CHAPTER 2

Definition of the Flow and Small Time Existence

1. Notations and Preliminaries

We devote this section to introduce the basic notations and facts about Riemannian
manifolds and their submanifolds we need in the paper, a good reference is [39].

The main objects we will consider are n—dimensional connected and complete hy-
persurfaces immersed in R"*, that is, pairs (M, ¢) where M is an n—-dimensional smooth
manifold, connected with empty boundary, and ¢ : M — R"! is a smooth immersion,
that is, the rank of dy is everywhere equal to n.

The manifold M gets in a natural way a metric tensor g turning it in a Riemannian
manifold (M, g), by pulling back the standard scalar product of R"*! with the immer-
sion map .

Taking local coordinates around p € M, we have local bases of T,M and T,; M, re-

spectively given by vectors {8%1} and covectors {dz,}.

We will denote vectors on M by X = X', which means X = X':2, covectors by

Y =Y, thatis, Y = Yjdz; and a general mixed tensor with 7' = T;j]’l’“, where the
indices refer to the local basis.

Often, we will consider tensors along M, viewing it as a submanifold of R"*! via
the map ¢, in that case we will use the Greek indices to denote the components of such
tensors in the canonical basis {e,} of R""!, for instance, given a vector field X along M,
not necessarily tangent, we will have X = X“e,.

In all the paper the convention to sum over repeated indices will be adopted.

The inner product on M, extended to tensors, is given by

g(Tv S) = Giysy - - 'gikskgﬂZl e g]lZngllljZlk S;ljlk
where g;; is the matrix of the coefficients of the metric tensor in local coordinates and g*/
is its inverse. Clearly, the norm of a tensor is

T = /g(T,T).

The scalar product in R**! will be denoted with (- |-). As the metric g is obtained
pulling it back with ¢, we have
9y
8[L'j .
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The canonical measure induced by the metric g is given in a coordinate chart by
1= VG L™ where G = det(g;;) and L" is the standard Lebesgue measure on R".

The induced covariant derivative on (M, g) of a vector field X and of a 1-form w are
given by

i 0X ' i vk Ow; k
VjX = 8—1’] + F]kX s ij,; = 8—1’] — I’jiwk,
where the Christoffel symbols I' = T}, are expressed by the following formula,

po Lo L0 0
ik — 29 8.’12']' Gkl axkgjl axl 9jk | -

For a general tensor the covariant derivative is defined by means of Leibniz rule.

In all the paper the covariant derivative V1 of a general tensor 1" = Tj’f;l’“ will be

denoted by VST; 11]’;“ = (VT);IZ’;l (we recall that such covariant derivative is defined
uniquely on the tensor algebra by imposing Leibniz rule and commutativity with con-
tractions).
With VT we will mean the m~th iterated covariant derivative of 7'.

We recall that the gradient V f of a function and the divergence div X of a vector

tield at a point p € M are defined respectively by
g(Vf(p)v) = dfp(v) Yo T,M
and

divX = t1iVX =V, X" = aﬁxi + T X"

€

The (rough) Laplacian AT of a tensor 7' is
AT = ¢V, V,T.

If X is a smooth vector field with compact support on M, as dM = (), the usual divergence

theorem holds
/ divXdu=0,
M

/MAfdu:O

for every smooth function f : M — R with compact support.

Since ¢ is locally an embedding in R™"*!, at every point p € M we can define up to a
sign a unit normal vector v(p). Locally, we can always choose v in order to be smooth,
if M is orientable, this choice can be done globally.

If the hypersurface M is embedded, that is, the map ¢ is one-to-one, as M is compact,
there will be an inside of the hypersurface, in this case we will consider v to be the inner
pointing unit normal vector at every point of M.

which clearly implies
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The second fundamental form A = h;; of M is the symmetric 2-form defined as follows:

Qe
hij N <V a$18$]> ’

the mean curvature H is the trace of A, thatis H = ¢g“/h;;.

REMARK 2.1. Notice that since v is defined up to a sign, the same is true for A.
Instead, the vector valued second fundamental form h;jv which is a 2—form with values in
R™*! is uniquely defined.

With our choice of v as the inner pointing unit normal, the sphere S” C R"*! has a
positive definite second fundamental form and positive mean curvature, the same holds
for every strictly convex hypersurface in R™*!.

