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Thermodynamically consistent phase-field models of fracture:
Variational principles and multi-field FE implementations
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SUMMARY

The computational modeling of failure mechanisms in solids due to fracture based on sharp crack discon-
tinuities suffers in situations with complex crack topologies. This can be overcome by a diffusive crack
modeling based on the introduction of a crack phase-field. In this paper, we outline a thermodynamically
consistent framework for phase-field models of crack propagation in elastic solids, develop incremental
variational principles and consider their numerical implementations by multi-field finite element methods.
We start our investigation with an intuitive and descriptive derivation of a regularized crack surface func-
tional that �-converges for vanishing length-scale parameter to a sharp crack topology functional. This
functional provides the basis for the definition of suitable convex dissipation functions that govern the
evolution of the crack phase-field. Here, we propose alternative rate-independent and viscous over-force
models that ensure the local growth of the phase-field. Next, we define an energy storage function whose
positive tensile part degrades with increasing phase-field. With these constitutive functionals at hand,
we derive the coupled balances of quasi-static stress equilibrium and gradient-type phase-field evolution
in the solid from the argument of virtual power. Here, we consider a canonical two-field setting for
rate-independent response and a time-regularized three-field formulation with viscous over-force response.
It is then shown that these balances follow as the Euler equations of incremental variational principles that
govern the multi-field problems. These principles make the proposed formulation extremely compact and
provide a perfect base for the finite element implementation, including features such as the symmetry of
the monolithic tangent matrices. We demonstrate the performance of the proposed phase-field formulations
of fracture by means of representative numerical examples. Copyright q 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Fracture is one of the main failure mechanisms of engineering materials and structural components.
The prediction of crack initiation and propagation through computational models is of great
importance for engineering applications. Theoretical foundations of the classical theory of brittle
fracture in solids are outlined in the works of Griffith [1], Irwin [2] and Barenblatt [3]. Following
Griffith and Irwin, the crack propagates if the energy release rate reaches a critical value. The Griffith
theory provides a criterion for crack propagation but is insufficient to determine curvilinear crack
paths, crack kinking and branching angles. In particular, such a theory is unable to predict crack
initiation. These defects of the classical Griffith-type theory of brittle fracture can be overcome by
variational methods based on energy minimization as suggested by Francfort and Marigo [4], see
also Bourdin et al. [5], Dal Maso and Toader [6] and Buliga [7]. The regularized setting of their
framework, considered in Bourdin et al. [8, 5], is obtained by �-convergence inspired by the work
of image segmentation by Mumford and Shah [9]. We refer to Ambrosio and Tortorelli [10] and the
reviews of Dal Maso [11] and Braides [12, 13] for details on �-convergent approximations of free
discontinuity problems. The approximation regularizes a sharp crack surface topology in the solid
by diffusive crack zones governed by a scalar auxiliary variable. This variable can be considered
as a phase-field that interpolates between the unbroken and the broken states of the material.
Conceptually similar are recently outlined phase-field approaches to brittle fracture based on the
classical Ginzburg–Landau-type evolution equation as reviewed in Hakim and Karma [14], see
also Karma et al. [15] and Eastgate et al. [16]. These models may be considered as time-dependent
viscous regularizations of the above-mentioned rate-independent theories of energy minimization.

The variational-based phase-field approaches to fracture offer important new perspectives toward
the theoretical and computational modeling of complex crack topologies. Recall that finite-element-
based numerical implementations of sharp crack discontinuities, such as interface element formula-
tions, element and nodal enrichment strategies, suffer in the case of three-dimensional applications
with crack branching, see for example the advanced concepts by Belytschko and coworkers [17, 18]
on xfem methods and by Gürses and Miehe [19] and Miehe et al. [20, 21] on the modeling of
configurational-force-driven sharp crack propagation. In contrast, phase-field-type diffusive crack
approaches avoid the modeling of discontinuities and can be implemented in a straightforward
manner by coupled multi-field finite element solvers. However, the above-mentioned approaches
to fracture still have a few drawbacks that limit their application to particular model problems.
The model outlined in Hakim and Karma [14] is based on a Ginzburg–Landau-type evolution
equation of the fracture phase-field, which is fully viscous in nature and does not differentiate
between energy storage and dissipation. These are very strong simplifications of the physical
mechanisms of brittle fracture. The formulation of rate-independent diffusive fracture proposed
by Bourdin et al. [8] models the irreversibility of the process only on a time-discrete level by
setting hard Dirichlet-type conditions on the phase-field. Furthermore, both existing phase-field
models consider energy-release-driven fracture in both tension and compression. Clearly, these
fully symmetric formulations are unrealistic for most materials and restricted to the modeling of
boundary value problems with tensile stresses in the full solid domain. These approaches are,
in general, not thermodynamically consistent and are applicable only in the particular situation
of monotonous loading of arbitrary sub-domains of a fracturing solid. Finally, a more intuitive
approach alternative to the formal and mathematically demanding results of �-convergence to free
discontinuity problems seems to be important in order to make phase-field models of fracture more
attractive in the engineering community.
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In this work, we outline a thermodynamically consistent framework of phase-field-type brittle
fracture that overcomes the above-mentioned difficulties. Of particular interest is a careful, descrip-
tive and comprehensive representation of the basic ingredients that enter this framework. The
proposed approach is embedded in the theory of gradient-type materials with a characteristic length
scale, such as outlined in a very general context in Capriz [22], Mariano [23] and Frémond [24].
From the viewpoint of material modeling, a phase-field approach to fracture is conceptually in line
with models of continuum damage mechanics, see for example Kachanov [25] or Frémond and
Nedjar [26], where a scalar damage field may be interpreted as the phase-field. In this sense, the
subsequent framework of regularized brittle crack propagation may be considered as a gradient-type
damage model with particular definitions of an energy function with a gradient-type regularized
surface energy. Focusing on quasi-static problems, we construct for dissipative crack propagation in
solids accompanied by bulk energy degradation two characteristic multi-field formulations, which
are well-suited for numerical implementation:

• Model I. Two-field setting: A rate-independent phase-field model of fracture that incorporates
the displacement and the fracture phase-fields, see Euler equations (61).

• Model II. Three-field setting: A viscous over-force model, incorporating the displacement, the
fracture phase and a dual driving force field, see Euler equations (63).

The first model is close to that of Bourdin et al. [8] based on Ambrosio and Tortorelli [10],
derived, however, in an alternative format that differentiates between energetic and dissipative
mechanisms and accounts for the irreversibility of the phase-field evolution in a different way.
The second model may be considered as a time-dependent regularization of the first model, where
the phase-field evolution may be recast into a characteristic Ginzburg–Landau-type structure. Both
models describe, for limits of the model-inherent length scale and viscosity parameters, quasi-static
crack propagation in solids based on the classical Griffith criterion of critical energy release. We
embed the multi-field models in an incremental variational framework of gradient-type standard
dissipative materials. This is of particular importance for the computational implementation by
finite element methods, which appears in an extremely compact format with symmetric tangents of
the coupled multi-field problems. Numerical tests demonstrate that the viscous over-force model II
provides the more robust algorithmic setting for general applications due to the stabilizing effect
of the viscosity.

We start our investigation in Section 2 with a descriptive motivation of a regularized crack
topology based on a phase-field. This phase-field is first introduced for the one-dimensional setting
and then generalized to the multi-dimensional case. This treatment results in the definition of
a regularized crack surface functional, depending on the crack phase-field that �-converges for
vanishing length-scale parameter to a sharp crack topology. We consider this crack functional as
the crack surface itself and postulate that it should stay constant or grow for arbitrary loading
processes. In a subsequent step, we introduce dissipation functions related to the evolution of the
crack surface functional. The evolution of the crack surface is assumed to be fully dissipative
in nature. As a consequence, the dissipation function depends on the rate of the phase-field and
its gradient, representing a gradient-type dissipative material. We construct specific dissipation
functions per unit volume for purely rate-independent crack propagation (model I) as well as
for a time-regularized viscous crack propagation (model II). The latter concept is accompanied
by the use of the dissipative force field dual to the fracture phase-field. The dissipation func-
tions are formulated such that they model growing cracks by enforcing the local growth of the
phase-field.
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The next modeling step in Section 3 is concerned with the constitutive definition of the elastic
bulk energy of the solid that degrades with growing fracture phase-field. To this end, we use a
simple degradation function that acts in a multiplicative format on the stored energy function of
an undamaged solid. Here, we consider first a fully symmetric formulation with an unrealistic
degradation in tension and compression. Such a model can only be applied to the modeling of
monotonic loading processes in tension. In order to get a more realistic treatment, we consider
stored energy functions where the degradation due to the growing phase-field acts only on the
positive part of the stored energy. This positive part is defined in terms of the principal strains and
requires the spectral decomposition of the strain tensor. The proposed model accounts for crack
closing in reverse loading processes and provides an advanced setting of phase-field-type fracture.

