Shaeer et al. Science 476 (2001)]



What happens next?

dv

M| —
at ROT

— Fext + Fc + Fc

Harmonic trap
Feoxi + Fo = —M(w* —Q°)r; — Mwjjz 2

Confinement in the rotation plane is greatly reduced: The system becomes quasi-2D

Coriolis force vs. Lorentz force
F.=vXx(2MQ) & 1, =v x¢B

Coriolis force like an effective magnetic field: Landau levels?



(Rotational) Landau levels (LL's)

Hror = Hpap — 2L,




(Rotational) Landau levels (LL's)

$ hw S
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Degeneracy =n + 1



(Rotational) Landau levels (LL's)

Y Q= \O<Q<w

$ hw

Degeneracy =n + 1



Interactions in the Lowest Landau level (LLL)

Hror = Hpag — QL. Hipng
N .
(p; — Mwz x r;)?
HIQ{(%T:Z ! Wi - + (w—Q)L;; +92DZ5(Ti—rj)
j=1 i<j

p, ' << hw) p,1T < 2hw

H?D = Nhw + (w — +92DZ5 i —T;)
1<

Wave functions in the LLL are analytic functionsof z=x+1iy



The fate of Abrikosov lattice: melting and VL's

[N Cooper et al PRL (2001)]
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7/ 1 are gapless. The system

~ © is compressible
=,
=
Vortex liquids bl &
exhibit a gap and -0.02 | lj‘iji
are incompressible. &
1 3 Ty 1 A AU N R S R T—
v=-.1.2.2....6 o 1 2 3 4 &5 6 7 8 © 10
27720 Filling fraction, v=N/N,,

_ # particles N

V= . — ——| Filling fraction in current experiments v ~ 100)
# vortices Ny




0.3

0.25

- T
. - L

005 oo |

V=12 A

V=3 w

v=lQ

1 | | | I
0.05 0.1 0.13 0.2 035

Vortex-liquid states on the sphere

[N Reignault and Th Jolicoeur PRL (2003)]

system size /N

28 = v IN — A

shift

Some stable fillings

F V :

Nparticles

1 2
1273

)

=~ | QO

Nvortices

Pfaffian
A =2

Principal Jain sequence

A=p+1



‘Simple’ vortex liquids: wavetunctions

Laughlin state [LO — N(N — 1)] ¢ =(z+ay)/t (g: Miw>

_\\WV 2
o(er, .. rn) = { [ - 2} e 2 I
' Hint’q)0> =0

Composite Fermion (CF) states
Attaches flux or vorticity

—

Po(ry,...,tn) =PI | [ (2 = 2) det[@a, (r1) - - ay (rn)]

1<J |
()
11 B 1
1% _VCF—|_1_1—I_Z_) (N—>—|—OO) A
Number of occupied CF LL’S/ Hi+ ‘(I) O> 7& 0 . -0 -0 -o- _I Ocr

2 -1 0 +1 42 +3 +#4 l



Composite fermion states

[JK Jain in Perspectives in the Quantum Hall Effects (Wiley, 1997)]

vortex = zero of the wavefunction

> =

"

bound state of boson + vortex = Composite Fermion (CF)

States of CF’s: a CF “feels” a reduced Coriolis force

Attaches vorticity

bp(ry,---ry)="7P H(Zz —2j) ®cp(ry, -, rN)

|4<J / _
Filling=1/2,2/3,3/4 ... Pfaffian: p-wave
Slater determinant of CF superfluid of CF’s



Vortex-liquid states on the sphere

|C-C Chang et al., cond-mat/ 0412253]

v N O |L O v N O L Oz v N O L O v N O
1/2 4 1.0000 |4 089972 |2/3 4 1.0000 |2 1.0000 3/4 9 0.8084(73) 4 0.5613(48) |1 4 1.00000
5 1.0000 |4 0.9965 6 09850 |4 0.7544(05) 12 0.735(84) 6 0.480(62) 6 0.97279
6 1.0000 |5  0.9959 8 0.9820(10) |5 0.8701(14) 8 0.96687
7 1.0000 |5 0.9954 10 0.0724(89) |6 0.855(12) 10 0.05022
8 1.0000 |6  0.9945 12 0.88435
O 1.000 |6 0.9954 (2) 14 0.88580
Laughlin Jain sequence Pfaffian
V= — V= — v =1