The linear map W, : T,M — T,M given by W,,(v) = h’(p)v’ 2 is called Weingarten
operator and its eigenvalues \; < --- < A, the principal curvatures at the pointp € M. It
is easy to see that H = Ay + -+ + A, and [A]> = AT+ -+ + A2,

EXERCISE 2.2. Show that if the hypersurface M C R"™! is defined locally as the
graph of a function f : R” — R we have, ¢(z) = (z, f(z))
6ij = 0y + Il e

J J J 1 T ‘vf‘Q
Hess;; f
hij =
VIV

Af  Hesf(VEVS) VS
VIHIVIE  (VI+|VP)P VIV
where f; = 0,, f and Hessf is the Hessian of the function f.

EXERCISE 2.3. Show that if the hypersurface M C R"*! is defined locally as the zero
set of a smooth function f : R*™' — R, with Vf # 0, we have

- Af  Hessf(VF,Vf) div ( Vf )

IV /] IVfI? Vi)

The following Gauss—Weingarten relations will be fundamental,

P r Op 9 1s 09
%, L= ht e 2.1
Ox;0x; Y Oy, Y " 7 @1)

Ox; 0%,
In other words, they express the fact that VM = VE""" — Ay, We recall that, considering

M locally as a regular submanifold of R"* we have VY = (VE"'Y)M where M de-
notes the projection on the tangent space to /M and Y is a local extension of the field Y
in a local neighborhood 2 C R™** of p(M).

Notice that, by these relations, it follows

- VAR”: B -~
Ap = g'Vip=g” (angx- — T &Z) = ¢"hyv = Hu, (2.2)
iUdy
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component by component.
By a straightforward computation, we can see that the Riemann tensor, the Ricci tensor
and the scalar curvature can be expressed via the second fundamental form as follows,

Riji =9(V3:0, — V3,0, 0)) = hirhjy — hahjy
Ric;; = ¢"Rirj = Hhij — hag®hj
R :ginicij = gijgklRikjl = H?— |AJ2.
Hence, the formulas for the interchange of covariant derivatives, which involve the
Riemann tensor, become
VZ-V]-XS - VjViXS :Rijklgkle = (hikhﬂ - hilhjk:) gkle s
vivjwk - vjviwk = Rijklglsws = (hikhjl - hilhjk:) glsws-
The symmetry properties of the covariant derivative of A are expressed by the Codazzi
equations,
Vihjk = v]hzk = th”
which imply the following Simon’s identity (see [83]),
Ahij = V;V;H + Hhgg"hg; — |APh; . (2.3)

We will write T" * S, following Hamilton [43], to denote a tensor formed by contrac-
tion on some indices of the tensors 7" and S using g;; and g".
A very useful property of this x—product is that

T S| < C|T||S|

where the constant C' depends only on the ”structure” of the tensors 7" and S.
Sometimes we will need the n—dimensional Hausdorff measure in R**!, we will
denote it with H".

We advise the reader that in all the paper the constants could vary between different
formulas and from a line to another.

2. First Variation of the Area Functional

Given an immersion ¢ : M — R"*! of a smooth hypersurface in R"*!, we consider
the Area functional

Area(y) :/ du
M

where 1 is the canonical measure associated to the Riemannian metric ¢ which is in-
duced on M by the scalar product of R"*! via the immersion .

In this section we are going to analyze the first variation of such functional which is
nothing else than the volume of the hypersurface.

We consider a smooth one parameter family of immersions ¢, : M — R"™, with
t € (—e,¢) and ¢y = ¢, such that, outside of a compact set K C M, we have ¢.(p) = ¢(p)
foreveryt € (—¢,¢).

Defining the field X = % o along M as a submanifold of R"*! we see that it is zero
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outside K, we call such field the infinitesimal generator of the variation ;.

We compute

<a*” )l
dz, | o,
| Ao ) <a% )
< axj>+ <’axz> <‘axaxj>
< aasj> aasj< §$Z>—zr;;< ‘

agij o

)~ 2y 10),

QJ
‘G

axz

where X is the tangent component of the field X and we used the Gauss—-Weingarten

relations (2.1) in the last step.
Calling w the 1-form defined by w(Y) = g(dp*(XM),Y

as

), this formula can be rewritten

0 Ow;  Ow;
&gij o - axj + axj — Qqu)k — 2h2]<X ‘ V> = Viwj + iji — 2h”<X | l/> .

Hence, using the formula 9, det A(t) = det A(t)Trace[ A~ (¢)0,A(t)], we get

0
ot

_V det ()97 % 935 ,_,
2

~ /det(gi;)g7 (Viw; + Vjw; — 2hi (X | v))
- 2

= \/det(gy;) (div X — H(X | ).

