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Goals:
Obtain information on fundamental groups of quasiprojective varieties,

their homotopy types, special classes of quasi-projective varieties such
as complements to hypersurfaces or arrangements of hyperplanes.
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Goals:
Obtain information on fundamental groups of quasiprojective varieties,

their homotopy types, special classes of quasi-projective varieties such
as complements to hypersurfaces or arrangements of hyperplanes.

Study invariants of fundamental groups and homotopy types.
This talk: Alexander type invariants twisted by a non abelian
representation and their Hodge theoretical counterparts.
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Twisted Alexander polynomials

Quick survey of untwisted Alexander polynomials of
algebraic curves in C?:

Let C be possibly reducible curve in C? (e.g. an arrangement of lines).
Assume C is transversal to the line at infinity. Let G = 71(C? — C).
If r is the number of irreducible components then

G/G =2
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Twisted Alexander polynomials

Quick survey of untwisted Alexander polynomials of
algebraic curves in C?:

Let C be possibly reducible curve in C? (e.g. an arrangement of lines).
Assume C is transversal to the line at infinity. Let G = 71(C? — C).
If r is the number of irreducible components then

G/G =2

G has prefered surjection Ik : G — Z. Let K = Kerlk and let
c2_c-C2-cC

be the corresponding covering space. Generator T € Im(lk) of the
Galois group of covering acts on C2 — C
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Twisted Alexander polynomials

Definition
(Global) Alexander polynomial of C is

—_—~—

det(T, — tl, H{(C2 — C,C)) = det(T. — t, ker(lk)/(kerlk)’ @ C)
For irreducible curve last polynomial is
det(T. —tl,G'/G" ® C)

For each singular point one has local Alexander polynomial:
A(C, P)(1)
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Example
(of local Alexander polynomials) For cusp:

At) =12 —t+1
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Twisted Alexander polynomials

Example
(of local Alexander polynomials) For cusp:

A(y=12 —t+1

Example
For oridinary triple point (intersection of three lines):

At) = (t—1)>2( +t+1)
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Twisted Alexander polynomials

Theorem

(Dependence of local type: Divisibility) (L-1982)

Ac(t) divides product of local Alexander polynomials of all
singularities. For irredcudible curve Ag(1) # 0.
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Twisted Alexander polynomials

Theorem

(Dependence of local type: Divisibility) (L-1982)
Ac(t) divides product of local Alexander polynomials of all
singularities. For irredcudible curve Ag(1) # 0.

Corollary
Ac(t) is cyclotomic.

This rules out many groups as the fundamental groups of plane curves
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Twisted Alexander polynomials

Theorem

(Dependence of local type: Divisibility) (L-1982)

Ac(t) divides product of local Alexander polynomials of all
singularities. For irredcudible curve Ag(1) # 0.

Corollary
Ac(t) is cyclotomic.

This rules out many groups as the fundamental groups of plane curves

Example

The Alexander polynomial of an arrangement of lines with triple and
double points only A = (t — 1)"~"(#2 4 t + 1)° for some s.
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Twisted Alexander polynomials

Dependence of global information:(L -1983)
Ac(t) = Ny[(t — exp(2mia)(t — exp(—2mic)]5(*C)

where « runs through all roots of local Alexander polynomials and
s(a, C) is the dimension of linear system of curves passing through the
singularities of C and defined using « and the data of singularities of C.
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For an irreducible curve with nodes and cusps:
Ac(t)=1if d #0(6), otherwise Ac(t) = (2 —t+1)°

where s is the difference betwen the actual and expected dimensions
of curves of degree d — 3 — % passing through cusps

A. Libgober (UIC) Applications of Hodge theory to cohomology ¢ DiGiorgi Institute, Pisa 10/51




For an irreducible curve with nodes and cusps:
Ac(t)=1if d #0(6), otherwise Ac(t) = (2 —t+1)°

where s is the difference betwen the actual and expected dimensions
of curves of degree d — 3 — %’ passing through cusps

For curves with triple points (arrangments of r lines)

Ac(t)

(t— 1)~V if r#£0(3) and otherwise

Ac(t)=(t—1)"""(2+t+1)8

where s is difference betwen actual and expected dimensions of
curves of degree d — 3 — % passing through the triple points.
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Twisted Alexander polynomials

