CHAPTER 6

Short time existence and uniqueness: preliminary version

This version is in progress: please, take this into account. All corrections and comments
are welcome.

In this chapter we prove the existence and uniqueness of a smooth compact mean
curvature flow.

6.0.1. Preliminary lemmas. Let us begin with the inclusion principle between smooth
compact mean curvature flows. The following lemma compares the mean curvature of two
boundaries which are locally tangent, with a local inclusion between the sets.

LEMMA 6.0.3. Let OF,,0FE5 € C*, and assume that there exist v € R"™ and p > 0 with
the following properties:
x € aEl N 8E2, E1 N Bp(l‘) Q E2 N Bp(l')
Then H"'(z) > HP2(x).
PrROOF. We can assume that z is the origin of the coordinates. Since the mean curva-
ture is rotationally invariant, we can assume that n*(z) = n"2(z) = —e,,, 9B, N B,(x) =
graph(fi), 0E, N B,(x) = graph(f2), where f; and f; are two smooth functions defined on

an open set of R"! = span{ey, ..., e, 1} such that f; > f5 locally around 0. Then f; — f5
has a local minimum at 0, so that V f,(0) = V f2(0) =0 and Af;(0) > Af»(0). Then

HEP () = Afi(0) > Afo(0) = HP2 ().

We now need a preliminary useful result.

LEMMA 6.0.4. Let h > 1 and let M be an h-dimensional smooth compact orientable
manifold without boundary. Let w € C*(M X [a,b]). Define, for any t € [a,b],

Umin(t) == Ir}reuj\r; u(p, t), Pe () :={m e M :u(m,t) = umn(t)}, (6.1)
Umax (t) 1= ;ré%(u(p, t), Pr () :={m e M :u(lm,t) = unax(t)}. (6.2)
Then for any t € [a,b)
Tlir(r)1+ %(umm(t +7)— umin(t)) = min {%(m, t):m € P;‘lin(t)} , (6.3)
lim, %(umax(t ) — umax(t)> — max {%(m, £):me P;gax(t)} . (6.4)
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PROOF. Let us show (6.3). For any ¢ € [a,b), m € P%_(t), 7 > 0 small enough so that
t+ 7 < b, we have

Umin(t +7) < u(m, t+7) = u(m,t) + T%(m, t) +o(r)

= Umin(t) + T%(m, t) + o(7).

Since 7 > 0, the previous inequality can be rewritten as

% (Umin(t + 7) = Umin(1)) < %(m, t) + o(1).

1 0
Therefore limsup — (Umin(t + 7) — Umin(t)) < 6—?(m,t). Since this inequality is valid for
r—o0t T

any m € P (t) we deduce

min

lim sup B (Umin(t + T) — Upin(t)) < min {@(m, t):m € P;‘lin(t)} : (6.5)
r—0+ T ot

To conclude the proof of the lemma, we need to show that

1 ou
M Anf = (g — Upin(t)) > min 4 — : Oy .
117_12(1)£lf . (Umin(t + T) — Umin(t)) > min { 5 (m,t) :m € Pmm(t)} (6.6)
Fix ¢ > 0 and for ¢t € [a,b] define P.(t) :== {q € M : u(q,t) < Umin(t) + c}. For any
t € [a,b), ¢ € P.(t) and 7 > 0 small enough so that ¢t 4+ 7 < b, we have

u(g,t+71) =u(q,t) + T%(q, t)+o(7)

Ou

ot

> Umin(t) + 7 inf
- *) TqEPE(t) ot

> Umin(t) + 7—(q, 1) + o(7) (6.7)

%(q, t)+ o(7).

On the other hand, if p € M \ P.(t) we have u(p,t) > umin(t) + €, and therefore
ou
ulp,t + 1) = ulp,t) + 75 (p,t) + o(7)

> Umin(t) + €+ T%(p, t) +o(T) (6.8)

> Unin(t) + & — 7L + o(7),
where L := max,emxfay |52(p, t)|. For t € [a,b) and 0 < 7 < 5 we have

0
Umin(t) + & = TL > Upin(t) + 7L > Upin(t) + 7 inf au

t). .
qeP-(t) Ot (9,1) (6.10)
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From (6.7), (6.8) and (6.10) we deduce, for 0 < 7 < 57 such that ¢ + 7 < b, and for any
peM,
0
u(p,t 4+ T) > Umin(t) + quilggf(t) 8_2;(% t)+ o(T). (6.11)
From (6.11) it follows, for the same values of ¢ and T,

Umin(t + T) > Unin(t) + 7 inf @(q, t) + o(7).

q€P.(t) Ot
Hence
lim inf ! (Umin(t + T) — Umin(t)) > inf %(q t). (6.12)
0+ T T geP(t) Ot
Since (6.12) holds for any £ > 0, we deduce
ou ) ou

1
liminf — (Umin(t + 7) — Umin(t)) > sup inf

t) = “m,t
T—0t+ T e>0 gEP:(t) ot (q’ ) iy (m, >’

mePI?]in(t) at

where the last equality follows from the continuity of the function %( -,t) and the fact that
the map € > 0 — inf cp ) %(q, t) is nonincreasing.

The assertion for ., follows by setting v := —u, so that Umax = —VUmin, Prax(t) =
prqéin(t% and
o1 o1
lim — <umax(t +7)— umax(t)) = — lim — <Umin(t +7)— vmm(t))
T—0t T T—0t T
v ou (6.13)
= — min {E(m, t):mé€ Pfjlm(t)} = max {E(m, t):m € Pfflax(t)} )
where we used (6.3). O

REMARK 6.0.5. Conclusion (6.3) of Lemma 6.0.4 is still valid (with the same proof)

if we drop the assumption that M is compact, provided we assume that inf,ep u(p,t) =

Ou(p,t)
o | <

min,e s u(p,t), that Py, (t) is compact for any ¢ € [a, ], and that sup, yerrx(oy |

+00. A similar comment applies for conclusion 6.4.

EXAMPLE 6.0.6. Let M C R? be the interval [—2,2] with the two boundary points
identified. Let v € C>*(M x [—1,1]; (0, +00)) be a function such that the graph of v(-,t)
has the form depicted in Figure 1, for t € [—1,0), ¢ = 0, and ¢ € (0, 1] respectively. We
assume v(—1,t) = 1 for any t € [-1,1], v(1,t) > 1 for any ¢t € [—1,0), v(1,0) = 1, and
%(1,0) < 0. For any ¢ € [~1,1] and z € graph(v(-,t)), let u(z,t) be the distance between
x and the first axis, and let wmyiy(t) := min{u(z,t) : € graph(v(-,¢))}. Then the function
Umin 1S not differentiable at ¢ = 0.

6.1. Inclusion principle: the simplest case

We begin with the following weak form, where we assume that initially one sets is inside
the other one, and the boundary of the two sets do not intersect.
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FIGURE 1. ***

THEOREM 6.1.1. Let f; : [a,b] — P(R™) be a smooth compact mean curvature flow,
and let fy : [a,b] — P(R™) be a smooth mean curvature flow. Define the function

o(t) := dist(f1(¢),R"™ \ fa(t)), t € la,b]. (6.14)
Assume that
6(a) > 0. (6.15)
Then
for any t € [a,b) there exists Tlir(l)l+ %(5(1& +7)— 5(75)) € [0, +00). (6.16)

Hence § is nondecreasing in [a,b]. In particular
fila) € fa(a), Ofi(a)NOfala) =0 = fi(t) C fo(t),  tE€lab].