det(gi;)
t=0
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If the Area of the immersion ¢ is finite, the same holds for all the maps ¢, as they are
compact deformations. Supposing that the compact K is contained in a single coordi-

nate chart, we have
i ),
— dﬂt
=0 81&

= 5 / \/det(gi5) dx
:/Kaw/det(gij) » dx

:/K(divXM—H(X|y)) det(g,;) da

0
aArea(gpt)

:/M(divXM—H<X|y>)du

:—/MH(X|1/>du

where we used the fact that X is zero outside K and in the last step we applied the
divergence theorem. Notice that the integrals are all well defined because actually we
are integrating only on the compact K.

In the case that K is contained in several charts, the same conclusion follows from a
standard argument using a partition of unity.

PROPOSITION 2.4. The first variation of the Area functional depends only on the normal

component of the infinitesimal generator X = 8‘“ | .o Of the variation, precisely

tzoz—/MH<X\y>du

Given any immersion ¢ : M — R""! and a field X along M, with compact sup-
port, we can always construct a variation with infinitesimal generator X as ¢;(p) =
©(p) + tX(p). Itis easy to see that for |¢| small the map ¢; is still a smooth immersion.
Hence, as the hypersurfaces which are critical point of the Area functional must satisfy
[y H(X |v)dp = 0 for every X with compact support, they must have H = 0 every-
where that is, zero mean curvature (and clearly viceversa). This is the well known
definition of the so called minimal surfaces.

As the quantity —Hv can be interpreted as the gradient of the Area functional (be
careful here, the measure y is varying with ¢, we are not taking the gradient with respect
a to a canonical L? structure on the space of immersions of M in R"*!), one is interested
in the motion of a hypersurface by this gradient, that is the mean curvature flow. So, one
looks for hypersurfaces moving with velocity Hv at every point of space and time. This

0
aArea(got)

Moreover, such dependence is linear.
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means choosing, among all the velocity functions with fixed L?(u) norm, the one such
that the area decreases most rapidly.

This idea is quite natural and arises often in studying the dynamics of models of

physical situations where the energy is given by the “volume” of the interfaces between
the phases of a system. Moreover, as the Area functional is the simplest (in terms of
derivatives of the parametrization) geometric functional, that is, invariant by isometries
of R"*! and diffeomorphisms of M, the motion by mean curvature is the simplest varia-
tional geometric flow for immersed hypersurfaces. Any other geometric functional, for
instance depending on the next simpler geometric invariant, the curvature, produces a
tirst variation of order higher than two (actually four at least) in the derivatives of the
parametrization, and a relative higher order PDE’s system.
One can clearly consider other second order flows where the velocity of the motion is re-
lated to different functions of the curvature, like the Gauss flow of surfaces, for instance,
where the velocity is given by Gr (G is the Gauss curvature of M, that is, G = det A),
or more complicated flows, but these evolutions are not variational, they do not arise as
“gradients” of geometric functionals (see Section 6).

3. The Mean Curvature Flow — Definition

DEFINITION 2.5. Let ¢y : M — R""! be a smooth immersion of a connected n-
dimensional manifold. The mean curvature flow of ¢, (or of M) is a family of smooth
immersions ¢; : M — R"" for ¢t € [0,T) such that setting »(p,t) = ¢:(p) the map
¢ : M x[0,T) — R""! is a smooth solution of the following system of PDE’s

2 o(p,t) = Hp, t)v(p, t)
{gp(p, 0) = ¢o(p) -

where H(p, t) and v(p, t) are respectively the mean curvature and the normal of the hy-
persurface ¢, at the point p € M.

REMARK 2.6. Notice that even if the unit normal vector is defined up to a sign, the
field H(p, t)v(p, t) is independent of such choice.

Using equation (2.2), this system can be rewritten in the appealing form

% _ A

ot
but, despite of its formal analogy with the heat equation, actually, it is a second order
quasilinear degenerate parabolic system, as the Laplacian is the one associated to the
evolving hypersurfaces at time ¢,

Ap(p.t) = Dy (p.t) = g7 (p, ) VVie(p, 1)
and both g and VY depends on the first derivatives of ¢ and on time ¢.
Moreover, this operator is degenerate, as its symbol (or the symbol of the linearized op-
erator) admits zero eigenvalues, see [38] for details, due to the invariance of the Lapla-
cian by diffeomorphisms.
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hypothesis on z, we have d; (z) — 0, hence
d*(t) = lim d; (z) — d; (z) < lim 2n(t; — t) = 2n(T — t)

which is the thesis of the proposition.
The closure of S is obvious, boundedness is a consequence of sphere comparison in
Corollary 3.10. O

A very important fact about hypersurfaces moving by mean curvature is the follow-
ing.