With the dissipation and energy storage functions at hand, we derive in Section 4 the governing
balance equations from the argument of virtual power. For the quasi-static processes under consid-
eration, the coupled balances consist of the static equilibrium condition for the degraded stresses
and the evolution equation for the phase-field. They characterize the two-field problem of model I
with the displacement field and the phase-field as the primary variables. For the extended viscous
formulation of model II, we have a three-field formulation where a local dissipative force dual
to the phase-field appears as an additional field. For these coupled field problems, we develop in
Section 5 incremental variational structures. We show that the above-mentioned coupled balances
are the Euler equations of characteristic variational functionals. For the two-field problem, we have
a minimization structure and for the three-field problem a stationary principle. The proposed varia-
tional structure of the coupled problem is exploited in the spatial discretization by the finite element
method. To this end, we construct discrete counterparts of the continuous variational principles.
These statements provide extremely compact representations of the highly nonlinear algebraic
problem. The problems are solved by Newton-type solvers. Owing to the variational structure, the
monolithic tangent matrices of the coupled problems are symmetric. Finally, Section 6 outlines
representative numerical examples that demonstrate the features of the proposed phase-field models
of fracture.

2. PHASE-FIELD APPROXIMATION OF CRACK TOPOLOGY

2.1. Motivation: one-dimensional bar with a crack

Consider an infinitely expanded bar of cross-section � occupying the domain B=�×L with
L=[−∞,+∞] and position x ∈L of its axis. Assume a crack of the bar at the axial position x=0,
where � represents the fully broken crack surface. This sharp crack topology may be described
by an auxiliary field variable d(x)∈[0,1] with

d(x) :=
{
1 for x=0

0 otherwise
(1)

characterizing for d=0 the unbroken state and for d=1 the fully broken state of the material.
Figure 1(a) gives a visualization. We denote the auxiliary variable d(x) as the crack phase-field.
Clearly, such an approach is related to the continuum theory of damage, where the scalar damage
field d describes in a homogenized macroscopic sense the development of micro-cracks and
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(a)

(b)

Figure 1. Sharp and diffusive crack modeling. (a) Sharp crack at x=0 and (b) diffusive crack
at x=0 modeled with the length scale l.

micro-voids. With this viewpoint in mind, we approximate the non-smooth phase-field (1) by the
exponential function

d(x)=e−|x |/ l . (2)

It smears out the crack over the axial domain L of the bar, representing a regularized or diffusive
crack topology as depicted in Figure 1(b). The regularization is governed by the length-scale
parameter l and gives for l→0 the function (1). The exponential function (2) has the property

d(0)=1 and d(±∞)=0. (3)

Now observe that (2) is the solution of the homogeneous differential equation

d(x)−l2d ′′(x)=0 in B (4)

subject to the Dirichlet-type boundary conditions (3). This differential equation is the Euler equation
of the variational principle

d=Arg

{
inf
d∈W I (d)

}
(5)

with W ={d|d(0)=1,d(±∞)=0}, in terms of the functional

I (d)= 1

2

∫
B

{d2+l2d ′2}dV . (6)

This functional can easily be constructed by integrating a Galerkin-type weak form of the differ-
ential equation (4). Now observe that the evaluation of the functional for the solution (2) gives
with dV =�dx the identification

I (d=e−|x |/ l)= l�, (7)
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which relates the functional I to the crack surface �. As a consequence, we may introduce the
functional

�l(d) := 1

l
I (d)= 1

2l

∫
B

{d2+l2d ′2}dV (8)

alternatively to (6). Clearly, the minimization of this scaled functional also gives the regularized
crack topology (2) depicted in Figure 1(b). However, the scaling by the length-scale parameter l
has the consequence that the functional �l(d) may be considered as the crack surface itself. In the
one-dimensional problem under consideration, the evaluation of �l(d) at the solution point gives
for arbitrary length scales l the crack surface �. This property characterizes the functional �l as
an important ingredient of the subsequent constitutive modeling of diffusive crack propagation.‡

2.2. Variational problem of regularized crack topology

2.2.1. Continuous formulation. The formulation for cracks in one-dimensional solids outlined
above can be extended to multi-dimensional solids in a straightforward manner. Let B⊂R� be
the reference configuration of a material body with dimension �∈[1,2,3] in space and �B⊂R�−1

its surface as depicted in Figure 2. In the subsequent treatment, we intend to study cracks in the
solid evolving in the range T⊂R of time. To this end, we introduce the time-dependent crack
phase-field

d :
{
B×T→[0,1]
(x, t) �→d(x, t)

(9)

defined on the solid B. Then, a multi-dimensional extension of the regularized crack functional
(8) reads

�l(d)=
∫
B

�(d,∇d)dV, (10)

where we have introduced the crack surface density function per unit volume of the solid

�(d,∇d)= 1

2l
d2+ l

2
|∇d|2. (11)

This function, which depends on the crack phase-field d and its spatial gradient ∇d , plays a
critical role in the subsequent modeling of crack propagation. Assuming a given sharp crack
surface topology �(t)⊂R�−1 inside the solid B at time t , as depicted in Figure 2(a), we obtain

‡Convergence to Sharp Crack Discontinuities. The �-limit �l →� of the functional (8) for vanishing length scale
l→0 to the sharp crack surface � :=∫

� dA is considered in Braides [12]. The functional (8) provides the basis for
an elliptic regularization of the free discontinuity problem of brittle fracture. It has already been used by Bourdin
et al. [8], however, in the context of the definition of a regularized surface energy. Note, that we have introduced
the functional in the purely geometric context with regard to the subsequent definition of a dissipation potential.
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(a) (b)

Figure 2. Sharp and diffusive crack topology. (a) Sharp crack surface � embedded into the solid B and
(b) the regularized crack surface �l(d) is a functional of the crack phase-field d .

in analogy to (5) the regularized crack phase field d(x, t) on B, visualized in Figure 2(b), from
the minimization principle

d(x, t)=Arg

{
inf

d∈W�(t)
�l(d)

}
(12)

subject to the Dirichlet-type constraints

W�(t) ={d|d(x, t)=1 at x∈�(t)}. (13)

The Euler equations of the above variational principle are

d−l2�d=0 in B and ∇d ·n=0 on �B, (14)

where �d is the Laplacian of the phase-field and n the outward normal on �B.

2.2.2. Spatial discretization. Let Th denote a finite element triangulation of the solid domain
B. The index h indicates a typical mesh size based on Eh finite element domains Bh

e ∈Th and
Nh global nodal points. Associated with Th , we write the finite element interpolations of the
phase-field and its gradient by

ch :={d,∇d}h = B(x)d(t) (15)

in terms of the nodal phase-field vector d∈RNh
. B is a symbolic representation of a global

interpolation matrix, containing the shape functions and its derivatives.§ Then the discretized
variational principle (12)

d=Arg

{
inf

d∈Wh
�(t)

∫
Bh

�(Bd)dV

}
(17)

§Finite Element Shapes. Associated with a node I of a standard finite element e, the interpolation matrix has for
two-dimensional problems �=2 the form

Be
I =[N N,1 N,2]T (16)

in terms of the shape function N and its derivatives.

Copyright q 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2010; 83:1273–1311
DOI: 10.1002/nme



1280 C. MIEHE, F. WELSCHINGER AND M. HOFACKER

Figure 3. Model problem. Two-dimensional domain B with a sharp crack surface �=0.5.

determines for a given sharp crack topology at time t the nodal values of the phase-field for the
regularized topology. The associated Euler equation is linear and can be solved in closed form

d=−
[∫

Bh
BT[�2cc�]B dV

]−1 ∫
Bh

BT[�c�]dV . (18)

2.2.3. A numerical model problem. The following numerical example demonstrates the regulariza-
tion of a crack topology for an elementary model problem. We consider a continuum of dimension
�=2 with a sharp crack surface � from the left side to the center as depicted in Figure 3. On the
exterior boundary �B the Neumann condition (14)2 is prescribed. On the crack surface �, we set
the Dirichlet condition d=1 for the crack phase field. We consider the finite element computation
of the crack phase-field d in the domain B according to the linear solution procedure (18) for
given values of the length-scale parameter l. The finite element mesh requires a certain minimum
element size h in order to resolve this length scale. This is demonstrated in Figure 4 for finite
element meshes with a constant element size h, consisting of four node quadrilateral elements.
This elementary study shows that an element size

h<l/2 (19)

is needed in order to resolve the regularized crack surface �l(d), such that we have �l(d)≈� in
the finite element approximation. Clearly, this resolution is only needed in subdomains close to
the crack surface. Hence, an h-adaptive finite element solution procedure with a minimum element
size close to (19) is appropriate. Figure 5 shows finite element simulations for different length
scales l=0.20,0.10,0.02,0.007 based on a very fine mesh with constant mesh size h=0.0035,
consisting of 90 000 four node quadrilaterals. The large length scale l=0.02 yields the approximated
regularized crack surface �l =0.5944 depicted in Figure 5(a). The small length scale l=0.007
gives �l =0.5090≈�=0.5 as shown in Figure 5(d).