Remarks

There is bound on the degree of the Alexander polynomial in terms of
the degree of the curve (with J.I. Cogolludo):

For curves and nodes and cusps only:

dimG' /G" = degAc(t) < gd -2
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Twisted Alexander polynomials

Definition
Twisted Alexander polynomial Defined for a CW-complex X with the
following data:
e:m(X)—2
and unitary representation:
pmi(X) — U(V)

(U(V) is the unitary group of a hermitian space V). Cohomology of
chain complex:

.. = Ci(X) @ker(e) V —
are C[r(X)/Kere]-modules. Here the action of 71 (X) is given by
glc®v)=cg ' ®gv. Then

k+1

A(X, e, p) = NordTorHk(X, p)] "

where ord © C[t, t~']/(a)) = N;a;.
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Twisted Alexander polynomials

Remarks

This definition is due to Lin and later studied by Wada and others.
Useful for distingushing knots and links which cannot be done by usual
Alexander polynomial. In the case of complements to plane algenraic
curves twisted Alexander polynomials were studied by
Cogolludo-Florens (also Suciu-Cohen).
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Twisted Alexander polynomials

Remarks

This definition is due to Lin and later studied by Wada and others.
Useful for distingushing knots and links which cannot be done by usual
Alexander polynomial. In the case of complements to plane algenraic
curves twisted Alexander polynomials were studied by
Cogolludo-Florens (also Suciu-Cohen).

Remarks

In the case when p is trivial one dimensional representation one
obtains untwisted version (up to factor).
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Twisted Alexander polynomials

Remarks

This definition is due to Lin and later studied by Wada and others.
Useful for distingushing knots and links which cannot be done by usual
Alexander polynomial. In the case of complements to plane algenraic
curves twisted Alexander polynomials were studied by
Cogolludo-Florens (also Suciu-Cohen).

Remarks

In the case when p is trivial one dimensional representation one
obtains untwisted version (up to factor).

Remarks

In the case when X is a complements to plane curve (or arrangment of

i ¥ 3 __ OrdTorH;
lines) Ho(X, p) is free and hence A = OraTorAe
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Twisted Alexander polynomials

Theorem

Let C be a plane curve transversl to the line at infinity. Let v be the
conjugacy class of boundary of a small disk transversal to C. Let F be
the field generated by the eigenvalues of p(y) Then the roots of twisted
Alexander polynomial belong to a cyclotomic extension of F. (of
degree bounded by the degrees of root of local Alexander polynomia/s)J
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Twisted Alexander polynomials

Theorem

Let C be a plane curve transversl to the line at infinity. Let ~ be the
conjugacy class of boundary of a small disk transversal to C. Let F be
the field generated by the eigenvalues of p(y) Then the roots of twisted
Alexander polynomial belong to a cyclotomic extension of F. (of
degree bounded by the degrees of root of local Alexander polynomia/s)J

Remarks

Generalization of divisibility theorem cannot be used due to lack of
local (i.e. knot theory) version of this result.
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Twisted Alexander polynomials

Theorem

Let C be a plane curve transversl to the line at infinity. Let ~ be the
conjugacy class of boundary of a small disk transversal to C. Let F be
the field generated by the eigenvalues of p(y) Then the roots of twisted
Alexander polynomial belong to a cyclotomic extension of F. (of
degree bounded by the degrees of root of local Alexander polynomia/s))

Remarks

Generalization of divisibility theorem cannot be used due to lack of
local (i.e. knot theory) version of this result.

Instead the proof uses the Hodge theory of local systems )
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varieties

Twisted moduli space of local systems Let X be a smooth
quasi-projective variety. Assume for simplicity that X admits a smooth
compactification X such that H'(X,C*) = 0.
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varieties

Twisted moduli space of local systems Let X be a smooth
quasi-projective variety. Assume for simplicity that X admits a smooth
compactification X such that H'(X,C*) = 0.

A local system of rank N is an N-dimensional linear representation of
m1(X).
A local system is unitary if this representation is unitary
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varieties

Twisted moduli space of local systems Let X be a smooth
quasi-projective variety. Assume for simplicity that X admits a smooth
compactification X such that H'(X,C*) = 0.

