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Transversal elastoplastic osci l lat ions ( joint work with R. Guenther and J. Sprekels)

Reducing 3D plast ic it y (e. g. von Mises) to lower dimensional struc tures (plates, beams, . . .)

consists in el iminating the transversal var iable. We do not obser ve a sharp transit ion

bet ween the elast ic and the plast ic deformation regimes any more, but a gradual one.
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• The thickness 2h i s constant

• Existence of plast ic ized zones

• h i s small , and higher order

effec ts in h are neglec ted

Eccentr ic layers paral le l to the midsur face are subjec t to larger deformations than the

central ones.

Is i t possible to let h → 0+ , accounting for both the multiy ield effec t and osci l lat ions?
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Displacements and strains in beams

Straight fibers that are perpendicular to the midsur face remain straight and perpendicular

after deformation.

u(x, y, 0, t) =









0

0

w(x, t)









Displacement of the

midsur face

u(x, y, z, t) =









−zwx(x, t)

0

w(x, t)









Displacement at dis-

tance z from the mid-

sur face

ε(x, y, z, t) =









−zwxx(x, t) 0 0

0 0 0

0 0 0









Strain tensor
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Displacements and strains in plates

Straight fibers that are perpendicular to the midsur face remain straight and perpendicular

after deformation.

u(x, y, 0, t) =









0

0

w(x, y, t)









Displacement of the

midsur face

u(x, y, z, t) =









−zwx(x, y, t)

−zwy(x, y, t)

w(x, y, t)









Displacement at dis-

tance z from the mid-

sur face

ε(x, y, z, t) =









−zwxx(x, y, t) −zwxy(x, y, t) 0

−zwxy(x, y, t) −zwyy(x, y, t) 0

0 0 0









Strain tensor
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Constitutive laws

ε = εe + εp Elast ic and plast ic strain components

σ = 2µεe + λ(εe : δ) δ

Isotropic Hooke’s strain-stress law

δ . . . Kronecker tensor

µ, λ . . . Lamé’s constants

Dσ : σ ≤ 2
3R2

von Mises yield cr iter ion

Dσ = σ − 1
3 (σ : δ) δ . . . stress deviator

KR = {σ̃ ; Dσ̃ : σ̃ ≤ 2
3R2} admissible stress domain

ε̇
p ∈ ∂IKR

(σ)

σ ∈ ∂MK∗
R
(ε̇p)







von Mises flow rule
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Special case of beams

σ =









E εe
11 0 0

0 0 0

0 0 0









Hooke’s law

E > 0 . . . Young elast ic it y modulus

Dσ = E εe
11









2
3 0 0

0 − 1
3 0

0 0 − 1
3









Yield condit ion E |εe
11| ≤ R

ε̇
p = 3

2 ε̇
p
11









2
3 0 0

0 − 1
3 0

0 0 − 1
3









Flow rule

ε̇
p
11 (E εe

11 − σ̃) ≥ 0 for al l |σ̃| ≤ R

ε
p
11 + εe

11 = −z wxx(x, t)
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The stop operator

Given a parameter r > 0 , a func tion ε : [0, T ] → R , and an init ia l condit ion

σ0 ∈ [−r, r] , we look for func tions σ, ξ : [0, T ] → R such that σ(0) = σ0 , and

σ(t) + ξ(t) = ε(t)

|σ(t)| ≤ r

ξ̇(t) (σ(t) − σ̃) ≥ 0 ∀σ̃ ∈ [−r, r]�
σ

ε

r

−r

For ever y ε ∈ W 1,1(0, T ) and σ0 ∈ [−r, r] , the problem has a unique solution

σ ∈ W 1,1(0, T ) . The solution mapping sr : [−r, r] × W 1,1(0, T ) → W 1,1(0, T ) ,

σ = sr[σ
0, ε] , is cal led the stop (or elastoplast ic element).

It is Lipschitz continuous and admits Lipschitz continuous ex tension to

sr : [−r, r] × C[0, T ] → C[0, T ] .
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The stop operator – continuation

Init ia l condit ion

σ0 = max{−r, min{r, ε(0)}}

corresponds to the reference init ia l state with no previous loading histor y.

