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ABSTRACT. Note for students with a proof of the fact that the circle is the only smooth
embedded curve in the plane homothetically shrinking by curvature.

This result is due to Abresch and Langer [1] and, independently, to Epstein and Wein-
stein [3].

Let v C R? be a smooth connected embedded curve, fixing a reference point on the
curve 7 we have an arclength parameter s which gives a unit tangent vector field and
a unit normal vector field v, which is the counterclockwise rotation of 7/2 in R? of the
vector 7. Then, the curvature is given by k£ = (0,7 | ).

If v is homothetically shrinking around the origin of R? when moving by curvature,
it is easy to see that the normal projection of the position vector v at every point must
be proportional to the curvature vector kv = k = 9%y which gives the velocity of the
evolving curve. That is, \k + (7 | v) = 0 for a nonnegative constant \. Dilating the curve
by a factor 1/v/\ we can assume that A = 1. Multiplying then this equation for v we get

the characterizing equation k£ + (y|v) = 0.

THEOREM 1. The only smooth complete embedded curves in R? satisfying k + (y|v) =0
are the lines through the origin and the unit circle.

PROOF. The relation k¥ = —(v|v) implies ks = k(y| 7). Suppose that at some point
k = 0, it follows that also k; = 0 at the same point, hence, by the uniqueness theorem
applied to such first order ODE for the curvature k, we can conclude that % is identically
zero and we are dealing with a line L, which then, as (z | v) = 0 for every x € L, it must
contain the origin of R?.

From now on we will suppose that % is everywhere nonzero and, possibly reversing
the orientation of the curve, we can assume that k£ > 0 at every point, that is the curve
is strictly convex.

Computing the derivative of |v|?,

Os|Y)? = 2{y|7) = 2ky/k = 20,1log k

we get k = C'eh’/2 for some constant C' > 0.
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We consider the new coordinate 6 = arccos (e; | v), which is global since the curve is
convex.
Differentiating with respect to the arclength parameter we have 9,6 = k and

0.k 1+ Ek{v|v 1
b= kb= (rl7) ko= e S LEAOID L M)

Multiplying both sides of the last equation by 2kq we get 9y[kj + k* — log k?] = 0, that is,
the quantity k3 + k% — log k? is equal to some constant E along all the curve. Notice that
such quantity £ cannot be less than 1, moreover, if £ = 1 we have k£ must be constant
and equal to one along the curve which consequently must be the unit circle centered
in the origin of R?.

Considering the case I/ > 1, from the strict convexity of the function z — log z, it follows
that £ must be uniformly bounded from above and below and it can never be equal to
zero. Hence, remembering that k = Cel°/?, the image of the curve is contained in a
compact set of R? and, by the embeddedness hypothesis, the curve must be closed and
simple.

We now look at the critical points of the curvature k. Since kg = % — k, it holds
that kgg # 0 when ky = 0, otherwise, the second order ODE for £ would imply kg = 0
identically. This way we would have £ = 1 identically and we would be in the case
of the unit circle centered in the origin of R? as before. Since kg # 0 when ky = 0,
the critical points of the curvature are not degenerate hence, by the compactness of the
curve, they are isolated and finite.

Moreover, by looking at the equation for the curvature (1) we can see easily that ki, < 1
and kpax > 1.

Suppose now that k(0) = ky.x and k(@) forf > 0 area pair of consecutive critical val-
ues for k then, the curvature is strictly decreasing in the interval [0, §] and, again by the
second order ODE, the curvature function (hence also the curve) function is symmetric
with respect to # = 0 and § = 6. This clearly implies that k() must be the minimum
kmin as every critical point is not degenerate.

By the four vertex theorem [5, 6], there are at least four critical points of k& and conse-
quently the curve is composed by at least four pieces like the one above, hence, by the
assumption that the curve is embedded, the curvature k(6) must be a periodic function
with period T > 0 not larger than 7 (since 27 is an obvious multiple of the period) and
0 = T/2. Precisely, by the previous symmetry argument, the period must be 7/n for
some evenn € N.
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By a straightforward computation, starting by differentiating the equation ky =
= — k, one gets (k?)ggg + 4(k?)g = 4ky/k, then we compute
T/2 k T/2
4/ sin 26 f df = / sin 26 [(k*)ggg + 4(k? )] db
0 0

T/2 T/2

= sin 20(k?)gg|L/? — 2 / cos 20(k*)gp dO + 4 / sin 20(k*)g d
0 0

= 2sin T[k(T/2)keo(T/2) + k2(T/2)] — 2 cos 20(k>)o|2"*

/2 T/2
- 4/ sin 20(k?)g dO + 4/ sin 20(k*)g do
0 0

=2sin T[k(T/2)koo(T/2) + ki (T/2)]
— 4 cos Th(T/2)ke(T/2) 4 4k(0)k(0) .

Now, since ky(0) = ko(7'/2) = 0, k(0) = kmax and k(7'/2) = kuyin, using the equation for
the curvature kg = 1/k — k, we get

T/2 kg
4/ sin 26 ?de =2sinT(1 —k2,,),
0

and this last term is nonnegative as ky,;, < land 0 < 7' < 7.

Looking at the left hand integral we see instead that the factor sin 26 is always nonneg-
ative as T' < 7 and ky is always nonpositive in the interval [0,7"/2], as we assumed that
we were moving from the maximum ky,.x at ¢ = 0 to the minimum k,,;, at 6 = 7/2,
without crossing any critical point of k. This gives a contradiction and concludes the
proof. O

REMARK 2. The original proof of Abresch and Langer (or the one by Epstein and
Weinstein) is different, actually this result is a consequence of their general classification
theorem.

To my knowledge, this “shortcut” in the embedded case is due to Chou and Zhu [2,
Proposition 2.3].