PROPOSITION 3.14. Suppose that the initial hypersurface is compact and embedded, then it
remains embedded during the flow.

PROOE. Let ¢ : M x [0,7] — R"™ be the evolving hypersurface. It is clear that if
o is an embedding it remains so for a small positive time, otherwise we will have a
sequence of points and times, with ¢ (p;, t;) = ©(g;, t;) and t; — 0, then, extracting a sub-
sequence (not relabeled) such that p; — p and ¢ — ¢, either p # ¢ so ¢(p,0) = ¢(q,0),
which is a contradiction, or p = ¢. By the smooth existence of the flow, in particular
by the nonsingularity of the differential of 0,¢(p,t) there exists a ball B C M around
p such that for ¢ € [0, ) the map ¢;|p is one-to—one, which is in contradiction with the
hypotheses.

This small time embeddedness property is immediate by revisiting the proof of the
small time existence theorem, representing the moving hypersurfaces as graphs on the
initial one, for small time.

This argument also implies that embeddedness holds in a open interval [0, T"), sup-
pose then that 7" is the first time the hypersurface is not embedded. The set S of pairs
(p,q) with p # g and ¢(p,T) = ¢(¢, T) is a nonempty closed set disjoint from the diago-
nal in M x M, otherwise ¢ fails to be an immersion at some point in M. Then, we can
find a smooth open neighborhood {2 of the diagonal with QN .S = ().

We consider the following quantity,

C: i f i f ,t - at )
nt (p,é?em'@(p ) — (g, 1)]

then C is positive, as QN S = ) and 91 is compact. We claim that the following function

©) (p,q)emlv}rle\Q‘gp(p’ ) — (g, 1),

is bounded below by min{L(0), C'} > 0 on [0, T, this is clearly in contradiction with the
fact that S is nonempty and contained in M x M \ €.

If at some time L(t) < C then L(t) is achieved by pairs (p, ¢) not belonging to 02, then
(p, q) are inner points in M x M \ © and a geometric argument analogous to the one of
the comparison Theorem 3.7 shows that %it) > 0, hence L(t) is nondecreasing in time.
This last fact clearly implies the claim. O

REMARK 3.15. Theorem 3.7 and Proposition 3.14 also hold if the involved hypersur-
faces are not compact, with some assumptions on the behavior at infinity (for instance,
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uniform bounds on the curvature).
The analysis is anyway more complicated, one has possibly to use the interior estimates
of Ecker and Huisken in [29].

3. Evolution of Curvature

Now we derive the evolution equations for g, v, I’ and A. We already know that

4 J

agzj =

Differentiating the formula g;,9* = 6/ we get
o 0 . . y

77 = —q' atgszg = 2Hg"hqg" = 2Hh" .

The derivative of the normal v is given by
ov | dp\ Po\ dHy)\ o
ot |00, )~ N \otor )~ N\ | 05 | om
Finally the derivative of the Christoffel symbols is
Opi 1 i Oy, 0 (9 VN0 (O
ot Ik _29 a atg’“ a a9t )~ oz \ ot %"
8
0 0
{ (815 kl) + Vi <agﬂ) -V (E.%k)}
1 0 0 0 0 0
{atgkz St gzszkvLatgngkﬂr =~ i1 — atgngkl atgkzF }
0 Lo 0
g 8tgszg o jgkl axkgjl axlg]k:

1, 0 0 0
= 59 ! {V (atgkl) + Vi (agﬂ) -V (8t9gk) }

) .0
il z s z
+9 aglzrjk -9 agszrjk

1. 9 9 9
=359 : {Vj (a%) + Vi <§ng> -V (E.%k)}
= — ¢"{V;(Hhy) + Vi(Hh;) — Vi (Hhj)}
= — i, V;H = hiViH + hy VH — H(Vhy, + Vihi — V'hy) .