2.3. Dissipation function for crack evolution

We now focus on a time-dependent crack evolution by exploiting the above-outlined definition of
the regularized crack surface. The evolution of cracks is driven by some energetic driving forces
as outlined below. However, the cracking itself is considered to be fully dissipative in nature.

Copyright q 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2010; 83:1273–1311
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Figure 4. Minimum size of finite elements. A reasonable accuracy of the crack topology approximation
�l ≈� requires for quadrilateral element meshes an element size of h<l/2.

Figure 5. Regularized crack surfaces �l(d) governed by the crack phase-field d for different length scales.
(a) l=0.20 with �l =0.5944; (b) l=0.10 with �l =0.5507; (c) l=0.02 with �l =0.5113; and (d) l=0.007

with �l =0.5090 obtained with a mesh of size h=0.0035.
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As a consequence, we postulate as a basic feature of the irreversibility of the cracking process the
growth of the regularized crack surface in time, i.e.

�̇l := d

dt
�l(d(x, t))�0. (20)

The evolution of the crack surface can be reformulated based on representation (10) as

�̇l =
∫
B

�̇dV =
∫
B

(�d�)ḋ dV�0, (21)

where we have introduced the variational or functional derivative of the crack surface density
function

�d� :=�d�−Div[�∇d�]= 1

l
[d−l2�d]. (22)

Observe that we may satisfy the global irreversibility constraint of crack evolution by ensuring
locally a positive variational derivative of the crack surface function and a positive evolution of
the crack phase-field

�d��0 and ḋ�0. (23)

The former condition is ensured in the subsequent treatment by a constitutive assumption that
relates the functional derivative to a positive energetic driving force. The latter constraint is a natural
assumption that relates the fracture phase-field for the non-reversible evolution of micro-cracks
and micro-voids.

2.3.1. Model I: Rate-independent setting with approximated indicator function. The constraint
(23)2 must be satisfied by defining a proper evolution equation for the crack phase-field. This is
achieved by the introduction of a global constitutive dissipation functional for a rate-independent
fracture process

D(ḋ;d)=
∫
B

�(ḋ,∇ḋ;d,∇d)dV (24)

in terms of a constitutive dissipation function per unit volume

�=gc�̇(ḋ,∇ḋ;d,∇d)+ I+(ḋ). (25)

The parameter gc is a constitutive threshold value related to the critical Griffith-type fracture
energy. Note that the first term characterizes the local energy release due to the crack evolution,
because � is the crack surface per unit volume. I+(x) is the non-smooth indicator function of the
set R+ of positive real numbers, defined by

I+(x)=
{
0 for x>0

∞ otherwise
(26)

and visualized in Figure 6(a). It ensures the constraint (23)2 of positive evolution of the phase-field
d . We now introduce the approximated indicator function

I �+(x)= �

2
〈x〉2− (27)
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(a) (b)

(c) (d)

Figure 6. Convex functions: (a) Indicator function of R+; (b) regularized indicator function of the R+
I �+(x)=�/2〈x〉2−. Ramp functions; (c) 〈x〉+ :=(|x |+x)/2 of R+; and (d) 〈x〉− :=(|x |−x)/2 of R−.

as visualized in Figure 6(b), where 〈x〉− :=[|x |−x]/2 depicted in Figure 6(d) is the ramp function
of R−. The constant � is a regularization parameter that ensures for the limit �→∞ exactly the
growth condition (23)2. We then propose the use of the dissipation function

��(ḋ,∇ḋ;d,∇d)=
(gc
l
d
)
ḋ+(gcl∇d) ·∇ḋ+ �

2
〈ḋ〉2− (28)

as a first model approach to regularized fracture.

2.3.2. Model II: Rate-dependent setting with threshold function. Alternative formulations that
ensure the irreversibility constraint (23)2 can be constructed by taking into account the variable
dual to the phase-field d

� :
{
B×T→R

(x, t) �→�(x, t),
(29)

in what follows denoted as the local driving force field. In the rate-independent formulation (25),
this force field is constrained by the threshold function

f (�;d)=�− gc
l
d�0, (30)

which characterizes for f <0 a range without diffusive crack accumulation. The threshold of the
force is a linear function of the phase-field itself and is related to the first term in the dissipation
function (28). With this notion at hand, we define the dissipation function by the constrained
optimization problem

�(ḋ,∇ḋ;d,∇d)= sup
�,��0

[
�ḋ−�

(
�− gc

l
d
)]

+(gcl∇d) ·∇ḋ (31)
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with the Lagrange parameter �. The necessary conditions of this constraint optimization problem
identify the Lagrange parameter �= ḋ with the evolution of the phase-field and result in the
conditions

ḋ�0, ��gc
l
d, ḋ

(
�− gc

l
d
)
=0. (32)

Note that these conditions determine the local evolution ḋ of the phase-field in terms of the local
driving force � and the phase-field d itself. Observe that (32)1 includes explicitly the desired
irreversibility condition. A viscous regularization of the above rate-independent formulation can
be based on the dissipation function

��(ḋ,∇ḋ;d,∇d)=sup�

[
�ḋ− 1

2�

〈
�− gc

l
d
〉2
+

]
+(gcl∇d) ·∇ḋ. (33)

〈x〉+ :=[|x |+x]/2 is the ramp function of the R+, as visualized in Figure 6(c). The necessary
condition of this optimization problem is

ḋ= 1

�

〈
�− gc

l
d
〉
+

, (34)

which satisfies the desired property of irreversibility (23)2. Note that the viscosity � determines a
viscous over-force response that governs the evolution of the phase-field. The model degenerates
for �→0 to the rate-independent model considered above.

3. DEGRADATION OF ENERGY IN THE FRACTURING SOLID

We focus now on the description of the bulk response of a fracturing solid and consider constitutive
assumptions concerning the degradation of energy. Here, we differentiate between a simple isotropic
assumption, where fracture occurs in tension and compression, and a more realistic anisotropic
assumption, where the fracture occurs only in tension.

3.1. Displacement field and strain tensor

In the small-strain context, we describe the motion of the fracturing solid by the macro-motion
field

u :
{
B×T→R�

(x, t) �→u(x, t).
(35)

u∈R� is the displacement of the material point x∈B at time t ∈T. The strains are assumed to be
small. Thus, the norm of the macroscopic displacement gradient ||∇u||<� is bounded by a small
number �. The symmetric part of this gradient defines the standard strain tensor

e(u)=∇su := 1
2 [∇u+∇Tu] (36)

of the geometrically linear theory.
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3.2. Isotropic degradation of stored bulk energy

We focus on the standard linear theory of elasticity for isotropic solids by considering the global
energy storage functional

E(u,d)=
∫
B

	(e(u),d)dV (37)

that depends on the displacement u and the fracture phase-field d . The energy storage function 	
describes the energy stored in the bulk of the solid per unit volume. A fully isotropic constitutive
assumption for the degradation of energy due to fracture has the form

	0(e,d)=[g(d)+k]	0(e). (38)

In this multiplicative ansatz, 	0 is a standard free energy function of an undamaged elastic solid

	0(e)=� tr 2[e]/2+
 tr[e2] (39)

with elastic constants �>0 and 
>0. The monotonically decreasing function g(d) describes the
degradation of stored energy due to evolving damage by the properties

g(0)=1, g(1)=0, g′(1)=0. (40)

The first two conditions include the limits for the unbroken and the fully broken case. The last
constraint ensures that the elastic driving force �e :=�d	 converges to a final value if the damage
converges to the fully broken state d=1. A simple function that has the above properties is

g(d)=(1−d)2. (41)

The small positive parameter k≈0 in (38) circumvents the full degradation of the energy by leaving
the artificial elastic rest energy density k	0(e) at a fully broken state d=1. It is chosen as small
as possible such that the algebraic conditioning number of the applied numerical discretization
method remains well-posed for partly-broken systems.