PROOF. Since f; and fy are smooth flows, it follows that there exists a (n — 1)-
dimensional smooth compact manifold (resp. a smooth manifold) without boundary &
(resp. S;) and there exist smooth maps ¢; : 8 X [a,b] — R and @9 : Sy X [a,b] — R"
with the following properties:

- ¢1(+,t) is a bijection between &; and Jf;(t) and ps(+,t) is a bijection between S,
and Jfy(t) for any t € [a, b];
- forany s € §; (resp. § € Sy) and t € [a, b] the differential dp;(s,t) (resp. dpa($,t))
with respect to s (resp. §) is injective.
Let M :=&; x Sy and define the function u : M — [0, +00) as

u(s, 8,t) == |p1(s,t) — pa2(5,1)]. (6.17)

Observe that
6(t) = min{u(s, $,t) : (s,8) € M}, t € [a,bl, (6.18)
and that 0 € Lip([a,b]). Define o := inf{t € [a,b] : 6(t) = 0}. Thanks to the smoothness

of the flows, we have that ¢ > a. Hence 6(¢) > 0 in [a,0), and therefore the function wu is
smooth on M X [a,0). Thus we can apply Lemma 6.0.4 and deduce

ot +7)—0(¢)

li 1
7'1>I(I)lJr T (6 9)
o [ou, . . .
:mln{a(s,s,t) 2 (s,8) € M,u(s, 8,t) = 6(t)} : t €la,o).
We claim that ,
lim —(0(t+7)—06(t)) >0  Vte€[a,o0). (6.20)

T—0t T
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Let t € [a,0), let (s(t),$(t)) € M be such that
%(S(t), §(1),1) = mm{?;(s §,1) 1 (s,8) € M,u(s, é,t) = 6(t)} , (6.21)

and set z; 1= @1(s(t),t) € 0f1(t) and &, := pa(5(t),t) € Jfa(t). Note that the relations
u(s(t),8(t),t) = |zy — 24| = 6(t) imply

Ty — Ty f2() (5 f1(®)
- =n"2"(2;) = 0/ (xy),
| — 4]
namely % coincides with outward unit normal vector to fo(t) at &, which in turn

coincides with outward unit normal vector to fi(¢) at x;. Denote such a unit vector by v.
From (6.17) we compute

au i‘t Tt

5 (8(8),8(t), 1) = (

22 4001, 1) — DL (s(0),00) = 0, 222 300), 1) — T2 (s(0), ).
(6.22)

| T — th\
From Definition 4.0.14 we have

0, 22600, 0 = V30,0 o D s(0), ) =V (s(0).0), (6:23)

where V, is given in (4.4), with f replaced by f;, 7 = 1,2. On the other hand f; and f,
are smooth mean curvature flows, so that

<w%<é<t>,t>> =-H""3,), (v, ag;% (t).1) = —H"O(z,).  (6.24)
From (6.19), (6.21), (6.22), and (6.24) we get
i, Z(8(t+7) = 6(1) = —HO (3) + HOOw,). (6.25)

Let us now consider the translated set

() = fit) +0(t)v.

Then
() C fot) and € O(f(t)) NOSfa(t). (6.26)
Moreover
HTO(3) = HNO(z,). (6.27)
By (6.26), using Lemma 6.0.3 we deduce H/i"®(z,) > H®(%,). From (6.27) we then get
HO (z) > H2O(3,). (6.28)

The claim then follows from (6.25) and (6.28).

Let us now show that from (6.20) it follows that ¢ is nondecreasing in [a,o]. Assume
by contradiction that there exist a < t; < ty < o such that 0(ty) < §(¢;). Let P: R — R
be a linear decreasing function such that P(t1) = d(¢1) and P(t3) > d(t2). Let

t* :=sup{t € [t1,0] : 6(t) < P(t)}.
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Then P(t*) = 0(t*), t* < o, and a(t“rTT)*é(t*) < P(t*JrTT)*P(t*) for 7 > 0 small enough.
Therefore )
. £ % 1%
Tlir(r)l+ . (0t +71)—06(t")) < P(t") <0,
a contradiction.

Hence ¢ is nondecreasing in [a, o], and therefore §(c) > §(a) > 0. If 0 = b the proof
is concluded. Assume now that ¢ € [a,b), and assume by contradiction that § is not
nondecreasing in [0, b]. Set t := inf{t € [a,b] : It} C (¢,0),0(ts) < d(t), lim,,— 100 6(t,) =
§(t)}. Then t is a minimum, ¢ > a+o, and §(¢) > 6(a) > 0. If ¢ < b, arguing as before with
t in place of a, we find & > 0 such that 0 is nondecreasing in [¢,# + @], which contradicts
the definition of ¢. O

REMARK 6.1.2. We can state Theorem 7.3 in the following equivalent form. Assume
that fi(a) N fa(a) = 0. Define 6(¢) := dist(f1(¢), fo(t)) for any ¢ € [a, b]. § is nondecreasing
in [a,b]. In particular, f1(¢) N fo(t) = 0 for any t € [a, b].

REMARK 6.1.3. As we shall see in Section 7?7, under the (weaker) assumption f(a) C
f2(a) in place of (6.15), a conclusion even stronger than the one of Theorem 7.3 is valid in
la, b], namely that § is strictly increasing.

COROLLARY 6.1.4. Let f1, fo € KF be two smooth compact mean curvature flows in a
common time interval |a,b]. Assume that fi(a) C int(fa(a)). Then fi(t) C int(f2(t)) for
all t € [a, b].

Observe that Theorem 7.3 is still valid if we assume that f5 is a smooth mean curvature
flow in [a, b], namely if we drop the compactness assumption on Jf(t).

We conclude this section with another interesting property, that can be proved by
refining the arguments in the proof of Theorem 7.3 is described in the following remark!.

REMARK 6.1.5. Let § be an (n — 1)-dimensional smooth compact manifold without
boundary and let ¢ € C*®(S x [a,b],R™). For any t € [a,b] set T'(t) := ¢(S,t). Assume
that

(i) ¢(+, a) is a bijection between S and I'(a);
(ii) for any s € S and any t € [a, b] the differential dy(s,t) with respect to s is injective;
(iii) the orthogonal projection of %—f(s, t) on Ny(s.)(I'(t)) equals the mean curvature of
['(t) at ¢(s,t) for any s € S and any ¢ € [a, b].
Then (-, t) is a bijection between S and I'(t) for any t € [a, b].

6.2. The approach of Evans-Spruck

Denote by Sym,, the set of all real symmetric (n x n)-matrices, and for X € Sym,, let
{M(X),..., \(X)} be the set of the eigenvalues of X. Set

D:={(uw,X) R xSym, : 1 —u\(X))#0, i=1,...,n},

IThe conclusion of Remark 6.1.5 is not valid in general for mean curvature flow with a forcing term.
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which we consider as a subspace of R x R””, with the norm induced by the euclidean norm.

Let F': D — R be defined as

F(u, X) = Zl % (u, X) € D. (6.29)

In this chapter we prove the following theorem, due to Evans and Spruck.

THEOREM 6.2.1. Let E C R" be a bounded open set with boundary of class C**<, for
some o € (0,1), and set ug(-) := d(+, E). Then there exist py > 0 and ty > 0 such that,
setting U := (OE)} , the problem

u € CH+al2(T x [0, 1)),

= F 2 ]
w= (u, VZu) in U x (0, %), (6.30)
|Vul> =1 on U x [0, to],
u(-,0) = uo(-) in U

has a unique solution.

The definitions of parabolic Holder spaces and corresponding norms are given in Section
6.3. Observe that, from (2.5), it follows that the compatibility condition |Vu(-,0)|? = 1 is
satisfied.

6.2.1. Some properties of the function F. In order to prove Theorem 6.2.1 we
need some preparation. If (u, X) € D the two matrices (Id — uX)™! € Sym,, and X (Id —
uX)™! € Sym,, commute with X; if X = diag(A(X),...,\,(X)) is diagonal in suitable
bases of R", then (Id —uX)~! is diagonal in the same bases, and (Id —uX)~! = diag((1 —
M(X)H o (1= A (X)) Y. Since the trace of a matrix is independent of the choice of
the basis, we have

F(u,X) = tr(X(Id — uX)™1), (u,X) € D. (6.31)

Set R
D :={(u,X) € R x M, :Id — uX is invertible} ,
where M,, is the set of all (n X n) real matrices. Observe that D is an open subset of
R x R™. The function defined as
tr(XId—uX)™Y),  (u,X)eD, (6.32)

coincides with F' on D, and will be still denoted by the same symbol. From now on we
will denote the function F with the symbol F. From (6.31) it follows that F' is analytic
on D, and being

(Id—uX)' =) "ux*  (0,X)eD, (6.33)

k>0
we have

F(u,X) = tr <Z ukaH) , (u,X) € D. (6.34)

k>0
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If £,n € R" we indicate by £ ®  the matrix whose ij-entry is given by &;n;. Let us denote

by Fx,, the derivative of I with respect to the ij-th component of X, i.e., Fi, (1, X) =

d%f-- (u, X) :=limy,_o %(F(u, X +he;®e;)—F(u, X)) where ey, . .., e, is the canonical basis
1)

of R". We denote by F'x(u, X) the matrix whose ij-entry is Fi,, (u, X).