A local system of rank N is an N-dimensional linear representation of
1 (X).
A local system is unitary if this representation is unitary

Local systems of rank one i.e. the characters of =y are parametrized
by (C*)br if H{(X,Z) = 7" and in general the moduli space of rank
one local systems is a finite union of C*"*H(X.2),

Unitary local systems of rank one are parametrized by (a union of
copies of) U(1).
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varieties

Definition
Cohomology of local systems: let X .be the universal cover of X then
Hi(X, p) is the cohomology of chain complex:

oo = C,()N() Ry (X) V —
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varieties

Definition
Cohomology of local systems: let X .be the universal cover of X then
Hi(X, p) is the cohomology of chain complex:

oo = C,()N() Ry (X) V —

Definition

Space of local systems of rank one twisted by a unitary local system V
of rank N is the collection of local systems V & x of rank N where x
runs through all rank one local systems
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varieties

Definition
Cohomology of local systems: let X .be the universal cover of X then
Hi(X, p) is the cohomology of chain complex:

oo = C,()N() Ry (X) V —

Definition

Space of local systems of rank one twisted by a unitary local system V
of rank N is the collection of local systems V & x of rank N where x
runs through all rank one local systems

This space contains subsets of jumping cohomology. )
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varieties

Theorem
Structure of jumping loci for twisted cohomology The subsets

01 = {x € Charmy(X)|dim H"(X, Lygy) > I}

are unions of finite collections of translated subgroups. If p has an
abelian image and if p1, .., pn € Char!(m1(X)) are the irreducible
components of p, then translations can be made by points generating
a subgroup of Char"(m1(X)) containing the subgroup generated by
p1, .-, PN @S a subgroup of finite order.
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Corollary

varieties

1. If p is trivial then this implies that the cosets have finite order.
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varieties

Corollary
1. If p is trivial then this implies that the cosets have finite order.

v

2. If by = 1 then the characters corresponding to local system with non
vanishing cohomology have as their values the root of unity.

v
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varieties

Twisted characteristic varieties and twisted Alexander
polynomials. (L-2007) There is related but different way to associate
invariants to pair (X, p).
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varieties

Twisted characteristic varieties and twisted Alexander

polynomials. (L-2007) There is related but different way to associate
invariants to pair (X, p).

Definition
The twisted by p /-th characteristic variety (in degree n) (denoted as
Chl) is the support of the module

/\IHn()N(ab; Vab)

i.e., the subset of SpecC[H;(X,Z)] consisting of prime ideals g in
C[Hs (X, Z)] such that localization of A'Hp(Xap, V) at g is non zero.
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Remarks

varieties

One has obvious inclusions:

..Ch*'nc chl c chl ..
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varieties

Remarks
One has obvious inclusions:

..CH*'nc chl,c ch ..

If codimension of this set is one, one can define multivariable twisted
Alexander polynomial (can work also in some cases when the codim is
also zero)
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varieties

Theorem

Relation between roots of Alexander polynomial and
charactersitic varieties. Let X be a CW complex such that

Hi(X,Z) =Z, p : m(X) — U(V) is a unitary local system and

Chl, C SpecC[Z] = C* is the collection of characteristic varieties
associated with (X, p) in above definition. For ¢ € C* let

In(€) = max{/ |¢ € ChL(X,p)} and b, = min{/(¢)|¢ € SpecC[Z]}. Then
Ap(&) =0 ifand only if (&) > bp.

Theorem

Relationship between characterisitc varieties and jumping loci /f
mi(X) =0 for2 < i < k orif k =1 then the dimension of the homology
group Hi(X, V ® L,)) corresponding to a character x € Charmy(X) and
a local system p is given by:

max{ilx € Chi(X, p)}
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varieties

Example

Varieties with range of vanishing of homotopy groups
1.Complements to germs of isolated non-normal crossings.

f1 (X1, ....,X,H_1) ® 5000 © fr(X1,....,X,H_1) =0

A. Libgober (UIC) Applications of Hodge theory to cohomology ¢ DiGiorgi Institute, Pisa 22/51



varieties

Example

Varieties with range of vanishing of homotopy groups
1.Complements to germs of isolated non-normal crossings.

f1 (X1, ....,Xn+1) ® 5000 © fr(X1,....,Xn+1) =0

Example

2.Complement to a divisor having ample component and isolated non
normal crossings (k is the dimension of divisor).
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varieties

Example

Varieties with range of vanishing of homotopy groups
1.Complements to germs of isolated non-normal crossings.

f1 (X1, ....,Xn+1) ® 5000 © fr(X1, ....,Xn+1) =0

Example

2.Complement to a divisor having ample component and isolated non
normal crossings (k is the dimension of divisor).