With these constitutive assumption at hand, the evolution of stored energy

Ė(u̇, ḋ)=
∫
B

	̇dV =
∫
B

{(�d	)ḋ+(�e	) : ė}dV (42)

is governed by the constitutive expressions

�e :=�d	=−2(1−d)	0(e) and r :=�e	=[(1−d)2+k]r0(e) (43)

in terms of the stress tensor of a fictitious undamaged solid

r0 :=� tr[e]1+2
e. (44)

Note that �e is strictly negative and converges to a final value if the fracture phase-field converges
to the fully broken state d=1.
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3.3. Anisotropic degradation of stored bulk energy

In the above isotropic model, the stress degradation affects the full stress tensor. Thus, energy
is released due to fracture in both tension and compression. This is physically unrealistic and
limits the application of this framework to problems with exclusive presence of tensile stresses. In
order to overcome this problem, we modify the assumption (38) by defining an anisotropic energy
storage function

	(e,d)=[g(d)+k]	+
0 (e)+	−

0 (e) (45)

based on an assumed additive decomposition of the stored energy 	0 of the undamaged solid

	(e)=	+
0 (e)+	−

0 (e) (46)

into a positive part 	+
0 due to tension and a negative part 	−

0 due to compression. Note that
the degradation function g acts only on the tension part of the stored energy. This models crack
closing for different loading paths in case the strains enter the fully compressive range. We base
the definition of the positive and negative parts of the energy on the spectral decomposition of the
strain tensor

e=
3∑

a=1
εana⊗na, (47)

where {εa}a=1..3 are the principal strains and {na}a=1..3 the principal strain directions. The standard
quadratic energy storage function of an isotropic undamaged solid reads

	0(e)=�(ε1+ε2+ε3)
2/2+
(ε21+ε22+ε23) (48)

in terms of principal strains. Based on these representations, we define the positive and the negative
parts of the energies by

	±
0 (e) :=�〈ε1+ε2+ε3〉2±/2+
(〈ε1〉2±+〈ε2〉2±+〈ε3〉2±) (49)

in terms of the two ramp functions 〈x〉+ and 〈x〉− ofR+ andR− depicted in Figures 6(c) and 6(d),
respectively. Note that the positive/negative parts contain contributions due to positive/negative
dilatation and contributions due to positive/negative principal strains. For the anisotropic model,
the evolution of free energy (42) is governed by the constitutive expressions for the energetic force
and the stress tensor

�e :=�d	=−2(1−d)	+
0 (e) and r :=�e	=[(1−d)2+k]r+0 −r−0 , (50)

in terms of the positive and negative parts of the stress tensor

r±0 :=
3∑

a=1
[�〈ε1+ε2+ε3〉±+2
〈εa〉±]na⊗na (51)

Copyright q 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2010; 83:1273–1311
DOI: 10.1002/nme



PHASE-FIELD MODELS OF FRACTURE 1287

of a fictitious undamaged solid. Here, we have used the standard result �eεa =na⊗na . The energetic
driving force �e is now related to the positive part of the energy and the stress degradation affects
only the positive part of the stress tensor.

4. GOVERNING BALANCE EQUATIONS OF COUPLED PROBLEM

4.1. Basic fields and boundary conditions

With the constitutive formulation of the dissipation and the energy storage in a fracturing solid
outlined above, we are now able to formulate the governing equations. These equations determine
the displacement field u of the solid and the fracture phase-field d introduced in (9) and (35),
respectively. The extended multi-field formulation additionally uses the local driving force field
� dual to d introduced in (29). With regard to the displacement field, the exterior surface of the
body is decomposed via �B=�Bu∪�Bt into a part �Bu , where the displacement is prescribed
by the Dirichlet condition

u(x, t)=uD(x, t) at x∈�Bu (52)

and a part �Bt where the traction tN(x, t) is prescribed by Neumann-type boundary conditions. See
Figure 7(a) for a visualization. Clearly, we have �Bu∩�Bt =0. The external mechanical loading
is defined by the external power functional

P(u̇) :=
∫
B
c(x, t) · u̇dV +

∫
�Bt

tN(x, t) · u̇dA, (53)

where c is a given body force field per unit volume. With regard to the fracture phase-field, we
assume Dirichlet-type condition

d(x, t)=1 at x∈�D, (54)

(a) (b)

Figure 7. Two-field problem of phase-field-type crack propagation in deformable solids. The displacement
field u and the fracture phase-field d are defined on the solid domain B, where gradients of the latter
account for the length scales l. c is a prescribed body force field. (a) The displacement field is constrained
by the Dirichlet- and Neumann-type boundary conditions u=uD on �Bu and r·n= tN on �Bt with
�B=�Bu∪�Bt and (b) the fracture phase-field is constrained by the possible Dirichlet-type boundary

condition d=1 on � and the Neumann condition ∇d ·n=0 on the full surface �B.
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where �D⊂B is a possible a-priori-given sharp crack surface. The fracture phase-field d is
considered to be driven by the displacement u of the solid. As a consequence, we consider no
prescribed external loading associated with the phase-field.

4.2. Coupled balances of the two-field problem

We derive the macro- and micro-balance equations from the standard argument of virtual power.
With the rate of energy storage functional (42), the dissipation functional (24) and the external
power functional (53) at hand, we demand

Ė(u̇, ḋ)+D(ḋ)−P(u̇)=0 (55)

for all admissible rates u̇ and ḋ of the displacement field and the phase-field, which satisfy the
homogeneous form of the Dirichlet boundary conditions, i.e.

u̇∈Wu :={u̇|u̇=0 on �Bu} and ḋ∈Wd :={ḋ|ḋ=0 on �Bd}. (56)

The balance (55) equilibrates the external and internal virtual powers for the quasi-static process,
where the latter includes energetic and dissipative parts. Insertion of the functionals and application
of the Gauss theorem gives the explicit representation

∫
B

{−[Div[�e	]+c]· u̇+[�d	+�ḋ�−Div[�∇ḋ�]] ḋ}dV

+
∫

�Bt

[�e	 ·n− tN]· u̇dA+
∫

�B f

[�∇ḋ� ·n]ḋ dA=0. (57)

Thus, we obtain for the phase-field model of fracture in elastic solids the two coupled balance
equations

Div[�e	]+c = 0

Div[�∇ḋ�]−[�d	+�ḋ�] = 0
(58)

along with the Neumann-type boundary conditions

�e	 ·n= tN on �Bt and �∇ḋ� ·n=0 on �B. (59)

(58)1 is the macroscopic equilibrium condition. (58)2 may be considered as a micro-balance that
determines the evolution of the crack phase-field.

4.3. Specific equations of two- and three-field problem

We now specify the model equations for the specific choices of the dissipation function � and the
free energy function 	 outlined in the Sections 1 and 2.
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4.3.1. Model I: Rate-independent setting with approximated indicator function. For the rate-
independent diffuse fracture model governed by the regularized dissipation function (28), the
balances (58) assume the specific form

Div[((1−d)2+k)�ε	0(∇su)] = 0
gc
l

[d−l2�d]−[2(1−d)	0(∇su)+�〈ḋ〉−] = 0
(60)

for the fully isotropic case with energy storage function (38) and

Div[((1−d)2+k)�ε	
+
0 (∇su)+�ε	

−
0 (∇su)] = 0

gc
l

[d−l2�d]−[2(1−d)	+
0 (∇su)+�〈ḋ〉−] = 0

(61)

for the anisotropic case with energy storage function (45). Observe that the regularization term
may be interpreted as artificial viscous hardening that penalizes the energy release in the non-
physical range ḋ<0. Such a formulation can be implemented in a straightforward manner by the
canonical two-field formulation, however, by paying the price of the penalty-type approximation of
the growth constraint (23)2. The parameter � is an artificial regularization parameter with no direct
physical meaning, which needs to be related in the numerical implementation to the conditioning
number of the system matrices. Such an estimate is given in (110). The characteristics of the
models in cyclic loading are depicted in Figures 8 and 10.

4.3.2. Model II: Rate-dependent setting with threshold function. For the viscous over-force model
governed by the regularized dissipation function (33), the balance equations (58) assume the
specific form

Div[((1−d)2+k)�ε	0(∇su)] = 0

gcl�d+2(1−d)	0(∇su)−� = 0

ḋ− 1

�

〈
�− gc

l
d
〉
+

= 0

(62)

for the fully isotropic case with energy storage function (38) and

Div[((1−d)2+k)�ε	
+
0 (∇su)+�ε	

−
0 (∇su)] = 0

gcl�d+2(1−d)	+
0 (∇su)−� = 0

ḋ− 1

�

〈
�− gc

l
d
〉
+

= 0

(63)

for the anisotropic case with energy storage function (45). This setting is a three-field formulation
due to the presence of the local driving force field. The characteristics of the models in cyclic
loading are depicted in Figures 9 and 10. For the case of fracture loading we may recast (63)3
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(a) (b)

(c) (d)

Figure 8. Model I: Rate-independent setting with approximated indicator function. (a) Cyclic loading and
stress–strain curves for (b) �=0.01; (c) �=0.05; and (d) �=2.0. For small penalty parameters �, the model

shows a non-physical hysteresis in unloading–reloading.

into the form

gc�d�+�ḋ=2(1−d)	+
0 �0 for ḋ>0, (64)

which proves the demands (23) for thermodynamic consistency.¶

¶ Interpretation as Ginzburg–Landau-type Phase-Field Evolution. Note that Equation (63)3 may be interpreted as a
Ginzburg–Landau-type evolution equation for the phase-field d, if � is eliminated by (63)2. See for example Gurtin
[27] for a general review and Hakim and Karma [14] for a recent application to fracture mechanics. For our model,
with the specific work function defined by

w(∇su,d,∇d)=	(∇su,d)+gc�(d,∇d) (65)

in terms of the energy density function (45) and the crack surface density function (11), we may recast (63)3 into
the Ginzburg–Landau-type structure

�ḋ=〈−�dw(∇su,d,∇d)〉+ (66)

in terms of the variational derivative defined in (22) and the kinetic parameter �. Note that the ramp function
in our above definition guarantees the thermodynamic consistency (23)2. In contrast to the model of Hakim and
Karma [14], the present formulation contains explicitly the regularized crack surface and differentiates between
energy storage and dissipation. Looking backwards, the proposed three-field representation (63) is based on a
more transparent thermodynamic derivation of (66) that also includes the dissipation of the kinetic term with
viscosity �. Furthermore, as shown below, the three-field setting is very convenient for a straightforward numerical
implementation of the coupled problem and particularly simple, because the phase-field loading condition (63)3 is
local in nature, i.e. free of gradient terms.
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(a) (b)

(c) (d)

Figure 9. Model II: Rate-dependent setting with threshold function. (a) Cyclic loading and stress–strain
curves for (b) �=1.25×10−4; (c) �=5.0×10−5; and (d) �=1×10−6. For large viscosity �, the model

shows the typical effect of viscous over-stresses.