ot

39
1
2
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Resuming, we have

5% = 2Hh;;
0 .. g
—g” =2HhY
ot’
0
“v =-VH
T \Y
0
atf;k =VH+A+H+VA=VAxA.
LEMMA 3.16. The second fundamental form satisfies the evolution equation
0
Ehij = Ah” — 2Hhilgl$hsj b \A|2hw . (31)
It follows,
0
a\A|2 = AJA]? —2|VA]2 +2/A* (3.2)
and 5
&H AH + H|A]%. (3.3)

PROOF. Keeping in mind the Gauss-Weingarten relations (2.1) and the equations
above, we compute
D*p
O0z;0x;

0 0
Ehij = E <V

2 2
B 0°(Hv) U 0%y
c%vzaxj (‘3@(‘3%

0*H 0 1s 0P
 Or,0x; —H <V ox; (hﬂg (%S) >
OH (9g0 4o | T Op
<8xl 92, | Viigg, Tl
0*H 0 oH
= — Hhjig" — Tk
O0x;0x; 9 <V 0x;0x > Y 0y,

= VZV]H — Hhilglshsj .

then using Simon’s identity (2.3) we conclude

0
Ehij = Ah” - 2Hhilglsh5j + ‘A|2hw .

The second equation follows from a straightforward computation as 2 ¢ = 2HhY. O

Now we deal with the covariant derivatives of A.
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LEMMA 3.17. The following formula for the interchange of time and covariant derivative of
a tensor T holds

0 0
—VT = T+TxA A
A TR
PROOF. We suppose that 7' = T;, ,, is a covariant tensor, the general case is analo-

gous, as it will be clear by the following computation,

8 a 21...0
aVﬂTﬁ---fa( o, ZFM - )

s=1
k

k
a 8E1 Zk Fl 87—‘7;1,..’L'5_1li5+1...ik a Fl T
o 2 - a Jis 1105 —1lis41...0k
s=1

ax] ot il ot
OThyiy
:vj alt b - Z(A * VA) 11 ds—1llg 1.0k 9
s=1

which is the formula we wanted. O
LEMMA 3.18. We have for k > 0, denoting with V* the k—th iterated covariant derivative,

0

av’ﬂhij = AV*h; + > VPA % VIA  V'A

ptq+r=k|p,q,reN

PROOF. We work by induction on k£ € N. The case k£ = 0 is given by equation (3.1),
we then suppose that the formula holds for (k — 1). We have, by the previous lemma,

d d
o V'hiy =V
= V(AV* 'h; + > VPA % VIA « V'A) + VF 1A « VA % A
p+g+r=k—1|p,q,reN
— VAV 1h, + > VPA « VIA V' A

p+q+r=k|p,q,r€N

VEhi + VE A« VA « A

Interchanging now Laplacian and covariant derivative and recalling that Riem = A x A,
we have the conclusion, as all extra terms we get are of the form A x A x V*A and

A x VA x VF LA, OJ

PROPOSITION 3.19. The following formula holds,

|V’“A|2 A|VFAZ = 2[VFHIAPR + > VPA %« VIA « V'A « VFA  (3.4)

ptg+r=Fk|p,q,reN
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PROOF. We compute

%|VkA\2 =2g (VkA, %VkA) + VFA* VFA x A x A

=2¢ | VFA, AVFA + > VPA % VIA « V'A | + VFA « VFA « A % A

p+g+r=k|p,q,reN

=29 (VFALAVFA) + ) VPAxVIAx V'A% VFA

p+g+r=k|p,q,rEN

= A|VFA]2 — 2|VFHIA2 4 > VPA % VIA % V'A * VFA .

p+q+r==k|p,q,reN

4. Consequences of Evolution Equations

Let us see some consequences of the application of the maximum principle to the
evolution equations for the curvature.
Suppose we have a mean curvature flow of a compact hypersurface M on the time
interval [0, 7"). We have seen that

%w? = AJA2 = 2|VA]R + 2|A]* < AJAP + 2/A*

and 5
2

atH_AHJrH\A|.

First we deal with the so called mean convex hypersurfaces that play a major role in
the subject.
A hypersurface is mean convex if H > 0 everywhere. We will see in the next proposition
that this property is preserved by the mean curvature flow.
Mean convexity is a significant generalization of convexity, for instance, it is enough
general to allow for the neckpinch behavior described in Section 4, in particular, mean
convex hypersurfaces do not necessarily shrink to a point at the singular time.

PROPOSITION 3.20. Suppose that the initial compact hypersurface satisfies H > 0. Then,
under the mean curvature flow, the minimum of H is increasing, hence H is positive for every
positive time.