σ(t) + ξ(t) = ε(t)

|σ(t)| ≤ r

ξ̇(t) (σ(t) − σ̃) ≥ 0 ∀σ̃ ∈ [−r, r]�Æ���
σ

ε

r

−r

The corresponding stop operator σ = sr[ε]

has then for ever y c ∈ R the scal ing proper t y sr[c ε] = c s r

|c|
[ε] .
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Constitutive law for elastoplast ic beams

Using the stop operator, and assuming no previous loading histor y, we may write the

elastoplast ic constitutive relat ion for σ11 in the form

σ11 = sR[−Ez wxx] = −Ez s R

E|z|
[wxx]

=⇒ At distance z from the midsur face, the longitudinal fiber behaves l ike an elastoplast ic

element with elast ic it y modulus Ez and yield point R
E|z| with respec t to the input wxx .

Eccentr ic fibers are harder in elast ic-

it y and softer in plast ic it y than the

central ones!

Prandtl-Ishl inski i sums of several

stops produce gradual transit ions

from elast ic it y to plast ic it y. ��
	0

r1

r2

r1 + r2

σ

σ = sr1
[E1ε]

σ = sr2
[E2ε]

σ = sr1
[E1ε] + sr2

[E2ε]

ε
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Momentum balance for elastoplastic beams

Let (x, y, z) ∈ Ω = (0, L) × (−b, b) × (−h, h) be a generic point of the beam

( L i s the length, 2b i s the width, 2h i s the height) .

We write the momentum balance in variat ional form
∫

Ω

(

ρutt · û + σ : ε̂
)

dx dy dz =

∫

∂Ω

(σ · ν) · û ds

for ever y geometrical ly admissible test func tions û , where ρ i s the mass densit y and ν i s

the unit out ward normal.

We prescr ibe

boundar y condit ions
σ·ν =



































0

0

f(x, t)









on the upper boundar y z = h

0 other wise
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Momentum balance for elastoplastic beams - II

We have the identit ies

∫

Ω

ρutt · û dx dy dz = 4hb ρ

∫ L

0

(

wtt ŵ +
h2

3
wxtt ŵx

)

dx

∫

Ω

σ : ε̂ dx dy dz = 2b

∫ L

0

∫ h

−h

E z2
s R

E|z|
[wxx] dz ŵxx dx

∫

∂Ω

(σ · ν) · û ds = 2b

∫ L

0

f(x, t) ŵ dx

To el iminate ver t ical r igid body displacements, we prescr ibe addit ional boundar y condit ions

w(0, t) = w(L, t) = 0

The test func tions ŵ are chosen in H2(0, L) ∩ H1
0 (0, L) .
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Prandtl-Ishl inski i operators

The mapping F which with each func tion ε ∈ C[0, T ] associates the integral

F [ε] =

∫ h

−h

E z2
s R

E|z|
[ε] dz =

2R3

E2

∫ ∞

R

Eh

r−4
sr[ε] dr

	��0

2

3
Rh2

Rh2

σ

σ = F [ε]

ε

i s a special case of the Prandtl-Ishl inski i operator F [ε] =

∫ ∞

0

ϕ(r) sr[ε] dr

with a given distr ibution func tion ϕ(r) .
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The associated PDE

Given a right-hand side f , we look for a solution w of the problem

ρ wtt −
h2ρ

3
wxxtt +

1

2h
F [wxx]xx =

1

2h
f

with boundar y condit ions

w(0, t) = w(L, t) = F [wxx](0, t) = F [wxx](L, t) = 0 .

Prandtl-Ishl inski i operators are not differentiable in general ; hence, for the existence and

uniqueness analysis, we rewrite the PDE as system (rescal ing al l constants to 1 )

ut = F [wxx]

wt − wxxt = −uxx + g

with boundar y condit ions u(0, t) = w(0, t) = u(L, t) = w(L, t) = 0 .
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Theorem 1

Let the init ial condit ions u0 ∈ H2(0, L) , w0 ∈ H3(0, L) satisfy natural compatibi l i t y

condit ions, and let g be given, gt ∈ L2((0, T ) × (0, L)) . Then the PDE system admits a

unique solution u, w with the regularit y

utt, uxx, wxxt ∈ L∞(0, T ; L2(0, L)) , uxt, wxtt ∈ L2((0, T ) × (0, L)) .

Method of proof : Galerkin approximations, energy estimates, Mint y tr ick.

ut = F [wxx]

wt − wxxt = −uxx + g

u(0, t) = w(0, t) = u(L, t) = w(L, t) = 0
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Theorem 2: The clamped beam

Let the init ial condit ions u0 ∈ H2(0, L) , w0 ∈ H3(0, L) satisfy natural compatibi l i t y

condit ions, and let g be given, gt, gtt ∈ L2((0, T ) × (0, L)) . Then the PDE system admits a

unique solution u, w with the regularit y

utt, uxx, wxxt ∈ L∞(0, T ; L2(0, L)) , uxt, wxtt ∈ L∞(0, T ; L2(0, L)) .