5. INCREMENTAL VARIATIONAL PRINCIPLES OF REGULARIZED FRACTURE

5.1. Time-discrete field variables in an incremental setting

The above-coupled field equations for regularized fracture can be obtained from incremental
variational principles. To this end, we consider time-discrete solutions of the field variables at the
discrete times 0, t1, t2, . . . , tn, tn+1, . . . ,T of the process interval [0,T ]. In order to advance the
solution within a typical time step, we focus on the finite time increment [tn, tn+1], where

�n+1 := tn+1− tn>0 (67)

denotes the step length. In the subsequent treatment, all field variables at time tn are assumed to
be known. The goal then is to determine the fields at time tn+1 based on variational principles
valid for the time increment under consideration. In order to obtain a compact notation, we drop
in what follows the subscript n+1 and consider all variables without subscript to be evaluated at
time tn+1. In particular, we write

u(x) :=u(x, tn+1) and d(x) :=d(x, tn+1) (68)

for the displacement and fracture phase-field at the current time tn+1 and

un(x) :=u(x, tn) and dn(x) :=d(x, tn) (69)
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(a) (b)

(c) (d)

Figure 10. Model I: Rate-independent setting with approximated indicator function. Model Ia: damage
evolution in compression and tension with (a) cyclic loading in positive and negative ranges and (b)
stress–strain curve for �=2.0. Model Ib: damage evolution in tension only with (c) cyclic loading in

positive and negative ranges and (d) stress–strain curve for �=2.0.

for the fields at time tn . As a consequence, the rates of the displacement and the fracture phase-field
are considered to be constant in the time increment (67) under consideration and defined by

u̇ :=(u−un)/� and ḋ :=(d−dn)/�. (70)

Note that, due to the given fields at time tn , the above rates associated with the time increment
(67) are linear functions of the variables (68) at the current time tn+1. Furthermore, we use in the
subsequent variational setting the dissipative driving force field

�(x) :=�(x, tn+1) (71)

evaluated at the current time tn+1 as a variable in addition to the fields (68).

5.2. Incremental work, energy and dissipation functionals

The construction of incremental variational principles, which determine the current field variables
(68) and (71), depends critically on the definitions of the external and internal incremental work
done in a typical time step. In this context, we balance the prescribed external incremental work
with the internal incremental work. The latter splits into an incremental energy storage and an
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incremental dissipation. Associated with the time interval (67), we define the increment of work
due to the external actions on the multi-field problem by

P� :=
∫ tn+1

tn
P dt, (72)

where P is the external power functional defined in (53). Taking into account the above definitions
(70) of the rates, we consider the incremental work as a functional of the field variables (68) at
the current time tn+1, defined by the algorithmic expression

P�(u)=
∫
B
c·(u−un)dV +

∫
�Bt

tN ·(u−un)dA. (73)

The functional has been obtained by time integration of the power functional (53). Here, c :=
c(x, tn+1) and tN := tN(x, tn+1) are the prescribed body force fields and tractions evaluated at the
current time tn+1. Furthermore, we define the increment of energy stored in the solid associated
with the time interval (67) by

E� :=
∫ tn+1

tn
	̇dt=E(tn+1)−E(tn), (74)

where E is the energy functional defined in (37). Taking into account the objective constitutive
assumption (38) and (45), we consider the incremental energy as a functional of the field variables
(68) at the current time tn+1

E�(u,d)=
∫
B

{	(∇su,d; x)−	(∇sun,dn; x)}dV (75)

governed by the free energy function 	. Finally, we introduce an expression for the incremental
dissipation in the solid associated with the time interval (67)

D� :=
∫ tn+1

tn
D dt, (76)

where D is the dissipation functional defined in (24). For the dissipation function �� of the rate-
independent model defined in (28), we consider the incremental dissipation as a functional of the
crack phase-field (68)2 at the current time tn+1 defined by the algorithmic expression

D�
� (d)=gc[�l(d)−�l(dn)]+ �

2�

∫
B

〈d−dn〉2− dV . (77)

Note that the dissipated work in the time increment is proportional to the increment of the fracture
surface governed by the crack surface functional �l defined in (8) and (10). The penalty term
ensures for �→∞ the local growth of the crack phase-field. With the crack surface density function
� defined in (11), we write the incremental dissipation functional

D�
� (d)=

∫
B

{
gc[�(d,∇d)−�(dn,∇dn)]+ �

2�
〈d−dn〉2−

}
dV (78)

with the explicit representation

D�
� (d)=

∫
B

{
gc
2l

[d2−d2n ]+
gcl

2
[|∇d|2−|∇dn|2]+ �

2�
〈d−dn〉2−

}
dV . (79)
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For the dissipation function �� of the rate-dependent model defined in (33), we use the incremental
dissipation functional

D�
�(d,�)=

∫
B

{�[d−dn]− �

2�

〈
�− gc

l
dn

〉2
+

+ gcl

2
[|∇d|2−|∇dn|2]}dV (80)

that additionally contains the dissipative force field � evaluated at the current time tn+1 as defined
in (71). Recall that we obtain for the limit �→0 of the viscosity parameter the rate-independent
setting.

5.3. Incremental variational principles of regularized fracture

5.3.1. A two-field variational principle for model I. A canonical incremental minimization prin-
ciple of phase-field-type regularized fracture in elastic solids is based on the functional

��
�(u,d)︸ ︷︷ ︸
potential

:=E�(u,d)︸ ︷︷ ︸
energy

+ D�
� (d)︸ ︷︷ ︸

dissipation

− P�(u)︸ ︷︷ ︸
work

(81)

formulated in terms of the incremental energy, dissipation and work functionals defined in (75),
(77) and (73), respectively. In order to obtain a compact notation of the two-field variational
principle, we assemble in what follows the displacement and the fracture phase-field (68) at the
discrete time tn+1 in a generalized displacement vector

u(x) :=[u(x),d(x)]T∈R�+1. (82)

Furthermore, we define the objective constitutive state vector at the discrete time tn+1

c(u) :=[∇su(x),d(x),∇d(x)]T∈R�(�+1)/2+1+�, (83)

which contains the strains, the fracture phase-field and its gradient. With this compact notation at
hand, we may write the variational functional (81)

��
ε(u)=

∫
B

{��
ε(c(u),c(un))−g·(u−un)}dV −

∫
�Bt

tN ·(u−un)dA, (84)

where we have introduced generalized volume force and traction vectors g :=[c,0]T∈R�+1 and
tN :=[tN,0]T∈R�+1 of the coupled problem at the discrete time tn+1. We call ��

ε the incremental
internal work density. It has the representation

��
ε =	(∇su,d)−	n+ gc

2l
[d2+l2|∇d|2]−gc�n+ �

2�
〈d−dn〉2−. (85)

Then, a finite-step-sized incremental minimization principle

{u,d}=Arg

{
inf
u

inf
d

��
�(u,d)

}
(86)

determines the displacement u and the fracture phase-field d at the current time tn+1 as theminimum
of the incremental functional ��

� . The variation of the minimum principle gives the necessary
condition

���
� =

∫
B

{[�c(u)�
�
ε]·c(�u)−g·�u}dV −

∫
�Bt

tN ·�udA=0. (87)
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Here, �u :=[�u,�d]T with �u∈Wu and �d∈Wd contains admissible variations of the displace-
ment and the fracture phase-field at the current time according to (56). A re-formulation of (87)
identifies by application of the Gauss theorem the field equations (60) or (61) and the Neumann-
type boundary conditions (59), evaluated at the discrete time tn+1, as the Euler equations of the
incremental variational principle (86).

