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Embedding spaces

Definition: For compact manifolds M and N
let Emb(M, N) be the set of embeddings of M
in N. Let K, ; = Emb(R7,R"™) be the set of
embeddings of R7 in R™ which agrees with the
inclusion # — (z,0) outside of IV = [—1,1).

Example: The C9-uniform topology is the wrong
topology on embedding spaces. Consider F' :
[0,1] x ), j — Ky, ; Where
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The ‘right’ topology on K, ;

Definition: The C*-metric on K, ; is given by
dk(f7 g) — Max..-Rrj {\/Zf:O|DZf(;p) - ng(:v)|2}

The topology on ICW- is defined to be the one
generated by all the Ck-metrics k € {0,1,2,---}.

The topology on Emb(M, N) is defined analo-
gously, via charts.



Example of relevance

Proposition: Elements of m;K,, 1 produce ‘spun’
embeddings of SiT1l's in RiT™,

Theorem: (B '07) Spinning produces an iso-
morphism

Z ~ 7T2/C4’1 — onmb(S3,R6) ~ 7



Embedding and the cubes operad

Theorem: (B '07) The connect-sum oper-
ation K31 X K31 — K31 extends to an action
of the operad of 2-cubes on IC3,1. Moreover,
K31 is free with respect to this action,

K31~ Co(PU{x})

Here P C K3 1 is subspace consisting of knots
that are prime.

Corollary:
QBK3 1~ Q?S2(PU{*})
~ Q% \/ (S?VZ?K31(f))

[flemoP

Theorem: (B, Cohen '09) H.«(K31,Q) is a
free Poisson algebra.



Little cubes operad

A (single) little n-cube is an embedding L :
I — I" such that L =11 x --- X I, where [; .
I — I has the form [;(t) = a;t + b; with a; > 0.
I=[-1,1].

A j-tuple (L1, Lo,---,L;) is 'j little n-cubes’ if
1) L, is a little n-cube for all 1 <17 <.

2) The interior of the images of L, and L, are
disjoint provided 1 # k.

The space of j little n-cubes is denoted Cn(4).

n = {Cn(0),Cn(1),Cn(2),---} is the operad of
little n-cubes, the operad structure being given
by the composition maps

Cn(3)% (Cnk1) x -+ x Ca(k;)) = Calkr+- - +k;j)



Composition of little cubes

Cn(3) % (Ca(k1) x -+ x Ca(k;)) — Cn(k1+--+k;))

Example:
1 2
2 2 1 4
1 1 3 2 3
(2] [
L5] L[6]

C2(2) x (C2(3) x C2(4)) — C2(7)



2> -operad action on a space X

kit Cn(i) x X' = X i€{1,2,3,---}

Satisfying:
1) Identity. k1 (Idyn,x) =z for all z € X.

2) Symmetry. k;(L.o,0.x) = k;(L,x) for all L €
Cn(j), x € X7 and o € I,,.

3) Associativity. Let Y; = Cn(k;) x XF%i then

Cn(j) X Y1 X - XY Cn(j) x X7

l |

Cn(ky + -+ k) x XFtTk X

commutes.




The point of the cubes operad

Observation: Let
QM(X, *) = Maps((I",0I"), (X, x))
then Q" (X, x) admits an action of Cj,.

Observation: If a space X admits an action
of Cp, then mpX is a monoid.

Theorem: (Boardman-Vogt '68, May '74) If
X admits an action of C, making mpX into a
group, then X ~ Q" X’ for some space X'.



Cubes operad and knot spaces

A Cx-action on K3 ;1 which extends the connect-
sum operation would give a ‘pull one knot through
the other’ family of maps.

This existance of such an action was conjec-
tured by Victor Turchin.



A knot space on which cubes act
EC(k,M) =
{f € Emb(RF x M,RF x M), supp(f) C IF x M}

f e EC(1,D?)

Theorem: (B '07) EC(k,M) admits an ac-
tion of the operad of little (k 4+ 1)-cubes.

The relation between EC(1, D?) and K3 1 is the
trivial fibration

QSO — EC(l,DQ) — K31



Construction of the action

Given a little (n 4+ 1)-cube L we define a little
n-cube L™ and a real number L”

{0}" x R

T

R™ x {0}




Definition of the cubes action on EC(n, M)

Cpy1(FIXEC(n, M) ———EC(n, M)

(L17 " ]7f17 ) 7fj)—>Lg(J)f0(])oOLg(l)fU(l)

{1,---,5} — {1, ,j} is any permutation

v v . v
such that L o(§) = > L o (j— 1) > Lau)



Some related results

Theorem: (Cerf, Morlet '69)

EC(n,*) ~ Q"1 (PL,/On)

Theorem: (Salvatore '06) Cy acts on K, 1
and EC(1,D" 1) provided n > 4.

Theorem: (Sakai '08) Provided n is even,
the Browder operation on H«EC(1,D" 1) is
non-trivial. In particular, the bracket [e,v] €
Hs,, sEC(1,D" 1) is non-zero where

e vE Hy, ¢EC(1,D" 1)

e c € H, 3050,_1 adjoint to ¥5" 3 — SO,,_1
the clutching map for TS*— 1.



Overlapping cubes operad

Definition: A collection of 5 overlapping n-
cubes is an equivalence class of pairs (L,o0)
where

L= (Lla"' 7L])
iIs 7 little n cubes.

(L,o) ~ (L', o) iff L=L" and

o 1G) <o HE) <= o 71(G) < LK)

whenever LY N LY # 0.

Crn(5) = {(L,0)}



Overlapping cubes and EC(k, M)

Proposition:  The map C,4+1 — C; is an
equivalence of operads.

