CHAPTER 5

Type II Singularities

We suppose now to be in the type II singularity case, that s,

limsupmax |[A(p, t)|vT —t = +00 (5.1)
t—T PEM

for a mean curvature flow of a compact hypersurface ¢ : M x [0,7) — R"™ in its
maximal interval of existence.

A good question is if actually type II singularities can develop.
The simplest example is given by a closed self-intersecting curve with the shape of a
“eight” figure in the plane, with zero rotation number. If 7' > 0 is the singularity time,
and we suppose to have a type I singularity, by the results of previous chapter there is
a nonflat limit of rescaled curves, then such limit must be a circle or one of Abresch—
Langer curves (with possible integer multiplicity larger than 1). In both cases, the limit
would be a compact closed curve, and by the smooth convergence, the rotation number
would still be zero. Hence, the circle has to be excluded and the contradiction with the
hypotheses is given by the fact that there are no Abresch-Langer curves with rotation
number zero. This shows that type I singularities do not describe all the possible ones.
Another example is given by a cardioid curve in the plane with a small loop: at some
time the small loop has shrunk while the rest of the curve remained smooth, and a cusp
has developed, it can be shown that such a singularity is of type II (see [10, 12] and in
particular [11] where the blow up rate of the curvature is also discussed).

One could conjecture that all the singularities of embedded surfaces (at least in low
dimension) are of Type I. Unfortunately, this is not true if the dimension is at least two,
the following example excludes such a reasonable good behavior.

EXAMPLE 5.1 (The Degenerate Neckpinch). For a given A > 0, let us set

oa(r) =1 —a?)(a2+1), —1<z<l

For any n > 2, let M* be the n—dimensional hypersurface in R"™! obtained by rotation of
the graph of ¢, in R?. The hypersurface M* looks like a dumbbell, where the parameter
A measures the width of the central part. Then, it is possible to prove the following
properties (see [5]):

(1) if A islarge enough, the hypersurface M;* eventually becomes convex and shrinks
to a point in finite time;

(2) if X is small enough, M} exhibits a neckpinch singularity as in the case of the
standard neckpinch (see Section 4);
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(3) there exists at least one intermediate value of A > 0 such that M} shrinks to a
point in finite time, has positive mean curvature up to the singular time, but
never becomes convex. The maximum of the curvature is attained at the two
points where the surface meets the axis of rotation;

(4) the singularity is of type II, otherwise the blow up at the singular time would
give a sphere (for all p € M we would have p = O € R""! hence, by estimate 4.5
in the previous chapter, any limit hypersurface is bounded). This is impossible
as it would imply that the surface would have been convex at some time.

The flowing hypersurface at point (3) is called the degenerate neckpinch and was first
conjectured by Hamilton for the Ricci flow [49, Section 3]. Intuitively speaking, it is a
limiting case of the neckpinch where the cylinder in the middle and the balls on the
sides shrink at the same time. One can also build the example in an asymmetric way,
with only one of the two balls shrinking simultaneously with the neck, while the other
one remains nonsingular.

A sharp analysis of the singular behavior for a class of rotationally symmetric surfaces
exhibiting a degenerate neckpinch has been done by Angenent and Veldzquez in [15].
Another interesting example of singularity formation (a family of evolving tori, pro-
posed by De Giorgi) was carefully studied by Soner and Souganidis in [88, Prop. 3] (see
also the numerical analysis performed by Paolini and Verdi in [80, Sect. 7.5]).

1. Hamilton’s Blow Up

In order to deal with the blow up around type II singularities, we need a new set of
estimates, which are actually independent of hypothesis (5.1) and are scaling invariant
(see [4] and [84]).

PROPOSITION 5.2. Let ¢ : M x [0,T) — R™™ be a mean curvature flow of a compact
hypersurface such that sup,c,, [A(p,0)] < A < +oo. Then, there exists a time 7 = 7(A) > 0
and constants C,,, = Cy,(A), for every m € N such that [V™A(p,t)|* < Cp, /t™ for everyp € M
and t € (0, 7).

PROOF. We prove the claim by induction. By the evolution equation for |A|?,
%|A\2 = AJAP = 2|VA]? + 2|A|* < AJAP +2A*
we get
0
— A < 2/AL
AR, < 21A L

hence, there exists a time 7 = 7(A) > 0 and a constant Cy = Cy(A) such that [A(p,t)|> <
C for every p € M and ¢ € [0, 7). This is the case m = 0.

Recalling equation (3.4), setting f = > /", |[V*A]2\;¢* and assuming the inductive hy-
pothesis, [V*A(p,t)|*> < Cx(A)/t" for any k € {0,...,m —1},p € M and t € (0,7), we
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k=1
where in the last passage we applied Peter-Paul inequality. If now we choose induc-
tively positive constants Ay, ..., A, such that A\, = 2\;_1/k, starting with \g = 1 (easily
A\t = 2F/k!), we have,

%fgAf+CAmtm|va|2+DgAf+Cf+D

for every p € M and ¢ € (0, 7), and the constants C' and D depends only on m and A, by
the inductive hypothesis. Notice that the inequality holds also at t = 0 as the function f
is smooth on M x [0, 7).
This differential inequality, by maximum principle then implies that fy,ax(t) is bounded
in the interval [0, 7) by some constant C' depending only on m, A and fiax(0) = [A]max(0) <
A?, hence

|V A(p, B)F < f(£)/Am < C/Am = Cim
and we are done, C,,, = C,,,(A). O

The following corollary is an easy consequence.