Example

3.More generally k can be the dimension of the set of of points of D in
which D is not a normal crossing divisor.
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varieties

Hodge theory and local systems Let p : m1(X) — Uy be
N-dimensional unitary representation. There exist a locally trivial
bundle V of rank N on X such that and meromorphic connection

V:V— Q(logD)®V

for which restriction on X is flat with holonomy p : m{(X) — Up
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varieties

Hodge theory and local systems Let p : m1(X) — Uy be
N-dimensional unitary representation. There exist a locally trivial
bundle V of rank N on X such that and meromorphic connection

V:V — Q}(logD)®V

for which restriction on X is flat with holonomy p : 71(X) — Un

Extension V is NOT unique but can be specified by requiring that the
eigenvalues ¢ of residues of connection along each component satisfy:

0< Re¢ < 1

(such canonical extension is called Deligne extension of bundle of
connection)
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multi-component germs

Theorem

(Deligne-Timmerscheidt) Hodge filtration Let X be a smooth
quasi-projective variety and V be a unitary local system. LetV be

Deligne extension of logarithmic with holonomy p. Then there is
spectral sequence:

HP(Q9(logD) ® V) = HPTI(X, p)
This spectral sequence degenerates in term E; and resulting filtration

(called Hodge filtration) is functorial with respect to holmorphic maps
and is independent of compactification.
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multi-component germs

Theorem

(Deligne-Timmerscheidt) Hodge filtration Let X be a smooth
quasi-projective variety and vV be a unitary local system. LetV be
Deligne extension of logarithmic with holonomy p. Then there is
spectral sequence:

HP(Q9(logD) ® V) = HPtI(X, p)

This spectral sequence degenerates in term E; and resulting filtration
(called Hodge filtration) is functorial with respect to holmorphic maps
and is independent of compactification.

Remarks
1.Deligne’s situation: p is trivial, one-dimensional representation.
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multi-component germs

Theorem

(Deligne-Timmerscheidt) Hodge filtration Let X be a smooth
quasi-projective variety and vV be a unitary local system. LetV be
Deligne extension of logarithmic with holonomy p. Then there is
spectral sequence:

HP(Q9(logD) ® V) = HPtI(X, p)

This spectral sequence degenerates in term E; and resulting filtration
(called Hodge filtration) is functorial with respect to holmorphic maps
and is independent of compactification.

Remarks
1.Deligne’s situation: p is trivial, one-dimensional representation.

2.Also true in the case X is a complement in a small ball to a germ of a
divisior with several irreducible componenets.
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multi-component germs

Theorem

Twisted jumping polytopes:

Let X be a quasiprojective manifold without non-trivial rank one local
systems on a non singular compactification, p : m1(X) — Uy be a
N-dimensional unitary representation , Charr{(X) be the torus of
characters of the fundamental group and Char"+(X) be the subgroup
of unitary characters. LetU be the fundamental domain of

m1(CharYmy(X)) acting on the universal cover Cha/rm (X) of the torus
Char'm1(X) and exp : U — CharYw(X) be the universal covering map
Then

SM'P = {x € Char'm(X)|dim GrEH"(V, ® L) > I}

is a finite union of polytopes inU i.e. the subsets, each of which is the
set of solutions for a finite set of inequalities L > 0 where L is a linear
function with integer coefiicients if p is trvial.
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multi-component germs

Example

Consider local case: X = B — (f(x1, ..., Xo+1 = 0)) where f has an
isolated singularity. m1(X) =Z if n> 1. Let A(t) be characteristic
polynomial of monodromy or equivalently “Alexander polynomial” of

the link of f = 0. Then ¢ € C* defines a L, local system sending 1 — &.