Laughlin state: edge modes

[ X-G Wen, PRL 64 (1990) Int J of Mod Phys B (1992), AH MacDonald, PRL 64 (1990) |

Motivation: Detection of the vortex liquids

Q2

A chiral Tomonaga-Luttinger liquid [U(1) CFT c = 1]

o 02

. 27
Huago = Eat "0 [ 58 (@00(0))* = hiw - )L

L = LO -+ Z m b;rnbm [bla b;rn] — 5l,m

m>0



Laughlin state: edge theory predictions

Laughlin state (N = 8, L = 56) Bosonization formula:
U(z = Re') = AY/? ¢ilof S

s _ (0 (Re
G1(0) = (P (Re™)W(R))
="
S : O
E n(l) = (ata()) = | S=etGy(0)
% 0 2w

0 2 4 6 8 10 12 14 16

orbital angular momentum 1

N(lmax) : M(lmax — 1) : n(lmax — 2) : n(lmax —3) = 1: 2 : 3 : 4 (theory]|)

N(lmax) : M(lmax — 1) : n(lmax — 2) : n(lmax —3) =1.0:2.0:2.9:3.5(N =7)
N(lmax) : M(lmax — 1) : n(lmax — 2) : n(lpax —3) = 1.0:2.0:2.9: 3.6 (N = 8)

[IMAC, N Barberan, NR Cooper PRB 71R (2004)]
Similar studies for electrons by [J] Palacios & AH MacDonald, PRL 76 (1996) |



Laughlin state: edge mode wavetunctions

Consider the symmetric polynomials:

N
Sm — i1 Rig """ Ry, Sm — Z;

11 <2< <tm =1
D, = 5m Po(21,...,28) L=Lo+m FE=Fy+h(w—Q)m

degeneracy: p(m)(p(1) =1, p(2)=2,p(3) =3, p(4) =5,p(5)=17,...)

Compare with the quasi-hole excitation

N
(I)qh<HZi> (I)()(Zl,...,ZN) L:L0—|—N E:E0+h(w—Q)N
1=1

Provided that m << N the s, are the low-lying excitations



Composite fermion states: edge modes

[N Cooper & N K Wilkin PRB 1999]

Y Q
% Plateaux correspond to
o edge structures of compact
< CF states. These show good
4 overlap with the exact states,
D and have good variational
energy.
: —— 4
0 5 10 15 20 26 30 35 40 45 50 55 60 65 70 75 W
Angular Momentum, L=L _.+N(N-1)/2
p occupied CF LL's = p phonon branches A =
e.g. {4,3,2} = 3 branches -e-"*" ~ =
== - -®- T
-g- @
Op(ry,---ry)="P H(zi—zj) Pop(ry, -+, ryn) -0- ~®- N

i< 2 o1 0 41 42 43 +4 I



Energy [g/1]

Compact CF states: edge spectrum

[MAC, N Barberan, NR Cooper PRB 71R (2005)]

0'35 L L L L L
= LO = 30 {57 2} ] Angular momentum
I — = N=7 -
3F Z Z = 1 L="Lo+ Y m [blbm +dfdn]
— — = = _ ] m>0
0.25 |
- T - — state # | m =2 (th.) | m =3 (th.) || state # | m =3 (th.)
A T 0 (0) 0 (0) 6 0.034 (0.030)
. 2 0.002 (Awl?) | 0.002 (0 002) 7 0.047 (0.045)
0.2 | l - — 3 |0.015 (0.015) | 0.006 (hw®) 8 | 0.069 (0.069)
[ . e 4 0.034 (0.030) | 0.015 (0.015) 9 0.088 (0.084)
v * 5 0.069 (hwl®) | 0.020 (0.017) 10 (hw'?)
0.15....|....|....|....|....|....1
29 30 31 32 33 34 35

Hamiltonian:  H 4,, = Ey + h Z [wq(g) b:rnbm + wﬁr‘f) d;fndm}
m>0



Pfaffian or Moore-Read State

|G Moore & N Read Nucl. Phys. B (1991)]

P
p+1

As the number of occupied CF LL’s grows... P — +00 = V =
Composite Fermion (Fermi) liquid?— compressible liquid

Composite Fermion pairing? — incompressible liquid again!