Method of proof : space semidiscretization, energy estimates.

ut = wxx + F [wxx]

wt − wxxt = −uxx + g

w(0, t) = wx(0, t) = w(L, t) = wx(L, t) = 0
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Plates

Let Ω0 ⊂ R
2 be the reference shape of the plate. In a similar way as in case of beams,

after rescal ing al l physical constants, we derive the variat ional equation

∫

Ω0

(

wtt ŵ + wxtt ŵy + wytt ŵy + BD2w · D2ŵ
)

dx dy

+

∫

Ω0

〈F [D2w],D2ŵ〉 dx dy =

∫

Ω0

g ŵ dx dy

for ever y ŵ ∈ H2(Ω0) ∩ H1
0 (Ω0) , where

D2 i s the differential operator (∂2
xx, ∂2

xy, ∂2
yy) ,

B i s a posit ive definite kinematic hardening matrix, and

F i s a 3D Prandtl-Ishl inski i operator.
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The multidimensional stop and Prandtl- Ishl inski i operators

Given a convex closed set Z containing 0 in its inter ior in a real separable Hi lber t space

X , a func tion ε : [0, T ] → X , and an init ia l condit ion σ0 ∈ Z , we look for func tions

σ, ξ : [0, T ] → X such that σ(0) = σ0 , and

σ(t) + ξ(t) = ε(t)

σ(t) ∈ Z
〈

ξ̇(t), σ(t) − σ̃
〉

≥ 0 ∀σ̃ ∈ Z .

F [ε] =

∫ ∞

0

ϕ(r) srZ [ε] dr

Prandtl-Ishl inski i operator

For ever y ε ∈ W 1,1(0, T ; X) and

σ0 ∈ Z , there exists a unique solution

σ = sZ [σ0, ε] ∈ W 1,1(0, T ; X) .

The mapping sZ : Z × W 1,1(0, T ; X) →

W 1,1(0, T ; X) i s continuous and admits con-

tinuous ex tension to sZ : Z×C([0, T ]; X) →

C([0, T ]; X) . Under natural assumptions on

ϕ(r) , the same holds for F .
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Theorem 3: Plate

Let the init ial condit ions w0, w1 ∈ H3(Ω0) satisfy natural compatibi l i t y condit ions, and let

gt ∈ L2((0, T ) × Ω0) . Then the variational plate equation admits a unique solution w ,

w
∣

∣

t=0
= w0 , wt

∣

∣

t=0
= w1 , with the regularit y ∆wt,∇wtt ∈ L∞(0, T ; L2(Ω0)) .

Method of proof : vanishing viscosit y, energy estimates, Mint y tr ick

∫

Ω0

(

wtt ŵ + wxtt ŵy + wytt ŵy + BD2w · D2ŵ
)

dx dy

+

∫

Ω0

〈F [D2w],D2ŵ〉 dx dy =

∫

Ω0

g ŵ dx dy

for ever y ŵ ∈ H2(Ω0) ∩ H1
0 (Ω0) .
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gt ∈ L2((0, T ) × Ω0) . Then the variational plate equation admits a unique solution w ,

w
∣

∣

t=0
= w0 , wt

∣

∣

t=0
= w1 , with the regularit y ∆wt,∇wtt ∈ L∞(0, T ; L2(Ω0)) .

Method of proof : vanishing viscosit y, energy estimates, Mint y tr ick

∫

Ω0

(

wtt ŵ + wxtt ŵy + wytt ŵy + BD2w · D2ŵ + γD2wt · D2ŵ
)

dx dy

+

∫

Ω0

〈F [D2w],D2ŵ〉 dx dy =

∫

Ω0

g ŵ dx dy

for ever y ŵ ∈ H2(Ω0) ∩ H1
0 (Ω0) , lett ing γ tend to 0+ .

Rate-Independence, Homogenization, and Multiscal ing, Pisa November 15, 2007 25/26 W I A S



Conclusions

• Reducing the space dimension in elastoplast ic it y, we lose control of the inter face

bet ween the elast ic and the plast ic zones.

• For a “lower dimensional” obser ver, the transit ion from per fec t ly elast ic to per fec t ly

plast ic behavior looks smooth.

• The reduced momentum balance equation contains a Prandtl-Ishl inski i operator as

a l inear superposit ion of solution operators to a family of variat ional inequal it ies

parameterized by the transversal var iable.

• PDEs with Prandtl-Ishl inski i operators can be solved by conventional methods.
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