5.3.2. A three-field variational principle for model II. An extended incremental variational prin-
ciple of phase-field-type regularized fracture in elastic solids is formulated in terms of the functional

��
�(u,d,�)︸ ︷︷ ︸
potential

:=E�(u,d)︸ ︷︷ ︸
energy

+D�
�(d,�)︸ ︷︷ ︸

dissipation

− P�(u)︸ ︷︷ ︸
work

, (88)

where we have used the penalty-type incremental dissipation functional (80). In order to obtain
a compact notation of the three-field variational principle, we define the extended generalized
displacement vector

u(x) :=[u(x),d(x),�(x)]T∈R�+2 (89)

and the extended constitutive state vector

c(u) :=[∇su(x),d(x),∇d(x),�(x)]T∈R�(�+1)/2+2+� (90)

at the discrete time tn+1. We then write the variational functional (88)

��
�(u)=

∫
B

{��
�(c(u),c(un))−g·(u−un)}dV −

∫
�Bt

tN ·(u−un)dA (91)

in terms of the generalized volume force and traction vectors g :=[c,0,0]T∈R�+2 and tN :=
[tN,0,0]T∈R�+2 at discrete time tn+1. We define the incremental internal work density of the
three-field problem by

��
� =	(∇su,d)−	n + �[d−dn]− �

2�

〈
�− gc

l
dn

〉2
+

+ gcl

2
[|∇d|2−|∇dn|2]. (92)

Then, the finite-step-sized incremental minimization principle

{u,d,�}=Arg

{
inf
u

inf
d
sup
�

��
�(u,d,�)

}
(93)

determines the current displacement u, the fracture phase-field d and its dissipative dual � at the
current time tn+1 as a saddle point of the incremental functional ��

�. The necessary condition of
the above principle reads

���
� =

∫
B

{[�c(u)�
�
�]·c(�u)−g·�u}dV −

∫
�Bt

tN ·�udA=0. (94)

Here, �u :=[�u,�d,��]T with �u∈Wu and �d∈Wd contains admissible variations of the displace-
ment, the fracture phase-field and the dissipative force at the current time according to (56).
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The reformulation based on the Gauss theorem identifies the field equations (62) and (63) and
Neumann-type boundary conditions (59) at discrete time tn+1 as the Euler equations of the incre-
mental variational principle (93).

5.4. FE-discretization of incremental variational principles

5.4.1. Discrete two-field variational principle for model I. We now consider the spatial discretiza-
tion of the coupled problem by a finite element method. Let Th denote a finite element triangulation
of the solid domain B. The index h indicates a typical mesh size based on Eh finite element
domains Bh

e ∈Th and Nh global nodal points. Associated with the triangulation Th , we write the
finite element interpolations of the above-introduced generalized displacement vector (82) and the
constitutive state vector (83) of the two-field formulation in the compact form

uh(x)=N(x)d and ch(d)= B(x)d (95)

in terms of the generalized nodal displacement vector d∈R(�+1)Nh
, which contains the displace-

ments and the fracture phase-field at a typical nodal point of the finite element mesh. N and B
are symbolic representations of the global matrices of shape functions for the coupled problem.
Clearly, these global arrays are never formulated explicitly, but represent symbolically the interpo-
lations on all finite element domainsBh

e ∈Th . In the subsequent numerical model problems, we use
identical C0-compatible interpolations for the displacement and the fracture phase-field. Note that
the global displacement vector d=AEh

e=1d
e is formed from the generalized element displacement

vectors de by a standard finite element assembling procedure.‖
The shape matrices N(x) and B(x) introduced above govern the algebraic expressions of the

incremental work, energy and dissipation functionals. With the discretization of the generalized
displacement and the constitutive state fields (95), we write the spatial discretization of the incre-
mental two-field functional (97)

�h
ε (d)=

∫
B

{��
ε(Bd, Bdn)dV −g·N(d−dn)}dV −

∫
�Bt

tN ·N(d−dn)dA. (97)

Then, the finite-step-sized discrete minimization principle

{d}=Arg

{
inf
d

�h
ε (d)

}
(98)

‖Shapes for Two-field Setting. For two-dimensional plane strain problems �=2, the generalized displacement and the
constitutive state vectors read u=[u1,u2,d] and c=[u1,1,u2,2,u1,2+u2,1,d,d,1,d,2], respectively. Then, associated
with node I of a standard finite element e, the finite element interpolation matrices have the form

Ne
I =

⎡
⎢⎣
N 0 0

0 N 0

0 0 M

⎤
⎥⎦

I

and Be
I =

⎡
⎢⎣
N,1 0 N,2 0 0 0

0 N,2 N,1 0 0 0

0 0 0 M M,1 M,1

⎤
⎥⎦
T

I

(96)

in terms of the shape function NI , MI at node I and their derivatives. In the subsequent examples, we use identical
interpolations of the displacement and the fracture phase-field by setting MI =NI .
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determines the generalized nodal displacement d of the finite element mesh at the current time
tn+1. The necessary condition of the discrete variational problem (98) reads

�h
ε,d =

∫
B

{BT[�ch(d)�
�
ε]−NTg}dV −

∫
�Bt

NTtN dA=0 (99)

and provides a nonlinear algebraic system for the determination of the generalized nodal displace-
ments d. In a standard Newton-type iteration of the nonlinear algebraic system (99), we update
the generalized displacements by the algorithm

d⇐d−[�h
ε,dd ]−1[�h

ε,d ] (100)

in terms of the monolithic tangent matrix of the coupled problem

�h
ε,dd =

∫
B
BT[�2ch(d)ch(d)

��
ε]B dV . (101)

Observe that the symmetry of the tangent matrix is directly related to the variational structure
of the phase-field model of fracture under consideration. The iterative update (100) is performed
until convergence is achieved in the sense |�h

ε,d |<tol. Observe that the finite element residual and
tangent are governed by the generalized stress and tangent arrays

Sε :=�c��
ε(c

h,chn; x) and Cε :=�2cc��
ε(c

h,chn; x) (102)

as the first and second derivatives of the incremental internal work density ��
ε defined in (85) by the

discretized constitutive state vector ch at current time tn+1. These arrays are a critical ingredient
of the proposed variational formulation and make the notation extremely compact.∗∗

5.4.2. Discrete three-field variational principle for model II. Associated with the triangulation
Th , we write the finite element interpolations of the above-introduced generalized displacement
vector (89) and the constitutive state vector (90) of the three-field formulation in the compact form

uh(x)=N(x)d and ch(d)= B(x)d (103)

in a notation identical to the two-field setting (95); however, in terms of an extended generalized

nodal displacement vector d∈R(�+2)Nh
. It contains the displacements, the fracture phase-field and

additionally the dissipative force at a typical nodal point of the finite element mesh. N and B are

∗∗Staggered Solution of Two-field Setting. The rate-independent two-field formulation models in many practical
applications very brutal evolutions of the fracture phase-field, which cause difficulties in the monolithic Newton-type
solution (100). A stabilization is provided by solving the coupled problem (99) via a Jacobi-type iteration that
staggers between the displacement and the phase-field.
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symbolic representations of global matrices of shape functions for the three-field problem.†† We
write the spatial discretization of the incremental two-field functional (105)

�h
�(d)=

∫
B

{��
�(Bd, Bdn)dV −g·N(d−dn)}dV −

∫
�Bt

tN ·N(d−dn)dA. (105)

Then, the finite-step-sized discrete minimization principle

{d}=Arg

{
stat
d

�h
�(d)

}
(106)

determines the generalized nodal displacement d of the finite element mesh at the current time
tn+1. The necessary condition of the discrete variational problem (106) reads

�h
�,d =

∫
B

{BT[�ch(d)�
�
�]−NTg}dV −

∫
�Bt

NTtN dA=0 (107)

and provides a nonlinear algebraic system for the determination of the generalized nodal displace-
ments d. The solution of this nonlinear algebraic system by a Newton-type solver is in full analogy
to (100) based on the symmetric tangent matrix

�h
�,dd =

∫
B
BT[�2ch(d)ch(d)

��
�]B dV (108)

of the coupled three-field problem. The finite element residual and tangent are governed by the
extended generalized stress and tangent arrays

S� :=�c��
�(c

h,chn; x) and C� :=�2cc��
�(c

h,chn; x), (109)

i.e. the first and second derivatives of the incremental internal work density ��
� defined in (92) by

the discretized extended constitutive state vector ch at current time tn+1.

6. REPRESENTATIVE NUMERICAL EXAMPLES

We demonstrate the performance of the proposed regularized brittle fracture models by means of
some representative numerical studies.

††Shapes for Three-field Setting. For two-dimensional plane strain problems �=2, the extended generalized displace-
ment and the constitutive state vectors read u=[u1,u2,d,�] and c=[u1,1,u2,2,u1,2+u2,1,d,d,1,d,2,�]. Associated
with node I of a standard finite element e, the finite element interpolation matrices have the form

Ne
I =

⎡
⎢⎢⎢⎢⎣
N 0 0 0

0 N 0 0

0 0 M 0

0 0 0 G

⎤
⎥⎥⎥⎥⎦

I

and Be
I =

⎡
⎢⎢⎢⎢⎣
N,1 0 N,2 0 0 0 0

0 N,2 N,1 0 0 0 0

0 0 0 M M,1 M,1 0

0 0 0 0 0 0 G

⎤
⎥⎥⎥⎥⎦

T

I

(104)

in terms of the shape function NI , MI , GI at note I and their derivatives. In the subsequent examples, we use
identical interpolations of the displacement, the fracture phase-field and the dissipative force by setting GI =MI =NI .

Copyright q 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2010; 83:1273–1311
DOI: 10.1002/nme



PHASE-FIELD MODELS OF FRACTURE 1299

Figure 11. Single-edge-notched tension test. Boundary conditions and geometry,
discretized with three-noded triangular elements.