LEMMA 6.2.2. For any (u, X) € D and any M € M, we have
tr(M Fx(u, X)) = tr(M(Id — uX)~?). (6.35)

PRrRoOOF. We first observe that

d
Fx, (0, X) =tr XD utxk) ),
G

k k k vk
d kEvkY . 1: (X+he;®e;) D >0 0 (X+hei®e;)* =X 30,5 qu"X
where ax; (X > g0 U X ) = limy,_,g = . Then

Fx,; (0, X) = tr (ei ® e; <Zuka + uXZ(k + 1)ukX’“>> .

k>0 k>0

Since (32,50 0P XF) (32,50 0" X™) = 3,0 (k4 1)uFX* we deduce

Fx, (0, X) = tr (ei ®e; (Zuka+uX(Zuka)2>> :

k>0 k>0

Being (3,50 " X*)*(Id — uX) = 37, u" X*, we obtain

Fx, (0, X) = tr (ei ® e; ((Z " X2 (Id — uX + uX))) = tr (e; ® e;(Id — uX)~?) .

k>0
Then the assertion follows. OJ
COROLLARY 6.2.3. Let (u,X) € D. Then
Fx, (0, X)&E > Clu, X)IEP?, £=(&,....&) €RY, (6.36)
where C(u, X) := min {(1 —u\(X))2:i=1,...,n} > 0.
PROOF. Let {vy,...,v,} be an orthonormal basis of R" so that v; is an eigenvalue

of X with )\;(X) as eigenvector; note that in the same basis (Id — uX)™? = diag((1 —
AM(X))72, .. (1= Xu(X))72). Let us apply (6.35) with M = £ ® €. We have
Fx, (0, X)&E =tr (E®@&(1d — uX)7?) = Zn: &)

. (1 —uAi(X))?

=1
n

>0(u, X) Y (& 0:)* = Clu, X)|¢]”

=1
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If we denote by Fj the partial derivative of F' with respect to u, with similar com-
putations made as in Lemma 6.2.2 we have that F,(u, X) = tr(X?(Id — uX)~?) for any
(u,X) € D.

6.2.2. Existence. We begin by proving the existence statement of Theorem 6.2.1.
Since the boundary of F is of class C***(R"), for p > 0 small enough we have ugy €

C***((0E)}) and

uo(A(V2uo()| € 5, 2 € @B, i= 1y

| =

In particular, (uo(z), V?u(2)) € D for any z € (OE)+.
We will reduce the problem to a linear one. Given ¢y > 0 and w € C?+*1*2/2(U x [0, t,])
to be selected later, we look for solutions u of (6.30) of the form

u(z,t) = up(2) + tF(uo(2), Vuo(2)) + w(z, t), (2,t) € U x (0,t0). (6.37)

Inserting (6.37) into the first equation in (6.30) and adding and subtracting the quantity
Fy(ug, Vup)w + Fx,, (uo, V2ug)Vijw, we get

w; — Az, w, V2w) = f(2,t,w, Vw), (2,t) € U x (0,t), (6.38)
where
A(z,u, X) := Fy,; (uo(2), Vuo(2)) Xi; + Fu(uo(2), VZuo(2))u
is linear with respect to X and u and where, setting for simplicity
U(2) := F(uo(2), Vuo(2)),

the function f is defined as

f(z,t,0, X) =F <u0(z) +H0(2) + 1, V2uo(2) + tV2(2) + X)

— () = Fy (uo(2), Vuo(2))u — Fx,, (uo(2), VZuo(2)) Xy;. (0:39)
Inserting (6.37) into the second equation in (6.30), setting as usual
a() = d(-, ),
and observing that, thanks to the eikonal equation (2.5),
1=|Vd+tVl+ Vuw|* =1+ [tV + Vw|* + 2(Vd, Vw) + 2¢(Vd, V),
we get (Vd, Vw) = =1tV + Vw|? — £(Vd, V). Hence
g—f = ((z,t,Vw) on U x [0, to], (6.40)

where v is the outer unit normal to OU, so that v = Vd(-) on {d(-) > 0}NIU and v = —Vd
on {d(-) <0} N AU and 8 € C*+*1H+/2(U x (0,ty) x R") is defined as
—3[tVe(2) + ¢|* — t%(j) on ({d(-) >0} NAU) x (0,ty) x R™,
B(z,t,q) == (6.41)
Leve(z) +q> — t2E on ({d(-) < 0} NAU) x (0,4) x R™
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Finally, inserting (6.37) into the last equation of (6.30) we get
w(+,0)=0 on U. (6.42)
Collecting together the equations (6.38), (6.40) and (6.42) for w we have:

wy — Az, w, V2w) = f(z,t,w, V?w) in U x (0,1),
9w — p(2,t, Vw) on dU x [0, to), (6.43)
w(-,0)=0 in U.
In Proposition 6.2.4 it is shown that problem (6.43) has a unique solution w € C**®1+%/2(Ux
[0,t0]): note that f depends nonlinearly on second derivatives of w and  depends nonlin-

early on first derivatives of w. We will make use of Theorem 6.3.1, that we will apply with
the choice
a;;(2,t) = a;j(2) :== Fx,, (uo(2), VZuo(2)), i,j=1,...,n, (6.44)
b; =0, 1=1,...,n
and
c(z,t) = c(z) := Fy(uo(2), Vuo(2)),

so that a;; € C**/%(U) and ¢ € C**/2(U), and with the choice Bi(2,t) = £;(2) = vi(2),
v = 0, so that 3 € C'*0+29/2(9U x [0,%0]). Recall that (6.36) implies that (6.70) is
satisfied, since the smoothness and compactness of JF imply that there exists a constant
C > 0 such that F(ug(x), Viug(z))&& > C|E? for any © € OF and € = (&4,...,&,) € R™.

We also need the following expression of f, obtained by Taylor expanding f in (6.39) to
second order (with integral remainder):

f(z,t, 0, X) = Fy(uo(2), VZuo(2)) t0(2) + Fx,;(uo(2), Vuo(2)) tV;il(2)

1
+ / (1 —=0)Fx,x,, (uo + otl 4 ou, V2ug + otV + 0X) ugo (tVil + Xij) Vil + Xi1)
0
(6.45)

1
+ 2/ (1 — 0)Fx,u(ug + otl + ou, V:ug + otV + 0 X) ugo (tVi;0 + X;5)(t0 + u)
0

1
+ / (1= 0)Fuulug + otl + ou, Vug + otV + 0 X) do (0 + 1),
0

where ug and ¢ are evaluated at z.

PROPOSITION 6.2.4. There exists tg > 0 such that problem (6.43) has a unique solution
w € C2H1te/2(T x [0, t0]).

PROOF. The proof is based on Theorem 6.3.1 and on a fixed point argument. Define
= {u € /2T x [0, 1)) =0}.

