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The sawtooth map has the following form

xn+1 = {xn + yn}, yn+1 = {yn + axn+1 + b}
where {. . . } denotes the fractional part. If a /∈ (−4, 0) the sawtooth map has
strong statistical properties. Namely it is ergodic (that is, it has no non-trivial
invariant sets), mixing (that is, if φ, ψ ∈ L2 then the correlation function ρφ,ψ(n) =∫
φ(p0)ψ(p0)dp0 tends to 0), exponentially mixing (that is, ρφ,ψ(n) decays expo-

nentially if φ and ψ are Holder), and satisfies the Central Limit Theorem (that

is,
∑n−1

j=0 [ψ(pj)−
∫
ψ(p)dp]

√
n

is asymptotically Gaussian for Holder ψ). Despite the sim-

ple form of the map, the proof of those results require some deep methods from
smooth ergodic theory (Hopf chains, Growth Lemma for stable and unstable man-
ifolds, coupling algorithm etc). We will use this map to illustrate some key ideas
from hyperbolic dynamics.

If the time permits we will describe an application to piecewise linear Fermi-Ulam
pingpong.

Course outline.

• Dynamics for integer a. – Hopf argument – Existence of stable and unstable
manifolds.

• Growth Lemma and local bounds on the sizes of invariant manifolds. –
Hopf chains and ergodicity of sawtooth map.

• The square of the sawtooth map and weak mixing. – Couling algorithm
and mixing. – Central Limit Theorem.

Our presentation will follow [1, 3, 4].
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