H"(Lg) # 0 iff A(¢) =0

GreH(Lg) #0 < ¢ = exp(2mic)

where o € Q, « € [a,a+ 1] is element of spectrum of singularity f =0

and ais determined by p, n.

A. Libgober (UIC) Applications of Hodge theory to cohomology ¢ DiGiorgi Institute, Pisa

26/51



multi-component germs

Example

Given a collection of germs fi (X1, ..., Xn11), -, (X1, ..., Xnr 1) Of reduced
local equations of divisors D; = V((f;)) at a point P € X = C"*', one

associates with each ¢ € Op the top degree form:

W, ..o Jr M, ooy My) =

f=m 3 jr=mr+1
m.
f1 e ™ ¢(X1,...,Xn+1)dX1 /\.../\an+1

on unramified covering X, .. m, of X — > D; with Galois group
®Z/m;Z. One can think that Xy, . m, is subset of set of solutions:

Z1m1 = f1 (X1,...,Xn+1)...

ZI" = (X1, ooy Xp1)
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multi-component germs

(X17

Xr) _ (/1+1

my

]r+1
).

ome

@ A form w, extends to a holomorphic form on a resolution of
singularities of a compactification Xy, .

m, Of X, m, iff
) € R’ satisfies a system of linear
inequalities i.e belongs to a polytope P(o|fi,

).
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multi-component germs

@ This system can be obtained in terms of a log-resolution

m: Y — X of principal ideals (f;), ..., (f;) as above using resolution
of Xm, ....m, wWhich is the resolution of quotient singularities of the

normalization of Xp,, _m, xx Y. This leads to the following explicit
collection of inequalities defining P(s|f1, ..., fr)

.
D cif(T=x) <+ 1+6(0) fort <j<N.
i=1

is the multiplicity of 7*(¢) along E;).

o 5 =

it
N
el
2
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multi-component germs

Remarks

1. For a polytope P(¢olf1, ..., fr), the germs ¢ such that the
corresponding form extends as a holomorphic form for all

(AL, 22L) € Pgolfy, ..., f;) form an ideal A(P(¢olfi, ..., fr)) in the
local ring of P (ideal of quasi-adjunction).
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multi-component germs

Remarks

1. For a polytope P(¢olf1, ..., fr), the germs ¢ such that the
corresponding form extends as a holomorphic form for all

(L1, 22 € P(golfy, ..., fr) form an ideal A(P(¢olfi, ..., fr)) in the
local ring of P (ideal of quasi-adjunction).

2. One has
m(B—(fi-...-f=0))=27Z"

Charg_s, .. 1—0) = U(1)’

Polytope P(¢olfs, ..., fr) is one of jumping polytops, specifically jumping
for Gr2H"(L,)

v
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multi-component germs

3. The ideal of quasi-adjunction (ji, ..., jr, |M4, ..., M) coincides with the
multiplier ideal of the divisor _ \i(f;)) where \j =1 — “1 . (In the case
r = 1, the collection of polytopes of quasi-adjunction becomes the
co//ect/on of jumping coefficients of multiplier ideals. In this case, if the
singularity of f is isolated, this collection coincides with the subset of
spectrum of singularity in interval [0, 1]).
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multi-component germs

Polytopes of quasiadjunction for
(=% +9°)(@® +y°)
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multi-component germs

The map exp : [0,1]" — U(1)" takes solid lines 2u+3v =1/2,3/2,5/2
and3u+2v =1/2,3/2,5/2 into union of segments. Zariski closure is
the zero set of the multivariable Alexander polynomial:

(BPE+1)(BE+1)=0

Multivariable Alexander polynomial has expression in terms of
resolution of singularity f;(x, y)...f-(x, y) with exeptional curves

Ei,...Ex
N(E™ - — 1 )X(ED)

where mj ; is the multiplicity of pull back of f; along Ej, E? is subset of
point in E; which are non-singular on exceptional set.