Y turns out to be a Banach space. We define the map I': Y — Y as follows: given u € Y,
then
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where w is the solution of (6.73) given by Theorem 6.3.1, with the choices
f(z,t) = f(z,t,u(z,t), VZu(z, 1)), g(z,t) == B(z,t, Vu(z, 1)), wo =0;  (6.46)
note that, as u € C2+*+%/2(T x [0,t,]), it follows that
fecy?(Ux[0,t]), geCFMH92U x[0,t0]), (6.47)

and therefore the assumptions of Theorem 6.3.1 are satisfied.
Given R > 0 set

Vi = {4 € ¥ : ullgrsassor@eioia < R}

Since Y, g is closed in Y, also Y}, r is a Banach space. We will prove the following two
properties:

(i) there exist tp > 0 and R > 0 such that ' : Yy, g — Y}, r;
(ii) there exist to > 0 and R > 0 such that

1
1T (u) — F(U)”CQJFO‘JJFO‘/Q(UX[OJO]) < QHU - UHCQJFO‘vl*O‘/?(UX[O,tO])’ u, v € Yy R
Let us prove (i). Let u € Yy, ,, so that

HU”ca,am(ﬁx[o,to}) < 7o. (6.48)
Observe that
1—a/2
[Ellgocrz@xotely = Itlearzosoy =to - (6.49)

and recall that [[uv||cacrz@xion) < Cllulleaa@xpupllvllcac 2@,y > Then, from
(6.49), (6.45), (6.48) it follows that there exists Cy > 0 such that

1—a/2
||f(zv t, U(Z, t)v V2U(Z, t)) HCO‘ﬂ/Q(ﬁx[O,tO]) < 01(7’(2) + 1 / ) (650)
Similarly,
1—a)/2
tlleracrara@usiors = 0" (6.51)
Hence, using (6.41), (6.51), (6.48),
18(2, £, u(z, 8) letseisar2uxpoi) < Colrd +t57"%) (6.52)

2We have [u(z, tyu(z, t)—u(y, 5)o(y, 5)| < [u(z, ) —u(y, 5)l|o(z, )| +1o(z, ) —v(y, 5)l[u(y, ) [ulgonrs =
2||uloo + [t]ceo + [U]co,as2. Le seminorme holderiane del prodotto si maggiorano, aggiungendo e togliendo,
con

[uv]eao < [ttf|os[v]cao + [ulcao[[v]loo,
[uv]co.are < ulloc[v]co.arz + [u]coarz (V]
e quindi
[uv|caere = 2[luv]lco + [uv]eao + [uv]co.arz <
< 2[[ullscl|vlloe + llulloc([v]ca0 + [vlco.arz) + [[0]loc ([uleao + [u]co.arz)

< lullgaarzllvllea.are.
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for some Cy > 0. From (6.50), (6.52), (6.46), 1 — «/2 > (1 — «)/2, the definition of w and
(6.74) we have

HwHCa /2(T x[0,to]) < 03(70 + t(l 0‘)/2)’
where C5 := C(C} + Cy). Taking r§ < 1/C5 we have Cir§ < 7’0/2 <o that

1— a
lt0llenorzxiosel) < -+ Cath

Taking tg < W we get o4 Cgt(l @)/2 < To, SO that

@
[wllgo.ara@xog)y < Tos

and assertion (i) follows.

To prove (ii), set BY(z,t) := f(z,t,u(z, t), V2u(z,t)), g“(2,t) := B(z,t, Vu(z,t)), B’(z,t) :=
f(z,t,v(z,t), V?(2,1)), g'(z,t) = ( z,t,Vu(z,t)). From (6.74) and the linearity of the
equation in (6.73) we have

IT'(u) —T'(v) HCQJFO‘»HO‘/?(ﬁX[O,tO]) <C(||B*-B" chﬂ(ﬁx[o,to}) +1lg*—g" H(11+a»(1+a>/2(aUx[o,to}))-

From properties (i) and (ii) and the fixed point theorem it follows that there exist ¢, > 0
and R > 0 such that I'" has a unique fixed point in Y}, . This concludes the proof of
Proposition 6.2.4. 0

6.2.3. Uniqueness. Let us now show uniqueness of solutions to (6.30). Let u,v €
C2ro1+e/2(T x [0,t]) be two solutions of (6.30), and set w := u — v. Then w satisfies
w = a;;Vijw+cw  in U x (0,1),
bi(z,t)Viw(z,t) =0 on U x [0, ], (6.53)
w(-,0) =0 on U

c(z,t) = [ Fulou(z,t) + (1 —o)v(z,t),0V?u(z,t) + (1 — 0)V?0(2,t)) do
and, setting g(p) := |p|* — 1,
1 1
bi(z,t) := /0 Vig(oVu(z,t) + (1 — 0)Vu(z,t)) do = éviu(z, t) + éviv(z,t).

From (6.36) we have that a;; satisty (6.70), and b; satisfies (6.71). Moreover a;; € C/2(U x
[0,%0]), and ¢ € C**/%(U x [0, t0]). Then w solves a uniformly parabolic linear problem, so
that by the classical maximum principle it follows that w = 0. 0

The solution u given by Theorem 6.2.1 can be continued on a larger time interval,
taking u(-,to + 0) as initial datum. Repeating the argument, in this way one can find
T > 0 and a solution u : U x [0,7) — R such that u € C>***%/2(U x [0, 7]), for any
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7 € (0,7), and such that, if T < +o00, then there does not exist any solution of (6.30)
belonging to C*T'+%/2(U x [0, T).

Looking at the linear evolution equation® satisfied by w and passing to the
limit as h — 0 it is the possible to show the following result.

PROPOSITION 6.2.5. Assume that the boundary of E is of class C37. Let u be the
solution given by Theorem 6.2.1. Then YVu € C*T1+/2(Q) x [0, ty)).

ik check (krylov?) la regolarita’” C'* allinterno se OE e’ C*: vedere la u come
soluzione di una eq. lineare del tipo

uy = tr(A(z, t)D*(u))

dove la matrice A(z) e’ I'inversa di (Id —uD?*(u)), ma pensata come matrice di coefficienti
in funzione della sola x e del tempo. A questo punto usare la massima regolarita‘ della
u, per dedurne la massima regolarita‘ sulla A(z), e da questa, usando ’equazione pensata
come eq. lineare, dedurre ulteriore regolarita® della w, quindi ulteriore regolarita‘ della
A(x), e cosi‘ via. servirebbe la regolarita’ fino al tempo zero.***

THEOREM 6.2.6. Let E € C°(R™) and let tg > 0 be as in Theorem 6.2.1. Then there
exists a unique smooth compact mean curvature flow f : [0,t] — P(R") starting from E
at time 0.

PROOF. Let U and u € C**(U x [0, to]) be given by Theorem 6.2.1. We first show that
Vul?=1  in U x [0, ). (6.54)

We set v := |Vu|? — 1; by Proposition 6.2.5 we have v € C***17%/2(U x [0,]). By (6.30)
we have

v=0  on dU x [0, ] (6.55)
and by the properties of d(-, F) also
v=0 on U x {t =0}. (6.56)

In addition Vv = 2VuViu + 2V,uVyu. Differentiating the equation in (6.30) with
respect to zp,

v = 2VuViu, = 2Vk.u[FXij (u, V%)Vijku + Fy(u, VQU)Vku]
= Fx,, (u, V’u)Vv — 2Fx, (u, V*u)ViuViju + 2F, (u, VZu)|[Vul.
Observe now that
Fy(u, V?u) = Fx,, (u, V*u)VjuVju. (6.57)
Indeed, by (6.35) applied with M = V?uV?u we have

2 2 w2 2 \—2 - ()\i(VQu))Q
Fx,, (u, V U)Vikuvkju = tr (V uVu(ld — uVeu) ) = Z i- u)\-(VQU))Q'

=1

(6.58)

3which turns out to be uniformly parabolic
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On the other hand it is immediate to check that F,(u, V*u) coincides with the right hand
side of (6.58).
From (6.57) we then have

v, = Fx,,(u, V2u) V0 + 2F,(u, Vu)o. (6.59)

Equation (6.59) is a linear partial differential equation in the unknown w, which is uniformly
parabolic thanks to Lemma 6.2.3. Hence, from (6.55), (6.56), it follows that v = 0 in
U x [0, to]

In particular, for any t € [0,ty] the boundary of the set E(t) := {u(-,t) < 0} is a
hypersurface of class C3*® without boundary in U%. ***in realta’ C* *** Using (6.54) it is
possible to prove that

u(z,t) = dist(z, E(t)) — dist(z, R" \ E(t)), (z,t) € U x [0, ).
Then, recalling also Proposition ??, it follows that ¢ € [0, to] — {u(-,£) < 0} is the smooth

mean curvature flow starting from FE. 0

6.2.4. Improvements of the inclusion principle. Let F;, F5 € C®. We say that
OF, and OF, are close if there exists an open set A C R" such that OF; C A, 0F, C A,
and the oriented distance functions from 0F; and from 0FE; belong to C>(A).