6.1. Single-edge-notched tension test

We first investigate a squared plate with a horizontal notch placed at middle height from the
left outer surface to the center of the specimen. The geometric setup is depicted in Figure 11.
In order to capture the crack pattern properly, the mesh is refined in areas where the crack is
expected to propagate, i.e. in the center strip of the specimen. For a discretization with 20 000
elements an effective element size of h≈1.0×10−3mm, for a discretization with 30 000 elements
an effective element size of h≈0.6×10−3mm in the critical zone is obtained. The elastic constants
are chosen as �=121.1538kN/mm2 and 
=80.7692kN/mm2, the critical energy release rate as
gc=2.7×10−3 kN/mm. The computation is performed in a monotonic displacement-driven context
with constant displacement increments �u=1×10−5mm. In order to point out the effects that
arise due to the length-scale parameter l and the viscosity �, different simulations with both models
(61) and (63) are performed. For fixed length-scale parameters l1=0.0375mm and l2=0.0075mm,
the influence of the viscosity is analyzed. The obtained load-deflection curves are depicted in
Figure 12. We observe for vanishing viscosity �→0 the rate-independent limit, which is given by
the two-field model (61). Comparing (85) and (92), we relate in the subsequent simulations the
regularization parameters � and � by

�≈ �2

�
⇔�≈ �2

�
. (110)

The resulting crack patterns at different stages of the deformation are illustrated in Figure 13.
As expected, the sharpest crack pattern is obtained for the smallest length-scale parameter l2=
0.0075mm. The subsequent study analyzes the influence of the discretization on the global response.
For a discretization with 20 000 elements, an approximate effective element size in the critical zone
of h≈1.0×10−3mm is obtained. In order to check objectivity, the same simulation as discussed
in Figure 12(b) is repeated with a finer discretization of 30 000 elements, leading to an effective
element size of h≈0.6×10−3mm. The comparison of both structural responses in Figure 14 leads
to the conclusion that results are mesh-independent.
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(a) (b)

Figure 12. Single-edge-notched tension test. Load-deflection curves for a length scale: (a) l1=0.0375mm
and (b) l2=0.0075mm obtained for different viscosities � of model (63). Results are compared with the

rate-independent limit case given by the two-field formulation (61) for �=10.0kNs/mm2.

6.2. Pure shear test of notched specimen

We now apply the formulation of regularized fracture to a shear test of a rectangular notched
specimen. This example has previously been studied by Bourdin et al. [8]. The boundary value
problem depicted in Figure 15 is discretized by 30 000 triangular elements. A pure shear deforma-
tion is applied where the displacement load direction u has the angle =0◦ toward the horizontal
plane. In the above-mentioned reference, this system was analyzed for different angles , where
for 0◦��7◦ crack branching was observed. Throughout the analysis, the Lame constants are
chosen as �=121.1538kN/mm2 and 
=80.7692kN/mm2, the critical energy release rate as gc=
2.7×10−3 kN/mm, the length scale as l=0.01mm and the viscosity as �=2.5×10−5 kNs/mm2.
The specimen is subject to a displacement-driven deformation by prescribed incremental displace-
ments �u=1×10−4mm in the first 100 iterations. The subsequent deformation demands an
adjustment of the displacement increments to �u=1×10−6mm up to the final deformation. For
a small amount of the viscosity in model (63), this behavior is characterized by a brutal crack
growth. In Figure 16, the crack evolution at different stages of the deformation is displayed for
the models (62) and (63), respectively. Following Bourdin et al. [8], crack branching for an angle
0◦��7◦ can be observed. This case is depicted in Figures 16(a), (b), (c), (d). The branching is
directly related to the specific choice of the free energy, which allows for cracking in compression.
As discussed in the previous section this drawback can be overcome by model (63), where only
tensile energies are regarded as crack driving quantities. The corresponding crack approximations
are depicted in Figures 16(e), (f), (g), (h). The associated load-deflection curves are shown in
Figure 17, where the model restricted to tensile cracks of course shows a stiffer response in the
post-critical range. Clearly, the improved model (63) represents the physically realistic approach.
In the subsequent treatment, we analyze with this model more complex boundary value problems.

6.3. Symmetric three point bending test

This benchmark represents a three point bending test of a simply supported notched beam. The
geometric setup as well as the loading are illustrated in Figure 18. The discretization is refined in
the expected crack propagation zone, yielding a discretization with 20 000 elements and an effec-
tive element size of h≈0.8×10−3mm. The elastic parameters are chosen as �=12.00kN/mm2
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Figure 13. Single-edge-notched tension test. Crack pattern of the three-field formulation (63) at a
displacement of (a) u=5.5×10−3mm; (b) u=5.9×10−3mm; (c) u=6.3×10−3mm for a length
scale of l1=0.0375mm; (d) u=5.5×10−3mm; (e) u=5.9×10−3mm; and (f) u=6.3×10−3mm

for a length scale of l2=0.0075mm.

and 
=8.0kN/mm2, the critical energy release rate as gc=5.0×10−4 kN/mm. The computation
is performed in a monotonic displacement-driven context with constant displacement increments
�u=1×10−3mm in the first 40 steps. The subsequent simulation then demands an adjustment of
the displacement increment to �u=1×10−5mm. Figure 19 compares the global response of the
system with the results obtained from a model based on configurational-force-driven crack prop-
agation introduced by Guerses and Miehe [20], for a simulation with 10 360 elements. Figure 19
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Figure 14. Single-edge-notched tension test. Objective load-deflection curves for simulations with 20 000
and 30 000 elements carried out with the same viscosity �=4×10−6 kNs/mm2.

Figure 15. Pure shear test. Boundary value problem and discretization.

compares for the length-scale parameter l=0.03mm the solutions obtained by the rate-independent
two-field formulation (61) involving the parameter � and the extended viscous three-field formu-
lation (63) involving the viscosity �. Clearly, the load-deflection curves of the three-field formu-
lation depend on the viscosity parameter �. It can be observed that for the small viscosity �=
1×10−6 kNs/mm2, the results of the three-field formulation almost coincide with those of the
two-field formulation. In this range, � plays the role of a numerical stabilization parameter with
almost no visible physical effect. In the post-critical range, the results of the phase-field model
differ from those of the sharp crack model due to the remaining artificial rest energy k	+

0 . The
resulting contour plots of the two-field formulation (61) with �=10kNs/mm2 and the extended
three-field formulation (63) with �=1×10−6 kNs/mm2 with the length scale l=0.03mm are
shown in Figure 20. Blue and red colors correspond to the undamaged and the fully cracked
material, respectively.

6.4. Asymmetric notched three point bending test

Aim of this benchmark is the investigation of curved crack patterns. The asymmetric three point
bending test was analyzed experimentally and numerically in Bittencourt et al. [28]. It concerns an
asymmetrically-notched beam with three holes. The setup of the problem is shown in Figure 21.
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Figure 16. Pure shear test. Crack patterns of the three-field formulation with model II version (62) are
depicted on the left-hand side at the deformation state: (a) u=9.0×10−3mm; (b) u=11.0×10−3mm;
(c) u=15.0×10−3mm; (d) u=17.0×10−3mm. Results obtained with model II version (63) are given
on the right-hand side at the deformation state: (e) u=9.0×10−3mm; (f) u=11.0×10−3mm; (g)

u=15.0×10−3mm; and (h) u=17.0×10−3mm.

The material parameters are the elastic constants �=12.00kN/mm2, 
=8.0kN/mm2 and the
critical energy release rate gc=1×10−3 kN/mm. A first aspect of the investigation is to point
out the influence of the mesh density as well as the regularization parameter l on the results.
Figure 22 shows the crack trajectories for different discretizations. According to (19), the length
scale parameter l is always chosen to be twice the element size. The viscosity parameter is set to
�=2.5×10−5 kNs/mm2. For a coarse mesh we observe a crack initiation at the first hole. This crack
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(a) (b)

Figure 17. Pure shear test. Load-deflection curves for model II: (a) version (62) and (b) version (63).

Figure 18. Symmetric three-point bending test. Boundary value problem.