PROOF. Arguing by contradiction, suppose that in an interval (ty,?;) C R* we have
Hupnin () < 0and Hyin(to) = 0 (Hpin is continuous).
Let |A|> < C in such interval, then
oH

—— = AH + H|A|?
r + HJA]
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implies
aI_Imin
ot

2 CYI—Imin

for almost every ¢ € (to,t1).
Integrating this differential inequality in [s,t] C (to,t1) we get Hyin(t) > e H i (s),
then sending s — ¢ we conclude H,,;,(t) = 0 for every ¢ € (o, ¢;) which is a contradic-
tion.

Since then H > 0 we get

H
%—t — AH+ H|A> > AH+ H?/n.
With the notation of Theorem 3.1, we let v = —H, X = 0 and b(z) = 2°/n, then if

H,.in(0) = 0 the ODE solution h(t) is always zero, so if at some positive time H,,;,(7) = 0,
we have that H(-, 7) is constant equal to zero on M, but there are no compact hypersur-
faces with zero mean curvature. Hence, H,,;, is always increasing during the flow and
H is positive on all M at every positive time. O

Actually, this proposition can be slightly improved as follows.

PROPOSITION 3.21. If the initial compact hypersurface satisfies |A| < oH for some constant
«a, then |A| < oH for every positive time.

PROOF. We know that H is positive for every positive time, hence also |A| > 0 for
every positive time which implies that it is smooth as |A|?.
Let [0,7) be the interval of smooth existence of the flow. Computing the evolution
equation of the function f = |[A| — oH, we get

af 1

L = (AJAP = 2|VA]? + 2|A|*) — a(AH + H|A|?
5 = a7 AR 2IVAP + 21A1Y) — a(AH + HIAP)

1
= AJA| + TA’@MAH? —2|VAP) + |A]® — a(AH + H|A|?)

1
=Af+|APf+ TA,@IV\AH2 —2|VAP)
<Af+ AP,

as the term |V|A]|? — |VA|? is nonpositive.

Hence, choosing any 7" < T, if C is the maximum of |A]?> on M x [0,7”], we have
of <Af+C|flon M x [0,7"]. By maximum principle 3.1, as fiax(0) < 0, we conclude
f <0on M x [0,T"]. By the arbitrariness of 7" < T, the thesis follows. O

COROLLARY 3.22. If H > 0 for the initial compact n—dimensional hypersurface, then there
exists ag > 0 such that ap|A|? < H? < n|A|* everywhere on M for every time.
If the initial hypersurface has positive scalar curvature, then the same holds for all the positive
times.



4. CONSEQUENCES OF EVOLUTION EQUATIONS 39

PROOF. The first claim is immediate by compactness of M and previous proposition
(the right hand inequality is algebraic)
Recalling that the scalar curvature is equal to H* — |A|?, positive scalar curvature implies
that H > 0 (H cannot change sign on M and there is always a point where it is positive,
as M is compact) and H*/|A|* > 1, the second part of this corollary is also consequence
of Proposition 3.21. O

COROLLARY 3.23. Suppose that the initial compact hypersurface has H > 0, then, if A is
not bounded as t — T, the same holds for H.

PROOF. Immediate consequence of Proposition 3.20 and the estimate of the previous
corollary. O

Now we look at the evolution equation of |A|?, it implies

max max *

0
AR < 2A

Notice that |A|2,,, is always positive, otherwise at some time ¢ we would have A = 0
identically on M, which would imply that M is a plane in R™*! in contradiction with
the compactness hypothesis. Hence, we can divide both members by |A|2 ., obtaining
the differential inequality for the locally Lipschitz function 1/|A|?

- axs Dolding at almost
every time ¢t € [0,7"), with 7" < +o0,

d 1
_L_ D o
dt | AR
Integrating in time in any interval [¢, s] C [0,T"), we get
1 1

ACORn  TAG B, =21

max max

Suppose now that A is not bounded in [0, T'), that is, there exists a sequence of times s;
T such that |A(-, s;)|2,.« — +oo. Substituting these times s; in the previous inequality

and sending i — oo, we get
1
|A(> t) .

max

< 2T —1).

EXERCISE 3.24. Show that the only compact hypersurfaces in R"*! with constant
mean curvature are the spheres.
What about a compact hypersurfaces in R"*! with constant |A|?

In other words, we proved the following.