In this example there are 4 exceptional curves with non zero euler
characteristic.
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multi-component germs

Polytopes of quasiadjunction for
(@2 + y®)(® + y?)
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multi-component germs

The map exp : [0,1]" — U(1)" takes solid lines into union of segments.
Zariski closure is the zero set of the Alexander polynomial:

(BB +1) (B +1)=0
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multi-component germs

Theorem

Relation between local and global polytopes quasi-adjunction Let
D be divisor with isolated non normal crossings in C"+' (transversal to
hyperplane at infinity) Let r be the number of components of D. Let Bp
be a small ball about P € C™'. For each non-normal crossings P one
has surjection:

Charr{(C™' — D) — Charr{(Bp — Bp N D)

Let bp = rkm1(Bp — Bp N D), b = rkr1(C™' — D) Let

7p : [0,1]%P — [0, 1]° induced map of universal covers of subgroups of
unitary characters. Then each global polytope of quasi-adjunction
defines a non empty local polytope of quasi-adjunction. Vice-versa:
Collection of local polytopes of quasi-adjunction (i.e. local jumping
polytopes for each non-normal crossing point) yields a global polytope
iff certain linear system of divisors correspodning to chosen polytopes
is superabundant.
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multi-component germs

Example

Arrangements of lines with triple points in C2.

Consider an arrangement of r lines with triple and double poitns only.
Polytopes belong to the cube I” (/ = [0, 1]). Local polytopes of

Lk =0is x; + Xo + x3 = 1 (zero set of Alexander polynomial is

titot3 = 1). Global polytopes correspond to collections S of triple points
and are sets of solutions to system of equations

Xi, + Xj, + Xj; = 1

where triples (i1, o, i3) are indices of lines forming a tripe point in S.
Such polytope is actual polytopes iff dimH'(P?, Zg(r — 3 — r/3)) > 0
(sheaf of germs of sections of Op2 Which belong to maximal ideals of
points which are triple points in collection S.)
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Roots of twisted Alexander polynomials

Theorem

Roots of twisted Alexander polynomial belong to a cyclotomic
extension of the field F generated by the eigenvalues of p()

Idea of proof: Need to find holonomy only along one component and
components of exceptional curves. One shows that if matrix of
connection along f = 0 is A% and pullback of f has multiplicity m along
E then residues of connection on V ® L, along E satisfy m(&; + o) = n
where &; ; are eigenvalues of A. Hence jumping element «; for which
one has jumping in cohomology is exp(—2m+/—1&;)exp(2ri™) for some
& i.e. is product of a root of unity and eigenvalue of the holonomy of V.)
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Log-Canonical thresholds and Shokurov Conjecture

Distribution of the polytopes of singularities of fixed dimension is quite
interesting. There are preferred polytopes among local jumping
polytopes (or polytopes of quasi-adjunction)-i.e.polytopes of
log-canonical thresholds which satisfy ascending chains
conditions.(joint with M.Mustata) This extends recent work on
Shokurov conjecture.
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Log-Canonical threshold

It is numerical invariant of pair (X, D). X a possibly singular variety and
D a possibly singular divisor. J
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Log-Canonical threshold

It is numerical invariant of pair (X, D). X a possibly singular variety and
D a possibly singular divisor.

v

Definition
Discrepancies: X is normal, integral scheme, D is a R-divisor such that
Kx + D is R-Cartier, f : Y — X birational morphism, Y is normal. Let

Ky = f*(Kx+ D)+ > _a(E,X,D)E (a(E,X,D) € R)

where E are distinct prime divisors.
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Log-Canonical threshold

It is numerical invariant of pair (X, D). X a possibly singular variety and
D a possibly singular divisor.

v

Definition

Discrepancies: X is normal, integral scheme, D is a R-divisor such that

Kx + D is R-Cartier, f : Y — X birational morphism, Y is normal. Let
Ky = f"(Kx + D)+ » _a(E, X,D)E (a(E,X,D) € R)

where E are distinct prime divisors.

Definition
Pair (X, D) is log-canonical if the discrepancy:

infe{a(E, X, D)|E is exceptional with non empty center on X} > —1

v
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Definition
Log-canonical threshold of an R-divisor D on X:
{min c|cD is log — canonical}
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Log-Canonical thresholds and Shokurov Conjecture

Definition
Log-canonical threshold of an R-divisor D on X:
{min c|cD is log — canonical}

Remarks

For pair a (C", f(x1, ..., Xn) = 0) where f has isolated singularity at the
origin this is the complex singularity exponent: upper bound for s such
that |f|~* is integrable near the origin.
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@ Example: log canonical threshold for x" is 1.
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@ Example: log canonical threshold for x” is },
@ Example: Log-canonical threshold for plane curve singularities:
D:y?=x3=LCT =23
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Log-Canonical thresholds and Shokurov Conjecture

@ Example: log canonical threshold for x" is 1.