Figure 19. Symmetric three-point bending test. Load-deflection curves of two-field formulation (61) and
extended three-field formulation (63) for a length scale l=0.03mm obtained for different viscosities �.
Both formulations are compared with the material force-based algorithm, see Miehe and Gürses [20].

path does not agree with the experimental observation. With increasing mesh density, the crack
initiation at the first hole disappears and one obtains the accurate crack path. This demonstrates the
dramatic influence of the finite element mesh on the results. Observe that an extremely fine mesh is
needed to resolve the right crack pattern. Figure 23 compares the simulation with the experimental
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Figure 20. Symmetric three-point bending test. Results of the two-field model (61) are depicted
on the left-hand side at the deformation state: (a) u=4.0×10−2mm; (b) u=4.2×10−2mm; (c)
u=5.0×10−2mm; and (d) u=7.1×10−2mm. Results of the time-regularized three-field formulation (63)
are shown on the right-hand side at the deformation state: (e) u=4.0×10−2mm; (f) u=4.2×10−2mm;

(g) u=5.0×10−2mm; and (h) u=7.1×10−2mm.

crack trajectories obtained by Bittencourt et al. [28]. Figures 23(a)–(c)) are based on the three-field
regularized fracture model (63), Figure 23(d) is a result of the configurational force model obtained
in Miehe and Guerses [20] and finally, Figure 23(e) is the experimental result of Bittencourt
et al. [28]. The first two pictures illustrate the contour plots of a mesh with 58 000 elements.
While the first crack path is computed with the viscosity �=2.5×10−5 kNs/mm2, the value �=
0.1×10−5 kNs/mm2 was used for the second one. In the first picture, one observes a slight crack
initiation at the first hole. In order to obtain the accurate crack path with �=2.5×10−5 kNs/mm2,
a higher mesh density was needed, see 23(c)). Again, this shows the strong influence of both the
mesh density as well as the viscosity on the results. A comparison of the results 23(b)–(e) shows
that both models capture the curved crack pattern very well. The configurational force model with
the adaptive reorientation of the segments at the crack tip yields crack trajectories for quite rough
meshes. However, such a formulation is of limited applicability, because it cannot be applied to
the modeling of crack initiation in perfect solids and does not allow for crack branching. These
problems are overcome by the regularized crack modeling. However, note that the sharp limit case
is recovered only for very small length-scale parameters l. Thus, we need an extremely fine mesh
resolution in order to obtain the accurate crack path. Figure 24 shows the evolution of the contour
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Figure 21. Asymmetric notched three-point bending test. Geometry, loading and boundary conditions from
Bittencourt et al. [28]. The three holes have a diameter of 0.5.

Figure 22. Asymmetric notched three-point bending test. Crack topology of the viscous three-field formu-
lation (63) for different discretizations and corresponding length-scale parameters: (a) 20000 elements
with l=0.15mm; (b) 25 000 elements with l=0.05mm; (c) 35 000 elements with l=0.035mm; (d) 58 000

elements with l=0.025mm; and (e) 79 000 elements with l=0.01mm.

plots of the mesh with 79 000 elements. Again, blue and red colors correspond to the undamaged
and the fully damaged, i.e. the cracked material, respectively.

6.5. Three-dimensional mode-I tension test

We now investigate the mode-I fracture problem of a three-dimensional tension test. The geometric
setup of the problem and the boundary conditions are given in Figure 25(a). The same boundary
value problem has been studied numerically by Miehe and Güerses [20]. We discretize a notched
prismatic specimen with an unstructured mesh consisting of 60 675 linear tetrahedral elements. The
mesh is refined in an area where the crack is expected to propagate in order to approximate the sharp
limit case l→0. We apply the regularization parameter of l=0.2mm, which is approximatively
twice times the element size to resolve the crack zone properly. The material parameters chosen are
the bulk modulus �=12kN/mm2, the shear modulus 
=8kN/mm2 and the critical energy release
rate gc=5×10−4 kN/mm. The boundary value problem is treated with the more robust three-field
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(a) (b) (c) (d) (f)

Figure 23. Asymmetric notched three-point bending test. Crack topology of the viscous three-field
formulation (63) for (a) 58000 elements and �=2.5×10−5 kNs/mm2; (b) 58 000 elements and
�=1.0×10−6 kNs/mm2; (c) 79 000 elements and �=2.5×10−5 kNs/mm2; (d) crack trajectories obtained

by Miehe and Güerses [20]; and (e) experimental crack patterns by Bittencourt et al. [28].

Figure 24. Asymmetric notched three-point bending test. Crack topology (a)–d) for a mesh with 79 000
elements and a length-scale parameter l=0.01mm.

formulation (63). The viscosity parameter is set to �=5×10−5 kN/mm2. Figure 25(b) visualizes
the crack in its final position in the undeformed configuration. Here, the crack is characterized
by the iso-surface of the damage field for the fully damaged state d(x)=1. Figures 26(a)–(d))
depict the evolution of the phase-field at different stages of the deformation. As expected, the
crack starts at the notch tip and propagates straight through the specimen. Figure 25(c) shows
the final crack topology obtained by the configurational-force-driven sharp crack model. Here,
crack propagation is based on the adaptive reorientation of critical segments and subsequent node
doubling, see Güerses and Miehe [19]. In this scenario, the specimen is discretized with only 3738
linear tetrahedra. The crack shows some roughness but is almost planar. The final crack surfaces
of both models are in very good agreement. The main drawback of the phase-field model lies
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(a)

(b) (c)

Figure 25. Three-dimensional mode-I tension test. (a) Geometry, loading and boundary condition; (b)
final crack surface obtained by the regularized brittle fracture model (63), i.e. the isosurface of the
damage field d(x) for the fully damaged state d=1.0; and (c) final crack surface obtained by the

configurational-force-driven brittle fracture model discussed in Miehe and Güerses [20].

Figure 26. Three-dimensional mode-I tension test. Evolution of the crack topology, i.e. the
iso-surface of the damage field for d(x)=1.0 at a deformation of (a) 3.52×10−1mm; (b)
3.77×10−1mm; (c) 4.02×10−1mm; and (d) 4.11×10−1mm. Localization starts at the tip of the

crack and progresses straight through the material.

in the usage of an enormous number of elements that are needed to approximate the sharp limit
case. In the three-dimensional setting, the number of elements grows dramatically. However, as
already pointed out above, the configurational-force-driven model is of limited applicability due
to its problems with crack initiation and branching.
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Figure 27. Boundary value problem of a tension test of a rigid spherical inclusion in a unit cube.

6.6. Tension test of cube with spherical inclusion

In this final example, we analyze the performance of the three-dimensional regularized fracture
model with respect to crack initiation. To this end, we consider a cube with spherical inclusion
subject to tensile loading. As depicted in Figure 27, the sphere is considered as rigid and has
a diameter of 2.0. The cube has an edge length of 4.0. Note that the specimen is free of local
defects. It is discretized by 258 032 four-noded tetrahedral elements. The mesh is refined in areas
where the crack is expected to evolve. Exploiting the symmetry of the problem, only one quarter
of the cube is discretized. The computation is performed in a displacement-controlled context
with a residual-based auto time stepping method. Here, the displacement increment is in the
range of 1×10−3mm to 0.4×10−3mm. The material parameters are identical with those used in
the previous example. The regularization parameter is chosen to be l=0.1mm. The problem is
solved for the robust viscous three-field formulation (63). The viscosity parameter � has a value
of 5×10−5 kNs/mm2. Figure 28 depicts the evolution of the crack topology at different stages of
the deformation. When a critical deformation state is reached, localization suddenly starts at the
top surface of the sphere. For the subsequent deformation, the crack evolves horizontally until the
outer surface is reached. The example shows that crack initiation in a body free of local defects
can be achieved by the regularized fracture model under consideration. However, the price to pay
is the enormous number of elements needed for a good approximation of the sharp limit case.
Thus, further research on adaptive mesh refinement procedures is an important ingredient for the
improvement of the proposed computational models.

7. CONCLUSION

We have outlined a thermodynamically consistent framework for phase-field models of crack prop-
agation in elastic solids, developed incremental variational principles and considered its numerical
implementation by multi-field finite element methods. To this end, we first derived a regularized
crack surface functional that converges for vanishing spatial length-scale parameter to a sharp
crack topology functional. This functional provided the basis for the definition of convex dissipa-
tion functions, which govern the evolution of the crack phase-field. Here, we proposed alternative
rate-independent and rate-dependent models that ensure the local growth of the phase field. We
then defined an energy storage function whose positive tensile part degrades with increasing
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Figure 28. Tension test of a cube with a spherical inclusion. Evolution of the crack topology,
i.e. iso-surface of the damage field d(x)=1.0 at a deformation of (a) 1.0×10−2mm; (b)
1.82×10−2mm; (c) 2.22×10−2mm; and (d) 3.01×10−2mm. Localization starts at the top

surface of the sphere and evolves horizontally.

phase-field. With these constitutive functionals at hand, we derived the coupled balances of quasi-
static stress equilibrium and gradient-type phase-field evolution in the solid from the argument
of virtual power. Here, we considered a canonical two-field setting for rate-independent response
and a three-field formulation for a time-regularized over-force response. The latter formulation
was shown to be consistent with a specific Ginzburg–Landau-type phase-field evolution. It was
then shown that the coupled balances follow as the Euler equations of incremental variational
principles that govern the multi-field problems. These principles provide a compact basis for the
finite element implementation. The time-regularized three-field formulation is very convenient for
a straightforward finite element implementation due to the local character of the inherent fracture
loading condition. Furthermore, the viscous stabilization effect provides a robust computational
setting suitable for straightforward monolithic Newton-type solvers of the coupled problem. We
have demonstrated the performance of the proposed phase-field formulations of fracture by means
of representative numerical examples. A key problem of the phase-field formulations is the mesh
density required for the resolution of the diffusive crack patterns. In follow up work, we plan to
embed the computational framework into an adaptive mesh refinement strategy that resolves the
fracture process zones.
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