THEOREM 6.2.7. Let fi, fo : [a,b] — P(R"™) be two smooth compact mean curvature
flows. Assume that

fi(a) C fa(a), Jf1(a) and Ofy(a) are close.

Then
fi(t) C fo(d), t € [a,bl. (6.60)
If moreover Of;(a) are connected for i = 1,2 and fi(a) # fa(a), then
afi(t) Nafs(t) =0, t € (a,b]. (6.61)

PROOF. We can suppose that each df;(a) is connected, since the argument can be
repeated separately for each connected component. Without loss of generality, assume that
fi(a) # fa(a). Let d;(-,t) be the oriented distance function from 9f;(¢). By assumption
there exists an open set A C R™ such that d;(-,0) € C>°(A). Recalling Theorem (6.2.6) we
have that there exists 7 > 0 such that d; and d are two solutions of equation (6.30) in
A X [a,a + 7]. Define w := dy — dy. Since fi(a) C fo(a), it follows that

w(-,a) = 0. (6.62)

Then, from the maximum principle applied to the uniformly parabolic equation (6.53), it
follows that w(z,t) > 0 for any (z,t) € @, so that (6.103) holds for any ¢ € [a,a+7]. From
the strong maximum principle applied to (6.53), observing that w(-,a) # 0, we deduce
that f1(t) C fo(t) and 9f1(¢t) N Ofa(t) = O for any t € (a,a + 7]. Then (6.103) and (6.104)
follow from Theorem 7.3. 0J

“Hence the second fundamental form of AE(t) is of class C' 1.
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6.3. Definitions of parabolic Holder spaces and linear theory

Let Q C R™ be a bounded open set of class C? and T > 0. We recall the definition of
the following parabolic Holder spaces: for o > 0

C(Q x [0, 7)) ::{u € C(Q % [0,T)) : u(z,-) € C*([0,T]) ¥z € Q, (6.63)
[wllco.n@xpoy = sup lu(z;-)]lcaqo,ry) < +<>O} (6.64)
CoO(Q % [0, 7)) ::{u € C(Q % [0,T)) : ul-,t) € C*(Q) Yt € 0,T], (6.65)
Jullewsiaoi = sup u+t)leo) < o0 (6.66)

where, if 0 < # < 1 and O is a bounded open subset of R™, m > 1,

C’(0) :=ueC(O):[ues := sup (@) = uly)] u§y)| < +00
z,y€0,x#y ’33' - yl
[ulles @y = lullos + [u]ce,
and for k e N, k > 1,
CH(0) = {ue Ck(0): Vi, s,uecC’(0)iy,...,ir€{1,... ,n}}
with
HUHck+9(6) = ||U||ck(6) + Z [vil...iku]ce(5)~
’il,...,iké{l,...,n}
For0<a<?2
CUo2(Q x [0,T)) := C*/2(Q x [0, T]) N C*°(Q x [a, b)), (6.67)

endowed with the norm ° 6

[ullcaarz@xiom) =lulleoarz@xom) + 1tllcao@xpo.mm (6.68)
In addition
CEL(Q x [0, 7)) ={u € C(Q x [0,7]) -

4 (6.69)
Fug, Viju € C(A % [0,T)), i,j € {1,...,n}},

endowed with the norm

HUHCQJ(ﬁX[O,T]) = ||U||Loo(ﬁx[o,T]) + Z [Viulleo + HutHLOO(ﬁX[O,T]) + Z ||Vz‘jUHLoo(ﬁx[o,T])
i=1 ij=1

Since 0 < a < 2, definition (6.67) includes the definition of the space C'H8:0+8)/2(Qy x [0,T))
for 0 < ﬁ < 1: from (6.67) it follows H’U,Hc1+g,(1+ﬁ)/2 = QHUJHLM(QX[O’T]) + Supxeﬁ[u(a:,-)]C(Hm/z([o’ﬂ) +
S IViull Lo @ax 0. 77:mm) T+ >y Supyepo, [ Viu(-; t)]cs. Note that a term of the form [Viulca+s)/2 does
not explicitely appear, but it is recovered using the inequality ||¢]c: < CH@HIC/;E;FB )||ga||(1>j5 applied to
o(x) = u(z,t) + ulx, s) — 2u(z, (s +t)/2), where C is a constant independent of x. R

6 Another slightly different norm **** is defined as ||u|c + SUD, yeQ, w5y, t,5€[0,t0],ts To—y|oF]i—s|/2 "
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and for 0 < a0 < 2
CEreeltel2(Q % [0, 7)) :={u € C*"(Q x [0, T]) :
ug, Viju € C2(Q x [0,T)), 4,5 € {1,...,n}},

endowed with the norm

n

HUHCQ*O‘!HO‘/Q(QX[O,T]) :HUHLoo(ﬁx[o,T}) + Z ||Viu||Loo(ﬁx[o,T})
i=1

+ ||gllco.or2@xgo ) + Z IVijullcmarz@ixiom)
ij—1

HUHCHO‘!(HO‘)/Q(QX[a,b}) = [Jufloo + Z IViulloo + HutHCavD‘/?(ﬁx[a,b]) + Z ||vz‘ju||cw/2(ﬁx[a,b})
i=1 ij=1

Finally, we set
HfHC(l'*‘“)/Qal'*‘“([a,b}X&Q) = inf{HU”C(1+‘1)/271+a([a,b]><ﬁ) tv = fsula,b] x 9Q}.

6.3.1. Remarks on the linear theory. It is possible to prove the following theorem
on second order linear parabolic partial differential equations.

THEOREM 6.3.1. Let Q@ C R" be a bounded open set which is uniformly C* 0<a<l,
and let T > 0. Let a;j, bi,c, f € Co/2(Q x [0,T)), and B;, v, g € C*0+/2(9Q x [0,T7),
wy € C*T(Q). Assume that there exists a constant C' > 0 such that

aij(z,0)&& > ClE?, te[0,T), 2€Q, £=(&,...,&) €R™, (6.70)

and the nontangentiality condition

>, 0<t<T, 2€09, (6.71)

Zﬁi(z, tvi(z)

Set
Az, 1) = aij(2,t)Vijo + bi(2, 1) Vip + c(2, t)p,

B(z,t)p = Bi(z,t)Dip + v(z,t)p.

Moreover, assume that the following compatibility condition holds:

B(0, z)up(z) = g(0,2), z € 0N. (6.72)
Then the problem
wy = Az, t)w + f in Qx (0,7)
B(z,t)u(z,t) = g(z,t), on 9 x (0,T], (6.73)

W = wy on  x {t =0}
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has a unique solution w € C?**12/2(Q x [0,T]), and there exists a constant C > 0 such
that

||WHC’2+071+0/2(§><[0,T]) <C <Hw0||c2+a(§) + HfHCf’aa/Q(ﬁx[O,T}) + HchHa’(Ha)/Q(an[o,T])) .
(6.74)
The constant C depends on Q, on the C“%?-norm of a;;, bi, ¢, on the C1T(+/2_porm
of Bi, v, 0 n the constants v, vy, on the space dimension n, and on T, and it is increasing
with respect to T.