PROPOSITION 3.25. If the second fundamental form A during the mean curvature flow of a
compact hypersurface, is not bounded as t — T' < +oo, then it must satisfy the following lower
bound for the explosion rate

max |A(p,t)| > ———.
A ()] > —
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Hence,

i A = +00.
lim max |A(p, ¢)] = +o0

Moreover, if the inequality is an equality at some time, then the hypersurface is a sphere at every
time.

EXERCISE 3.26. Suppose that the initial compact hypersurface has H > 0, then the
maximal time of smooth existence of the flow can be estimated as T}, < n/2H2. (0).

PROPOSITION 3.27. If the second fundamental form is bounded in the interval [0,T"), T <
400, then all its covariant derivatives are also bounded.

PROOF. By Proposition 3.19 we have

%\vw? = A|VFA|? — 2[VFIA2 + Z VPA % VIA « V'A  VFA
p+q+r=Fk|p,q,r€N

<SAIVEAP + P(IAL ... [VEIADIVEAR + Q(IA], ..., [VFTIA]),

where P and () are smooth functions independent of time (actually they are polynomials
in their arguments). Notice that in the arguments of P, @ there is not V¥4, indeed, in
the terms VPA x VA x V"A x VFA there can be only one, or two occurrences of VFA,
by the condition p + ¢ + r = k and p, ¢, € N. If there are two, suppose r = k, then
necessarily p = ¢ = 0 and we estimate |A * A x VFA x VFA| < |A]2|VFAJ?, if there is
only one, this means that p, ¢,r < k and we again estimate |[VPA x VA x V"A x VFA| <
|VPA % VIA x VTA2/2 + |VFA|? /2.

Reasoning by induction on k, being the case £ = 0 in the hypotheses, we suppose
that all the covariant derivatives of A up to the order (k — 1) are bounded, hence also
P(|A],...,|[VF1A|) and Q(|A], ..., |V*1A]) are bounded, thus

0

a\vk’A\? < A|VFAR + C|VFAP? + D.

By maximum principle, this implies

d
_'valfnax < O‘va‘?nax + D )

dt
and since the interval [0,7') is bounded, the quantity [V*AJ2  is also bounded, as one
can obtain an easy exponential estimate for the function u(t) = |[V*A|2,,, integrating the

ordinary differential inequality v < C'u+D, holding for almost every time ¢ € [0,7). O

PROPOSITION 3.28. If the second fundamental form is bounded in the interval [0,T"), T <
+oo, then T' cannot be a singularity time for the mean curvature flow of a compact hypersurface
o(p,t) : M x [0,T) — R,

PROOF. By the previous proposition we know that all the covariant derivatives of A
are bounded by constants depending on 7" and the geometry of the initial hypersurface.



4. CONSEQUENCES OF EVOLUTION EQUATIONS 41

We look at the map ¢, as H is bounded,

o, 1) — o(p, )| < / H(p,€)| d < C(t — 5)

for every 0 < s <t < T, then the maps ¢; = ¢(-,t) uniformly converge to a continuous
limit map @7 : M — R*"*!ast — T.
We fix now a vector v = {v'} € T,M,

9isnfigd 9. .vi0) Allv]2
ilog\v|2 _ v —2Hhgu' < C’l vl ‘e
di I |v]2 |v]2 v[2
then, forevery 0 < s <t < T
[lg0 ‘1d 2

which implies that the metrics ¢(¢) are all equivalent and the norms | - |, uniformly
converge, as t — 1 to another equivalent norm | - |y, which is continuous. By the
parallelogram identity, it also follows that this limit norm | - | comes from a metric
tensor gr which, since it is equivalent to all the other metrics, it is also positive definite.
As a consequence, we are free to use any of these metrics in doing our estimates.
By the evolution equation for the Christoffel symbols, we see that
0
_FZ

5ol <ol |5

for some constants depending only on the initial hypersurface. Thus, the Christoffel
symbols are equibounded in time, after fixing a local chart. This implies that for every
tensor S

oS

that is, the derivatives in coordinates differ by the relative covariant ones by equi-
bounded terms.

In the following, by simplicity we will denote with O the coordinate derivatives and with V
the covariant ones.