@ Example: Log-canonical threshold for plane curve singularities:
D:y?=x3=LCT =3
@ Example: More generally: for a germ of a curve y™ = x”

rer=141
n m

and for xf’1 + ....x,” = 0 one has:

LCT = min{1,}" ;,-}
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Log-Canonical thresholds and Shokurov Conjecture

@ Example: log canonical threshold for x" is 1.

@ Example: Log-canonical threshold for plane curve singularities:
D:y?=x3=LCT =3

@ Example: More generally: for a germ of a curve y™ = x”

LCT =

1
+ —
m

1
n
and for x?' + ....xPr = 0 one has:
LCT = min{1,> %}
1

@ For a divisor with an isolated singularity: 1 — /ct is the largest
element of the spectrum in interval [0,1] (Budur: case of non
isolated singularities)
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Log-Canonical thresholds and Shokurov Conjecture

Conjecture

Ascending Chains Condition: Set of log-canonical thresholds of all
singularities in fixed dimension does not contain increasing infinite
sequences.
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Log-Canonical thresholds and Shokurov Conjecture

Conjecture

Ascending Chains Condition: Set of log-canonical thresholds of all
singularities in fixed dimension does not contain increasing infinite
sequences.

Conjecture

Relation between collections of Ict in different dimensions: Set of
accumulation points in dimension n is the set of log-canonical
thresholds in dimension n — 1 different from 1.
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Log-Canonical thresholds and Shokurov Conjecture

Conjecture
Ascending Chains Condition: Set of log-canonical thresholds of all
singularities in fixed dimension does not contain increasing infinite
sequences.

Conjecture

Relation between collections of Ict in different dimensions: Set of
accumulation points in dimension n is the set of log-canonical
thresholds in dimension n — 1 different from 1.

Remarks

a) Ein-deFernex-Mustata: OK if ambient variety is smooth (or on
varieties with bounded singularities)

b)Since 1 is not an accumulation point of an increasing sequence,
there is e, > 0 such that 1 — ¢, does not contain log-canonical
thresholds of singularities of dimension ne.g. e; = %, e2 = §, €3 = 75.
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Log-Canonical thresholds and Shokurov Conjecture

Definition
Polytope of log-canonical thresholds:

LCT(a1,...,ar) = {\ = (M, ..., A\r € RY|(X, &}"...a)") is log — canonical}
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Let also:

@ Explicit description in terms of resolutions: Let 7 : Y — X be a log
resolution of a4 - ... - a, i.e. exist a simple normal crossings divisor
> Ej such that

j=N
0,0y = Oy(— Y _ oy
=1

j=N
Ky/x =D riE
j=1
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Log-Canonical thresholds and Shokurov Conjecture

@ Explicit description in terms of resolutions: Let 7 : Y — X be a log
resolution of a4 - ... - a, i.e. exist a simple normal crossings divisor
> Ej such that

j=N
0,0y = Oy(— Y _ o))
=1

Let also:

j=N
Kyix = > rik
j=1

LCT(ay,...,a,) = solutions to system

Z a,-J)\,- < kj+1

]
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Log-Canonical thresholds and Shokurov Conjecture
Remarks

LCT polytope of pair C™1, f, - .... - f, is a polytopes of quasi-adjunction.

J
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Log-Canonical thresholds and Shokurov Conjecture

Remarks
LCT polytope of pair C™t1, f, - .... - f, is a polytopes of quasi-adjunction.J
In particular for Ict is one of elements of the spectrum )
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Log-Canonical thresholds and Shokurov Conjecture

Definition

Distance between a point and a set:

If K C R" is an arbitrary compact set, for every x € R" we put
d(x, K) = min,cx d(x, y), where d(x, y) denotes the Euclidean
distance between x and y.
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Log-Canonical thresholds and Shokurov Conjecture

Definition

Distance between a point and a set:

If K C R" is an arbitrary compact set, for every x € R" we put
d(x, K) = min,cx d(x, y), where d(x, y) denotes the Euclidean
distance between x and y.