In view of the role played by Theorem 6.3.1 in the proof of Theorem 6.2.1, we give
here some ideas on how to prove that w € C?>+%12/2(Q x [0, T]), following the approach
described in [83, Theorem 5.1.22]. In our application (see (6.43)) we have wy = 0, b; = 0,
and the coefficients a;; and c are independent of ¢; therefore the statement of Theorem 6.3.1
covers a case which is more general than the one required to prove Proposition 6.2.4. The
proof of Theorem 6.3.1 can be reduced to the case in which the coefficients are independent
of time (see the proof of [83, Theorem 5.1.21]). Therefore, let us assume that

a;j,b; and ¢ do not depend on ¢ :

this is the case considered in [83, Theorems 5.1.19, 5.1.20]. Observe that f € C**/2(Q x
[0,77]) implies that

the map t — f(t,-) belongs to C*/?([0, T]; X) N B([0, T];C*(Q)), (6.75)

where the Banach space X is defined as

X :=C(Q),

and B([0,T];C*(Q)) denotes the space of bounded functions from [0, 7] into C*/2(Q).
The strategy of the proof now is the following.
Case 1. Assume g = 0.
We recall that the interpolation space D4(a/2,00) as defined in [83, Section 2.2.1]
satisfies

Dy(a/2,00) = C*(Q), (6.76)

see [83, Theorem 3.1.30].
The equation (6.73) is viewed as an ordinary differential equation in X

{w’(t) = Aw(t) + f(t),  t€[0,T), (6.77)

W(O) = Wy,
where the domain D(A) of A is, thanks to the assumption g = 0, the linear space given by
0
D(A) - {90 € mp>1I/V2’p(Q) . @7"4()0 c X’ a—(p =0 on 39}
B v

We recall (see [83, pag. 50]) that, using also (6.76), the interpolation space D4(a/2 +
1, 00) has the following expression:
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Dy(a/2+1,00) = {p € D(A): Ap € C*(Q)} = {p € C**(Q) : g—f =0 on 99}, (6.78)

where the last equality is a consequence of the Schauder estimates [81], [67].

From (6.75) and (6.76) we have in particular f € C([0,7]; X) N B([0,T]; Da(c/2,0)).
From (6.78) we also have wy € Da(a/24 1,00). Hence we can apply [83, Corollary 4.3.9],
and we obtain that (6.77) has a unique strict solution v which has the expression

v(t) = ewy + (e % f)(t) = e wp + /t e =941 (s) ds,
0

with
u', Au € C([0,T]; X) N B([0, T]; C*2(Q)), (6.79)
and
Au € C¥%([0,T]; X) (6.80)
Inclusions (6.79) imply the more delicate conclusion, namely that
v e CH(Qx [0,7T)), (6.81)

where for 0 < a < 1

C*rl(Q x 0,T]) == {u e C* (A x [0,T]) : s, Viju € C*°(Q x [0,T]) Vi, 5}
and ||U||c2+m1(§x[o,ﬂ) = [Julloo + 32500 IVittlloo + [Juelleao + 320, [Vijulleao. Formula (6.75)
and (6.80) imply that u = Au+ f € CQ/Q([O,T];X). Hence, from (6.81) we get v €

C2+a,1+a/2 (ﬁ % [O,T]).
Case 2. Assume that g # 0. We want to solve the problem

w(t) = Au(t) + f(t), t €[0,7T],

Qu—g ondQx[0,7], (6.82)
u(0) = uy.

We use the extension operator N with respect to the variable z, as defined in [83, Theorem
0.3.2]. It follows that we can construct a function B := Ng € C>+*1/2+/2(Qy x [0, T]) such
that B = g on 02 x [0,7]. Note that 1/2 + a/2 < 1, so that B is not differentiable in
time. Let us define

vi=u—D
Formally, it follows that v satisfies

v =Av+ f(t) + AB — By, t €10,7],
P —0 ondfx 0,7, (6.83)
v(0) = uy — B(0,x), =z € IN.
Again at the formal level, the function v has one of the expressions on [83, pag. 200],
which gives
u = uy + ug, (6.84)



6.3. DEFINITIONS OF PARABOLIC HOLDER SPACES AND LINEAR THEORY 78

where

up = —A /t e=4[B(s,-) — B(0,-)]ds + B(0, "),
0 . (6.85)
uy = e (ug — B(0,-)) + /0 e~ f(s,) + AB(s, -)|ds

The point is now to show that u in (6.84) has the required regularity (in particular
that uy,uy € C***1(Q x [0,T])), and it is the solution of (6.82). The most delicate
part is to prove that u; has the required regularity (see [83, pagg. 201-203]) and that
%1 = g on 0Q x [0,T]: one shows that B(s,-) — B(0,-) € CU+/2([0, T];C(Q)) C
C(Ha /2(10,T); Da(1/2,00) and then applies [83, Theorem 4.3.16] with § = 12 3 =
Concerning ug, one shows that f(s,-) +.AB(s,-) € C([0,T]; X) N B([0,T]; CQ(Q)) SO that
f(s,-)+ AB(s,-) € B([0,T); DA(a/Q, o0)); since ug — B(0, ) € C2+°‘(Q) and has vanishing
Neumann boundary condition, it follows that uy — B(0,-) € Da(a/2+ 1,00). One then
applies [83, Corollary 4.3.9 (iii)] to gain the required regularity of us and the fact that
%2 — () on 9 x [0, 7.

Notes

6.3.2. Inclusion principles in the presence of the forcing term. A version of Theorem
7.3 can be proved also in presence of the forcing term.

THEOREM 6.3.2. Let f1, fo € KF4 be two smooth compact mean curvature flows with forcing
term g in a common time interval [a,b]. Define the function

o(t) :=dist(f1(t),R™\ fa(t)), t € la,b]. (6.86)
Assume that
d(a) > 0. (6.87)
Then for any t € [a, b
1
there exists Tlil%l+ - ((5(75 +7)— 5(t)> > —Lgo(t). (6.88)

Hence the function t € [a,b] — 6(t)e*s*=%) is nondecreasing.

PROOF. We can repeat the proof of Theorem 7.3 up to formula (6.19) included. Let us
now show (6.88) for ¢t € [a,0). We can repeat the computations in (6.22), (6.23) and use that
f1, f2 € KF, to obtain

0 222 (5(0), 1)) = ~HPO (@) 4 gut) 0 2L s(0), 1)) = ~HAO(@) + gla, ). (6:589)
Therefore
li, (64 7) — 0(0)) = —H2O(@0) + g0, 0)+ HAO (@) — gla,6). (6.90)

Since (6.28) is still valid we obtain

lim (5t +7) — 8(8) > glan, £) — glan,£) > —Glin — z| = —Go(2). (6.91)

T—0t T
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Let us now show that from (6.90) it follows that de’s(*~%) is nondecreasing in [a,b]. Indeed,
suppose by contradiction that we can find a time t; € |a, b] such that §(¢1) < §(a) exp(—Lgy(t1—a)).
Let p(s) = P(s)exp(—Lg(s—a)), where P is a linear decreasing polynomial such that u( ) =d(a)
and p(t1) > 0(t1). Define

= inf{s € [a,b] : d(s) < u(s)}.
Then u(s*) = §(s*), hence s* < b, and by definition of s*

* - *
liminf6(8 +7)—4(s*)

T—0t T

< (s) < ~Go(s"),

a contradiction. 0

Again, the conclusion of Theorem ?? is equivalent to 8(t) > &(a)e~Fs*=%) for any t € [a,b].

In presence of the forcing term the distance between f;(¢) and R™\ fo(t) can decrease, as
shown by the following example.

EXAMPLE 6.3.3. Fix 0 < A < 1 sufficiently close to 1, in such a way that RX(O) = —1/2,
RX(T) —1, for a suitable 7 € ]0,T[, where T = t*. We have RX < —o on [0,7] for a suitable
o > 0. Choose T > 1 large enough in such a way that Ry 7(0) > 3/4, and Ry < o on [0, 7]. Setting

[ =Ry —I—RM,Wehavef( ) >0, f(1) <0, and f <0 on [0, 7].

Hence f has a unique strict local maximum ¢* € |0, 7[ on [0, 7.

Set R* = Ry(t*), r* = Ry(t*), and F = Bp_(0)(—R*,0)U Bg_(0)(r*,0). Observe that F'is the
union of two disjoint balls.