We discuss a while the analysis in the case of an immersed closed curve.

The initial part of the proof in theorem still holds, that is, that is the curve is a line
or k # 0 everywhere, it is bounded, and the ODEs (1) hold. The quantity kj + k* —
log k? is equal to some constant £ which must be larger than one (otherwise we are
dealing with a circle). Again the curve is symmetric with respect to the critical points
of the curvature, which are all nondegenerate, isolated and finite. Hence, the curvature
function is oscillating between its maximum and its minimum with some period 7" > 0
which is an integer fraction (at least by a factor 4) of an integer multiple (at least 2) of
2m.

Notice that there are two parameters here around, the rotation number of the closed
curve and the number of critical points of the curvature.
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Suppose that knin < kmax are these two consecutive critical values of k, It follows
that they are two distinct positive zeroes of the function £ +log k? — k? when E > 1 with
0 < bpin <1 < kpax.

We have that the change A#f in the angle 6 along the piece of curve delimited by two
consecutive points where the curvature assumes the values ki, and k.,.x, must be the
semiperiod 7'/2. Then, the analysis reduce to understand what are the admissible 7'.
Such quantity Af is given by the integral

kmax dk
Fomin \/E — k2 + log k? '

Abresch and Langer (and also Epstein and Weinstein) by studying the behavior of
this integral were able to classify all the immersed closed curves in R? satisfying the
structural equation & + (y|v) = 0.

They are a family of curves indexed by two parameters called Abresch—Langer curuves,
see [1] for the description, proofs and details.

We conclude stating and partially proving the main properties of the integral /(E).
It should be noticed that, by the discussion about the semiperiod 7', the last statement
implies Theorem 1.

I(E) =

PROPOSITION 3. The function I : (1,+00) — R satisfies

(1) limg_1+ I(E) = 7/V2,
(2) limg_ 1o I[(E) =7/2,
(3) I(E) is monotone nonincreasing.

As a consequence I(E) > /2.

PROOF. Notice that the study of the quantity /(E) is equivalent to the study of the
semi—period for the one dimensional Hamiltonian system with Hamiltonian function
given by H(kg, k) = k} + k* — log k*.

(1) As the global minimum 1 of the strictly convex potential V (k) = k* — logk?
is assumed at k& = 1, the limiting value for the period of the Hamiltonian system when
E — 1% is equal to the period of the corresponding linearized system (see [4, Chap. 12]).

The linearized Hamiltonian is H L(k;g, k;) = k;g + k2, which gives k¢ = —2k. The solution
to this last ODE is clearly v/2m—periodic, hence its semi—period is equal to 7 /v/2.

(2) As 0 < kpin < 1 < kpay for E > 1, we can write

! dk Fmax dk
I(E) = + =1 (E)+I1.(F).
Kmin \/E—k2+logk:2 1 \/E—k2+logk:2
We want to prove that limg o [_(E) = 0 and limg_, o [+ (E) = 7/2. This claim is
motivated by the structure of the potential, that is, as E increases more and more, the
motion of the system can be seen as an ”instantaneous reflection” against a wall situated
at kmin ~ (.
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Introducing the variable w = k/ky, the first integral becomes

1/kmin
]—(E) - kmin/ dw
1 \/k

—w?) + log w?
Notice that, given a real number 0 < o < 1, it is always possible to find k(a) such that
|kmin(1 — w?)| < allogw?| with w € [1,1/kyin] and kyi, < k. Fixing such an «, we have
kmln 1/kmin dw

vV1—a« \/210gw

mln

0< 1 (B) <
mm 1/vVkmin min

Vi—a / \/W / \/m //m \/W>
< Fin(C1 + Co/ v/ Funin + 01y (1) /Kinin)

hence, the claim on /_(F) follows.
Regarding I, (£), we proceed in a similar way changing again integration variable to
w = k/kmax. This way we obtain

1
dw
lim 7, (F)= lim / = lim X[1/kmas, 1]
E—too E=400 J1 /kmax \/1—11)2 21"%“’ E—+oo Jg \/1—w2+21°g“’

max

=7/2,

where in the last equality we applied the dominated convergence theorem.

(3) See the original paper of Abresch and Langer [1] or the general result by Zevin
and Pinsky [7]. O

References

1. U. Abresch and J. Langer, The normalized curve shortening flow and homothetic solutions, J. Diff. Geom. 23
(1986), no. 2, 175-196.

K.-S. Chou and X.-P. Zhu, The curve shortening problem, Chapman & Hall/CRC, Boca Raton, FL, 2001.
C. L. Epstein and M. 1. Weinstein, A stable manifold theorem for the curve shortening equation, Comm. Pure
Appl. Math. 40 (1987), no. 1, 119-139.

A. Fasano and S. Marmi, Analytical Dynamics: An Introduction, Oxford Graduate Texts, 2006.

S. Mukhopadhyaya, New methods in the geometry of a plane arc, Bull. Calcutta Math. Soc. 1 (1909), 21-27.
R. Osserman, The four-or-more vertex theorem, Amer. Math. Monthly 92 (1985), no. 5, 332-337.

A. A. Zevin and M. A. Pinsky, Monotonicity criteria for an energy—period function in planar Hamiltonian
systems, Nonlinearity 14 (2001), no. 6, 1425-1432.

w N

NSO

(Annibale Magni) SISSA — INTERNATIONAL SCHOOL FOR ADVANCED STUDIES, VIA BEIRUT 2-4,
TRIESTE, ITALY, 34014
E-mail address, A. Magni: magni@sissa.it

(Carlo Mantegazza) SCUOLA NORMALE SUPERIORE P1sA, ITALY, 56126
E-mail address, C. Mantegazza: mantegazza@sns.it