Definition

Distance between two sets:

The Hausdorff distance between two compact sets Ky and K5 is
defined by

6(Ki, K2) = maX{Xme% d(x, Kz), K d(x, K1)}
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Log-Canonical thresholds and Shokurov Conjecture

Definition

Distance between a point and a set:

If K C R" is an arbitrary compact set, for every x € R" we put
d(x, K) = min,cx d(x, y), where d(x, y) denotes the Euclidean
distance between x and y.

Definition

Distance between two sets:

The Hausdorff distance between two compact sets Ky and K5 is
defined by

6(Ki, K2) = maX{XmE% d(x, Kz), K d(x, K1)}

v

Set of all non empty compact subsets in R" is a complete metric space.

Set of all subsets of a compact set is compact.

v
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Log-Canonical thresholds and Shokurov Conjecture

Theorem
If Py = LCT(a1m), ..., ") for m > 1, where the a,(.m) are proper
nonzero ideals in k[[x1, ..., Xn]], and if the Pp, converge in the

Hausdorff metric to a compact set Q C R’, then Q is again an
LCT-polytope. More precisely, if | is the set of those i < r such that
Q Z (x; = 0), then we can find proper nonzero ideals a4, ... ,as in
Kl[x1,- .., Xxn]], with s = #I and K an algebraically closed field

extension of k, such that Q = j;(LCT (a4, ...,as)), where ji: R® — R’ is

the inclusion corresponding to the coordinates in I.

v
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Log-Canonical thresholds and Shokurov Conjecture

Theorem

If (Pm)m>1 and Q = limm_.o. Pm are as in the above theorem. Then
there is my such that Q = (> . Prm-
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Log-Canonical thresholds and Shokurov Conjecture

Theorem

If (Pm)m>1 and Q = limm_.o. Pm are as in the above theorem. Then
there is my such that Q = (> . Prm-

Corollary

If P = LCT (@™, ..., a!™) for m > 1, where the o™ are proper
nonzero ideals in K[[x1, ..., Xn]], and if Py C P, C ---, then this
sequence is eventually stationary

(since it is not hard to show that for increasing sequence P, C Q.).
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Log-Canonical thresholds and Shokurov Conjecture

@ The main ingredient in the proof of above results is the generic
limit construction due and studied by deFernex, Ein, Mustata and
Kollar:
if a; is a sequence of ideals in k[xq, ..., X5] such that limlct(a;) = ¢
there exist an ideal a in K[[x1, ..., Xn]] such that /lct(a) = c. Here K

is algebraically closed having countable transcendence degree
over k.

o 5 =
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Log-Canonical thresholds and Shokurov Conjecture

@ The main ingredient in the proof of above results is the generic
limit construction due and studied by deFernex, Ein, Mustata and
Kollar:
if a; is a sequence of ideals in k[xq, ..., Xp] such that limict(a;) = ¢
there exist an ideal a in K[[x1, ..., Xn]] such that lct(a) = c. Here K
is algebraically closed having countable transcendence degree

over k.
@ Let (agm)), e (afm)) be sequences of r-tuples of ideals. Can
assume that sequence /in the theorem is equal to {1,...,s} i.e.

Q = limPp, is not in x; = 0, exactly for i = 1, ...s. Associated to the
S sequences (a,(-m)), with 1 </ < s, we get s generic limits
a4,...,0s. These are ideals in K[[x1, ..., Xp]], where K is a suitable
algebraically closed field extension of k. One show that all a; are
nonzero and Hausdorff limit of polytopes of P;is LCT(ay, ..., as).
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@ Using this one shows the key:
Lemma If A € LCT(ay, ..., ag) N Q% then there are infinitely many m
such that A € Pp,.
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Log-Canonical thresholds and Shokurov Conjecture

@ Using this one shows the key:
Lemma If A € LCT(ay, ..., ag) N Q% then there are infinitely many m
such that A € Pp,.

@ Key lemma plus straightforward arguments yield both: closeness
of the set of LCT polytopes under Hausdorff limits and stablization
of increasing sequences.
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