6.3.3. Continuity with respect to the initial data. We discuss here the local well-
posedness, in particular the continuity with respect to initial data, of the initial value problem for
a second order fully nonlinear parabolic equation with first order nonlinear boundary condition.
Let Q C R" be a bounded open set with boundary of class C?** and let ug € C**%(Q). Consider
the problem

ug = F(z,t,u, Vu, V?u) in Q x (0,tg),
g(z,t,u,Vu) =0 on 082 x [0, to] (6.92)
u(+,0) = up(-) in Q
where
- F:Q:=Qx]0,t0) x Br,((W,p,7)) — R, (W,p, X) € R x R" x Sym,, is differentiable with
respect to ¢ = (u,p, X), F, Fp,, Fx,; are locally Lipschitz continuous with respect to ¢

and locally C/2 with respect to (z,t), uniformly with respect to the other variables:
i.e., for every t € [0,t9] and 3 € {0,1}

SUpIVEF ()l gamiaieog) : € € Bro((@F, X))} < 4o, (6.93)
and
AL >0 : [VF(2,t,¢1) = VIF(2,1,G)| < LI — G, (6.94)
for (z,t) € Q x [0,%],¢1, (2 € Br,((W,p,q)), an the following ellipticity condition holds:
"\ OF
W(zuuuvva)fiéj > 07 (Zut7u7p7X) S Q7 (517 .. 7571) S Rn \ {0}7 (695)
ij

1,7=1
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- g:8:=Qx[0,to] x Br,((,p)) satisfies the nontangentiality condition

9g
a—p(zvtauvp)l/’i(x) 7& 07 (z,t,u,p) € Sa YAS 897 (696)
1
it is twice differentiable with respect to (u,p), each derivative up to the second order is
locally Lipschitz continuous with respect to (u,p) and locally C (I+e)/2.14a with respect
to z,t, uniformly with respect to the other variables: i.e., for every t > 0 we have

Sup{HD(ﬁu’p)g(-, Sw)||loatar2isa(oixn) ¢ (W) € B((W,D), Ro), |8l =0,1,2} < +oo  (6.97)
and there exists M > 0 such that

’D?u’p)g(zvtaulapl) - D(ﬁup)g('zat’uQ’pZ)‘ < M’(ulapl) - (UQ,pg)’,
(6.98)

V(Z,t) € [Ovﬂ X ﬁa (u17p1)7 (112,]?2) € BRo((ﬂaﬁ))’ |ﬂ| =0,1,2.

Assumptions (6.93) and (6.94) are satisfied if f is twice continuously differentiable with respect
to all its arguments, and assumptions (6.97), (6.98) are satisfied if g is thrice continuously differ-
entiable with respect to all its arguments.

THEOREM 6.3.4. Assume tuat ug verifies the compatibility condition
9(07 Z,’U,()(Z), VUO(Z)) =0, KAS an (699)

and that the range of (uo, Vug, V>uq) is contained in Bpg, /2(T, D, X). Then there exist tg > 0 and
a unique u € C*H1+/2(Q x [0, to]) satisfying (6.92). Moreover, for any p > 0, there exist 5y > 0

and Ko > 0 such that for every ui,us € C*T%(Q) satisfying
9(0, z,u1(2), Vui(z)) = g(0, z,u2(z), Vua(z)) =0, z € 002 (6.100)
and
[Jui — U0”02+a(§) <P (6.101)

the solutions u(-,u;) of problems (6.92) with initial data u; satisfy
lJu(-,ur) — U('aU2)H02+a,1+a/2(ﬁx[o,5o}) < Kolluy — U2HC2+a(ﬁ)- (6.102)

PROOF. The proof of the existence and uniqueness part of the statement is given in [83,
Theorem 8.5.4]. Let us show (6.102). We first check that for every u; € C?T%(Q) satisfying
(6.100) and (6.101) the solution of problem (6.92) is defined in a common time interval [0, dp].
This is done revisiting the proof of [83, Theorem 8.5.4], taking u; instead of ug as initial datum.
We have to check *** that C'(R) in [83, formula 8.5.18] may be taken independent of u;. We
have C(R) = C(C7(R) + Cs(R)), where C is the constant in (6.74), and C7(R), Cs(R) appear in
the two estimates on [83, pag. 325]. Looking at the proof of the estimate involving C7(R), we
see that C7(R) is bounded by a(R) + b(R)||u1 |2+ @) where a(R), b(R) do not depend on u;.
So, C7(R) < a(R)+b(R)(||uo||c2+a + p), and a similar estimate holds for Cg(R). Therefore, C(R)
can be taken independent of u.
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It follows that for every u; as above, the map I' (see [83, pag. 321]) defined as I'(u) := w,
where w is the solution” of
w(z,t) — Aw = F(z,t,u, Vu, V?u) — Au,
0<t<94, z€Q,

Bw(z,t) = —g(z t,u(z,t), Vu(z,t)) + Bu(z,t), 0<t <9, z¢€ 01,

w(0, 2) = u(z), z €.
is a 1/2-contraction in the set
Yy, = {u € CHOLH2@ 5 [0,6) : u(0,) = ur, flu— 1 garansass < R}

provided that C(R)6%/? < 1/2. Moreover, I maps Y,,, into itself, provided that the constant C’
defined by

C" = C(||F (-, u1, Vur, V2ur) || carza + 19(5 1, V)| gasar /2100 )

(C is still the constant in (6.74)) satisfies C’ < R/2. The sum of the norms ||F(-, -, u1, Duy, D*u1) | ca/2.a
and [|g(-, -, u1, Du1)||¢(1+a)/211a does not exceed a + b||u1||g2+a for suitable constants a, b > 0.
Therefore,
C" < Cla+ b(Jluollcz+a + p))-
In turn, C depends on u; through the C®/2%norm of the coefficients of A and through the
C+e)/21+a norm of the coefficients of B. The coefficients of A are the derivatives of F with
respect to X;;, pi, u, evaluated at (0, z,u1(2), Vui(2), V2u1(2)). Their C*/>*norm (which coin-
cides with their C%®-norm, since they do not depend on time) does not exceed aj + by ||u1 | c2+a
for suitable constants ai, by > 0, hence it does not exceed ay + b1 (||ug||c2+ + p). Similarly, the
C+e)/21+a norm of the coefficients of B does not exceed ag + b (||uo||c2+a + p), for suitable as,
ba > 0. Therefore, C' is bounded by a constant independent of u;. Hence we can choose R large
enough, in such a way that ¢’ < R/2, and then § < & := (2C(R))~%/®. For this choice, T is a
1/2-contraction that maps Y, into itself, for every u; as above.
Let now wui, ug be two initial data as in the statement, and set w(-) = u(-,u;) —u(-, uz). Then

w satisfies

wi = a;;Vijw +b;Viw+ew  on Q x [0,5)]

0 = G;D;w + vyw, on 082 x [0, d]

w(0,2) = u1(z) — uz(2) z€Q,

where

1 1
a;j(z,t) ::/0 FXij(z,t,fg(z,t)) do, bi(z,1) ::/O Fy(z,t,&5(2,t)) do,

1
o(z,1) = /0 Fulet, £ (2,4)) do,

fa(zat) o= U(U(Z,t,ul), Vu(z,t,ul), V2u(z,t,u1)) + (1 - U)(U(z,t,UQ), VU(Z,t,UQ), V2u(z,t,u2)),
1

1
Bi(zt) = /0 aoi (22t 10 (2, ) dory y(2,8) = /0 a2t (2, 1))do,

Ay = Fx,;Vijv+ Fp,Viv + Fyv, Bv = E?:l 9p; Div + g, v where the derivatives of F' are evaluated
at (z,0,u1(z), Vui(z), V2ui(2)) **c’e’ il solito problema dell’estensione di F' fuori dalle simmetriche***,
and the derivatives of g are evaluated at (0, z, u1(2), Vuq(2)). *** corretto? ***
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Ne(z,t) = o(u(z, t,u1), Vu(z, t,u1)) + (1 — o) (u(z, t,u2), Vu(z, t,uz))