(Lla"' 7Lj>'_> (Lﬂ-a"' 7L§-70->

V I/ e o o I/
where Loy = Loi-1 = 2 o)

Proposition: C; acts on EC(k, M) moreover
the action of Cy 41 on EC(k, M) factors through
this action.



Splicing diagrams for EC(n, M)

Definition: An k-splicing diagram is an equiv-
alence class of pair (L,o0) where o € X, Lg €
EC(n,M) and L; : I"x M — I™ x M an embed-
ding.

(L,o)~(L',o") <= L=1L" and if
Li((I™M° x M)NL;j((IM°x M) #0
then
o 1) <o) = 71() < 1)

For O <11 < 3 < k there is also the continuity
constraint on splicing diagrams:

Loy (I" X MDY\ Lo, (I" X M)NLe, ((IM)°xOM) = 0

Where we interpret ¢(0) = O for the purposes
of the continuity constraint.



The splicing diagram operad of EC(n, M)
Definition: SDM (k) = {(L,0) : k-splicing diagram}.

We want SDM = 1, SDM (k) to be an operad,
and

SDM (k) x EC(n, M)* — EC(n, M)
defined by

(L07L17"' 7Lk70)7(f17"' 7fk) =

(La(k)ofa(k)ol};(lk))o. : 'O(La(l)Ofo‘(l)oL;(l]_))OLo

= (szlLa(i)fa(i)L;(li)) Lo

to be an action of SDM on EC(n, M) where
Loy © fo(i) © L5y is defined to be the identity
outside of the image of L.



Splicing in pictures
a splicing diagram

(L,o) € SDP?(3)

o~ 1(2) < 671(3) the only restriction ¢ € X3



Splicing in pictures
the splicing process




The definition of the operad SDM

SD(k)xSD(j1) %+ -xSD(j) — SD(j1+- - -+ik)

(Jo,J1, "+, Ik, ), (L1,01),- -+, (L, o) — J.L

J.L is defined to have O-th entry

k -1
(Ot=1Uat Lao agiy)) Jo
(a,b)-th coordinate entry is given by

k —1
(Ofa-1(a)+1Uatiy LatiyoTagy)) Jalab
where we lexicographically identify
{(a7b) NS {17 7k}7b€ {17 ,ja}}
Theorem: SDM =S8Disa M Diff(I™x M)-

operad, where " Dif f(I"x M) = U;Dif f(I" x
M) x (zj x Dif f(I™ x M)J').



Structure maps for SDP*




Overlapping cubes in splicing operad

Proposition: The map ¢, — SDM given by

(L]_,--- ,Lk,O') — (IanXM,L]_XIdM,--- ,LkXIdM,O')

IS an inclusion of operads. Moreover, the ac-
tion of SDM on EC(n, M) extends the action
of C/, on EC(n, M).

-1 1

n=1, M = D? k=3 example



Freeness of K3, over SP

Let SP C SD?Q be the suboperad where the
elements (Lg, L1, , L, o) satisfy:

(a) Lg € /63,1 always.

(b) (Lo,L1,---,L;) is a non-split link.

(c) SP(0) = {Idgp, p2}-

Let TH C K31 be the subspace of non-trivial
torus knots and hyperbolic knots.

Theorem: (B) The action of the operad SP
on 13371 induces a homotopy-equivalence

Ueo (SP(n) X540, TH") — K31



Splicing and geometrization

Definition: Given a 3-manifold M let c¢(M)
denote the sum of the number of components
of M split along its canonical (geometric) de-
composition.

Theorem: (Schubert, Burde, Murasugi, JSJ,
Thurston) Given f € K31 its complement has
complexity one if and only if it is a non-trivial
torus or hyperbolic knot. L € SP has a com-
plement with complexity one if and only if it
IS hyperbolic or Seifert. Moreover, every link
L € §P is an iterated-splice of complexity-one
links.



Proposition: The splicing map satisfies

k k
SP(k) x 1] SP(:) — SP(}_ 4:)
i=1 i=1

k
c(J(Ly, -+, L)) =c(J)+ > e(L;)
i=1

except in the cases:
(a) Either J or one of the L;'s is a Hopf link.
(b) One of the L;'s is the unknot.

(c) For some 4, L; is not prime, and J contains
two parallel components (an untwisted an-
nulus whose boundary is two components
of J), of which J; is one.

An exception we call a redundant splice.



Definition: An operad O is homotopically gen-
erated by a subspace X C O if the inclusion
X — O is a homotopy-equivalence where X is
the operadic closure of X in O.

Theorem: S7P is homotopically generated by
the union of the three subspaces

1. KCL, C SP(k) of (k+ 1)-component key-
chain links, £k =2,3,---.

2. SFL C SP(1) of 2-component Seifert links
(Hopf link excluded).

3. HGL; C SP(k) of (k+ 1)-component hy-
perbolic links, k=1,2,3,---.

k k
SP(k) x50, 11 SPG:) — SP()_ i)

IS a homotopy-equivalence between non-redundant
splice components.



Proposition: There are homotopy-equivalences:
o Cj(k) x O5 — KCL,
o LSt xSt — SFL.
o (ST xSH x (SHkr - HGL,

The above homotopy-equivalences can be made
to be equivariant with respect to the action of
> *105 on SP. Moreover, the maps

k k
SP(k) x50, 1] SPUi) — SP()_ i)
I_I,,?LOZO (SP(n) in202 THn) — /€3,1

are similarly equivariant.

Corollary: SP contains a suboperad such that
each path-component is finite-dimensional.



Whitehead link example




Symmetric links and positions 1
Borromean rings, two maximal symmetry positions
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Symmetric links and positions 11
Sakuma’'s example

&

‘pure translation’ symmetry example
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