N/2
1
(DO(Zla---aZN):H(Zi_Zj 2N/2<N/2)' Z Sgn H

" PeSn p_q1 “P(2k—=1) = ZP(2k)

l

1
BCS wavefunction for p-wave paired (spinless) CF's = Pt ]
Ry T Ry

HE) =gs > 6(ri—r)d(r; —xi) H/ Do) =0

[M Greiter, X-G Wen, and F Wilczek PRL (1991)]



Edge excitations of the Pfatfian

[M Milovanovic & N Read PRB (1996), X-G Wen PRL (1992)]
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Orbital occupancy n(l)

Even/odd effects in the Pfaffian

The paired nature of the state leads to even/odd effects.
E.g. it can be seen in the orbital occupancy:
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Edge excitation degeneracies of the Pfaffian

[IMAC, N Barberan, NR Cooper PRB 71R (2005)]

m =L — Ly o 1 2 3 4 5 6
Laughlin (N = 5, L = 20) 1 1 2 3 5 7 10
Laughlin (N = 6, L = 30) 1 1 2 3 5 7 11
Laughlin (N — o0) 1 2 3 5! 7 11
742} CF (N =6, L = 20) T 2 5 38

{5,2} CF (N =7, L = 30) 1 2 5 9 15

Jain v =2 (N — o0 1 2 5 10 20 36 65
Moore-Read (A =0, N =8, L =24 1 1 3 5 10 15
Moore-Read (A =0, even N — o) 1 1 3 5 10 16 28
Moore-Read (A =1, N =12, L.=60) | 1 4 10 21

Moore-Read A =0, N=7,L=18) |1 2 4 7 12
Moore-Read (A =0, odd N — o0) 1 2 4 7 13 21 35
Moore-Read (A =1, N =13, L=72) | 1 6 14 29

Hint — )\Hi(ft) - (1 o A)Hi(r?t)



Energy

Ptatfian: Energy plateaux in Eo(L) vs L

[IMAC, N Barberan, NR Cooper PRB 71R (2005)]

1nsfp = N=10 - = N=11"
T = _ ROF = = .
mofp — = ] | —
; = 115 | - -
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No wide plateaux in the interaction energy (for 4 <N < 14)!!



Ptatfian: Overlaps

Torus(PBC) [N Cooper et al. PRL (2001)]

k v (K, K,) x degeneracy |\ Y | Ay |(\r GF | Ay

1 1/2 (Laughlin) (0,0) = 2 1.000 0.555

2 1 {Moore-Read) (3,3) = 1 0.980 N/W

2 1 {Moore-Read) (3,0) = 1 0.982 0.408

2 1 {Moore-Read) (0,3) = 1 0.981 0.493
Sphere

Harmonic trap (disk)

v N ’}Er —
1 : I.EJ-D?]GI:] N{[{(Pumr|P(Lo))]
6 0.97279 5 0.913
8 0.06687 6 0806
10 0.95922 - 0805
12 0.88435
14 0.88580 8 0.676
9 0.742

[C-C Chang et al., cond-mat/ 0412253]
[IMAC, N Barberan, NR Cooper PRB 71R (2005)]



Experimental consequences

Total oscillator strength at L = Lo + m (can be measured by absorption spectroscopy)

fn = Z (Lo +m, a|On|Lo)|* = R*™vm = mN™"v' =™

87

O = izm R™ eim? ﬁ =y 1
" 1=1 Z 2f12
STATE f1 (th.) fa (th.) rel. err. in fo

Laugnlin (v =3) | 5(5) 94.5 (100) 5.5%
Laughlin (v =13) | 6(6)  138.2(144) 4.0%
Pfaffian, (v =1) | 5(5) 44.6 (50) 10.8%
Pfaffian (v =1) | 6(6) 65.3 (72) 9.3%

(4,2}, (v = g) 6 (6) 96.9 (108) 10.2%

{5,2}, (v=%) 7(7)  141.5(147) 3.7%
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