As the time derivative the Christoffel symbols is a tensor of the form A x VA, we
have

T
dt§0+/ A% VA|dt<C+ DT,
0

_ V4] ] <cls

1005, 1, 15| = 107, .0, 05| = 10,1, A+ VA,
hence, by an induction argument on the order s and integration as above, one can show
that |0, , I'k| < C for every s € N.
Then, again by induction, the following formula (where we avoid to indicate the in-
dices) relating the iterated covariant and coordinate derivatives of a tensor S, holds
s s—1
VeS| =Sy T ... TorS| < C ) |0k
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This implies that if a tensor has all its covariant derivatives bounded, the same holds for
the coordinates derivatives. In particular this holds for the tensor A, that is, < (.
Moreover, by induction, as Vkg = 0 all the coordinate derivatives of the metric tensor ¢
are equibounded.

We already know that |¢| is bounded and |0¢| = 1, by the Gauss—Weingarten rela-
tions (2.1)

o =T0p + Av, ov =Ax0yp

k—2 E_2 k—2
( ‘ )6k—2—irai+1 + < )akz 2— zAaZ
1
1=0 =0

k—2
<CZ|3Z+1¢\+CZ\32 YA % dp)| +C

=1

—CZW“@HCZ’ 3 apA*aqg*arH@Mc
=1 p+qt+r=i—1
k—2 i—1

< CZ ool +C> > o ol + C

i=1 r=0

< Ci |0t o] + C i: || + C

1=0 =1
k-1

<CY |0yl
=0

where we estimated with a constant all the occurrences of 9*A and 9*g. Hence, we can
conclude by induction that [0*¢| < C} for constant C}, independent of time ¢ € [0,T).
By Ascoli-Arzela theorem we can conclude that pr : M — R™*! is a smooth immersion
and the convergence ¢ (-, t) — ¢ is in C*.

Moreover, with the same argument, differentiating the evolution equation 0, =
Hv one gets also uniform boundedness of the time derivatives of the map ¢, that is
10:0%p| < C 1. Hence the map o : M x [0,T) — R"*! can be extended smoothly to the
boundary of the domain of ¢ with the map ¢

By means of the small time existence Theorem 2.15 we can now “restart” the flow
with the immersion ¢, obtaining a smooth extension of the map ¢ which is in contra-
diction with the fact that 7" was the maximal existence time. O

we get

0| =

We can so give a slightly improved version of Theorem 2.15 as follows.

THEOREM 3.29. For any smooth compact hypersurface immersed in R™™!, there exists a
unique mean curvature flow which is smooth on a maximal time interval [0, Tiax)-
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Moreover, T,y is finite and

1
max [A(p, t)| > ——
peM 2(Tax — 1)

forevery t € [0, Thnax).

EXERCISE 3.30. Show that the maximal time of smooth existence of the flow can be
estimated as Ty, > 1/2|A(-,0)/

max*

5. Convexity Invariance

Corollary 3.22 is a consequence of a more general invariance property of the elemen-
tary symmetric polynomials of the curvatures, as we are going to to show.
We recall that the elementary symmetric function of degree k of A\, ..., A, is defined as

S, = > A,
1<i1 <2< <1 <N
for k = 1,...,n. In particular, if ); are the eigenvalues of the second fundamental form
A wehave S; = H, S, is the scalar curvature and |A|> = S? + 2S,.
It is not difficult to show that

AM>0,....,>20 <<= §5,>0,...,5,>0, (3.5)
AM>0,...,0,, >0 <= §5>0,...,5,>0.

These polynomials enjoy various concavity properties, see [71, 58].

PROPOSITION 3.31. Let Iy, C R™ denote the connected component of Sy, > 0 containing
the positive cone. Then S; > 0in L'y forall | = 1, ..., k and the quotient Sy, /Sy, is concave on
I';.

The above properties remain unchanged if we regard the polynomials S, as func-
tions of the Weingarten operator 1}, instead of the principal curvatures, as we have the
following algebraic result, see [8, Lemma 2.22] or [58, Lemma 2.11].

PROPOSITION 3.32. Let f(A1, ..., \,) bea symmetric convex (concave) function of its vari-
ables and let F/(A) = f(eigenvalues of A) for any n x n symmetric matrix A whose eigenvalues
belong to the domain of f. Then F' is convex (concave).

We are now ready to derive the evolution equation of relevant quantities and to
apply the maximum principle to obtain invariance properties.

PROPOSITION 3.33. Let F(h’) be a function homogeneous of degree one. Let @ be a mean
curvature flow of compact n—dimensional hypersurfaces with H > 0 and such that h!; belongs
everywhere to the domain of F'. Then,

oF | F 2

G A= (vH ’V§>

1 O0°F
H O OhY
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