Since the ranges of (u(-,u1), Du(-,u1), V2u(-,u1)) and of (u(-,u2), Vu(-,uz), V2u(-,uz)) are con-

tained (see [83, pag. 321]) in Bg,((uw,p, X)), then & (z,t) € Bgr,((u,p,X)) and n,(z,t) €
Bpr,((w,p)) for every t and x. Therefore, the ellipticity condition (6.70) and the nontangen-
tiality condition (6.71) are satisfied by constants C, vy independent of u; and wuy. If we prove
that the C*®/2-norm of the coefficients a;;, b;, ¢ and the C'**(1+®)/2_norm of the coefficients 3;,
~ are bounded by constants independent of u, us we may apply Theorem 6.3.1 to obtain

”w”Cl'*“l/Q’Q'*‘“([0,5o]><ﬁ) < CHul - u2”02+°‘(§)

and (6.102) follows. -
Let us consider the coefficients a;;. For every t € [0,d0] and = € Q, |a;;(z,t)| < supg |fq;; ],
and assumptions (6.93) and (6.94) imply that

laij(z,t) — aij(y, s)|

1 1
S/O ’FXi]-(Z,t,gg(Z,t)) —inj(y,s,fg(z,t))\da—l—/o ‘FXij(y,S,fg(Z,t)) _FXij(yasafa(yvs))’ do

1
<K (|t = s|*? + o = y|*) + L/O 165 (2,1) = &y, 8)|do < K ([t — s|*% + o — y|*)

+ 5 (o mlewno + )l gond + Dute oo

+ [Du(-, u2)] gasze + [D?u(-, u1)]carza + [DQU(',UQ)]CQ/Q’“> (It = s|°% + |z — y|*).
Therefore,

[@ijlcaarzs < K+ C([Ju(-,ur)|lczrantarz + [[u(- uz)llgra/zzia) < K+ 2Co(R + [luglc2ta + p).

Similar estimates are satisfied by the coefficients b; and c.
Let us consider now the coefficients ;. For every t € [0, dp] and z € 9Q we have |5;(z,t)| <
supg |gp,| and, arguing as above, with estimates (6.93) and (6.94) replaced by (6.97) and (6.98),

16i(2,t) = Bi(, )|

1 1
< / e (A0 (2 1)) — G0y 8,1 (32| d + / 190 (@ 5,70 (2, 8)) — Gpu (@28, 10 (&, 8))|do

1
<H(|t— s|+2) ¢ M / 60 (2,1) = (@, 5)| do
0

M
SH(‘t — 8‘(1+a)/2) + 5 ([u(',ul)]c(l+a)/2,0 + [u(‘,u2)]0(1+a)/2,0 + [Du(',u1)]c(1+a)/2,o + [Du(',UQ)]C(1+a)/2,o

Therefore,
[Bilcatareo < H + CilJu(, ur)llcrvaszzra + [[u(, u2)llcrvasz2va) < H 4+ 2C1(R + [Jugl|c2+a + p).-

Moreover, for each k we have

0B; Lo
) = [ gl tne(z. )
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where
0
3—21%(91%(27 i, 770(27 t))) =  Opszy, (Zv i, 770(27 t)) + gpiu(zv t 770(27 t))(o-uwk (Zv t ul) + (1 - O-)uxk (Zv t UQ))
n
+ ngipj (thana(zat))(auﬂﬁkﬂfj (zataul) + (1 - J)uxkxj (th7u2))~
j=1
Therefore,
a6; 1
928 (2, 1)] < 5P [gpune| + 5 5P lgpual ( 5 [fult, - u)lls ) + D ults - u2) | )
Oxy, s 2 g 0<t<6o 0<t<do
1 n
+— SUup |Gp;p; ( sup |u(t,-,u1 o) T sup |u(t7'7u2) _)
2; ! |9pip; | b | Nez@) JSup | lc2@)
< Cy(R+ |luolc2ra + p)-
In a similar manner one estimates [gf L] o O

Proposition 6.2.5 is proven in [83, Proposition 8.5.6]. The regularity of w in Theorem ?7 is
proven in [83, Theorem 8.5.6]. Theorem 6.3.1 is proven in [83, Corollary 5.1.22]. Proposition
6.2.5 is taken from [83, Proposition 8.5.6]. In [69, Section 2| the authors prove a short-time
existence and uniqueness theorem for a manifold evolving by mean curvature inside another
ambient manifold.

In [11] the author proves a short-time existence theorem for curves on surfaces evolving by a
suitable geometric law (including curvature flow), allowing singular initial curves, namely curves
with p-integrable curvature, and also curves that are locally graph of a Lipschitz function. See
also [12, Theorem 3.2]. We also note a comment concerning the continuity of the curve solution
with respect to parameters given in [11, p. 460].

A general short-time existence theorem for a large class of geometric evolution problems,
including evolutions of higher order, can be found in [75, Theorem 7.17]: this theorem covers
evolutions of the form (4.13), once one observes that an initially embedded hypersurface evolving
under (4.13) remains embedded for short times 8. An existence and uniqueness theorem for an
evolution equation which is nonlocal, similarly to (5.5) where the nonlocality is due to the fact
that g is evaluated on pry)(2), has been proved in [33, Theorem 3.1].

In [57, Section 4] the authors prove a short time existence result of a smooth solution of mean
curvature flow starting from a locally Lipschitz initial manifold.

6.3.4. More on the inclusion principle. Using the continuity result with respect to initial

data proved in Theorem 77?7, we now want to improve the inclusion principles described in Sections
27

PROPOSITION 6.3.5. Let E € C*NIC, and let f : [0,to] — P(R™) be the smooth compact mean
curvature flow given by Theorem ??. Then there exist p > 0 and t; € (0,tg] such that
- for any p € [0,p] we have E; € C°NK (resp. Ef € C°NK)
- for any p € [0,p] the set E; (resp. E;‘) has a unique smooth mean curvature flow
fo 2 10,t1] — P(R™) (resp. fj :[0,t1] — P(R™)).

8See Section ?77?
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PrOOF. The first assertion follows from the results in Chapter ?7. It remains to show that
the existence time of the smooth flow starting from E, does not tend to zero as p — 0". This
assertion can be proved as follows: it is possible to show that the maximal existence time of the
smooth mean curvature flow starting from FE is bounded from below by a constant times the L*°
norm of the second fundamental form of 9E. Using Theorem 2.3.1, it is then enough to observe
that the L> norm of the second fundamental form of 9E, is uniformly bounded from above with
respect to p, provided p is sufficiently small. O

PROPOSITION 6.3.6. Let E, f, to,ﬁ,tl,E;[ and fpi be as in Proposition 6.3.5. Then for any
t € la,a + to], we have Upe[oﬂfp_(t) = f(t) and ﬂpe[o,p]f/j‘(t) = f(t).

PROOF. From Theorem 6.2.7 it follows that Uo7 f, (t) € f(t). The opposite inclusion
follows from (6.102). The proof of the assertion concerning f;r is similar. O

THEOREM 6.3.7. Let f1, fa : [a,b] — P(R™) be two smooth compact mean curvature flows.

Assume that
fi(a) C fa(a).

Then
i) C fa(t), t € la,b]. (6.103)
If moreover 0f;(a) are connected for i =1,2 and fi(a) # f2(a), then
Of1(t) NOfa(t) = 0, t € (a,b]. (6.104)

PRrOOF. Using the notation of Proposition 6.3.5 (with fi in place of f), we have that f1, (t) C
fi(t) for any t € [a,a +to], and Of1, (t) N Of1(t) = O for any ¢ € [a,a + to]. ***ecc. ecc. From
Proposition 77?7 O

Concerning the short time existence of E' € C*°(R"), in the paper [] it is considered the case
when OF is an entire graph; see also ***chiedere referenze a cardaliaguet ***

Remark ?7: the maximal time of existence depends only on a bound of the second fundamental
form of initial set OE: see i[57, Section 4], Ilmanen [|, and Theorem ?7.

9This is shown, in the case of curves, in Chapter ??. For the general case, see 77.