COROLLARY 5.3. Let ¢ : M x [0,7) — R™" be a mean curvature flow of a compact
hypersurface such that sup,e s |A(p,0)| < A < +oo. Then, there exists a value 7 > 0 and
constants C,,,, for every m € N, depending only on A such that |V™A(p,t)|* < C,, for every
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p€ Mandt e (1/2,7).
For instance, one can choose 7 = 1/(4A?).

PROOF. Only the last claim need an explanation, it follows by integrating the differ-
ential inequality

max max °

0
§|A\2 < 2|Al;
0

We describe now Hamilton’s procedure to get a blow up flow in the type II singu-
larity case.
Let us choose a sequence of times ¢;, € [0,7 — 1/k| and points p, € M such that
Ape, ) (T = 1/k = ) = _max [A(p, )X(T = 1/k —1). (52)

te[0,T—1/k
pEM

This maximum goes to 400 as k — oo, indeed, if it is bounded on a subsequence k; — oo,
we would have
Alp, (T — 1) = tim |A(p AT = Lks = 1) < C

for every t € [0,7 — 1/k;] and p € M, hence for every t € [0,7) and p € M. This is in
contradiction with condition (5.1).
This fact forces the sequence ¢, to converge to 1" as k — oo. If t;, is a subsequence not
converging to T, we would have that the sequence |A(py,, t,)|* is bounded, hence also
Ap, )T — 1/, — ).
Hence, we can choose an increasing (not relabeled) subsequence t;, converging to T,
such that |A(py, t)| goes monotonically to +oo and

‘A(pk,tk>|2tk — 100, |A(pk,tk)|2(T— 1/]€—tk) — 400,

Moreover, we can also assume that p, — p for some p € M.
We rescale now the flow as follows: let ¢y : M x I, — R™"!, where

I = [=|A (e, i) Pte, [Alpr, t) (T — 1/k — t)]
be the evolution given by

or(p, 5) = |A(prs t)lle(ps s/ |A(pr, ti) > + tr) — 0 (P tr)]

and we set M* = ¢, (M, s) and Aj to be the second fundamental form of the flowing
hypersurfaces ¢.
It is easy to check that this is a parabolic rescaling hence, every ¢, is still a mean curva-
ture flow, moreover, the following properties hold,

® SOk(pk,O) =0¢€ RTH—I and |Ak(pk>0)‘ = 1,

e forevery ¢ > 0 and w > 0 there exists k € N such that

max [A(p, s)| < 1+ (5.3)

maXiee[o,7-1/k;]
peEM

for every k > k and s € [—|A(py, tr)|*ts, ).
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Indeed, (the first point is immediate), by the choice of the pair (py, ) we get

|Ak(p, 5)| = [A(pr: t)| A (D, s/IA (Drs 1) ] + L)
4 T—-1/k—t
< |A(pe, t) |2 A (pr, 1) 2
< [A(pr, te)["7JA (P, tr) | T —1/k —ty — s/|A(pr, te) 2
_ A ) PE —1/k — 1)
| Apr, te) P(T = 1/k = 1) — s~

if s/|A(pk,t:)|* + tx € [0, — 1/k], that is, s € I;. Then, assuming that s < w, the claim
follows as we know that |A(pg, t)|*(T — 1/k — t;.) — +oc.

This discussion implies that if we are able to take a (subsequential) limit of these
flows, smoothly converging on every compact time interval, we would get a mean cur-
vature flow such that the norm of the second fundamental form is uniformly bounded
by one and the interval of existence becomes (—o0, +-00) = limy_. I, this is assured by
the next proposition.

PROPOSITION 5.4. The family of flows . converges (up to a subsequence) in the Cg2. topol-
ogy to a nonempty, smooth evolution of complete, hypersurfaces by mean curvature M® in the
time interval (—o0, 4+00). Such a flow is called eternal.

Moreover, the norm of the second fundamental form is uniformly bounded in space and time and
it takes its absolute maximum, which is 1, at time s = 0 at the origin of R"*™.

Finally, if the original initial hypersurface was embedded this limit flow consists of embedded
hypersurfaces.

PROOF. By the previous discussion, on every bounded interval of time [sy, so, the
evolutions ¢; have definitely uniformly bounded curvature, precisely [A;| < (1 + ¢),
then for ¢ << 1, by Corollary 5.3, in every interval [s; + 1/16, s; + 1/8] we have uniform
estimates |V™A| < C,, with C,, independent of s;, for every m € N.

By means of monotonicity formula we can have an uniform estimate on H" (¢ (M, s) N
Bg) as follows: recall that H™ is the n-dimensional Hausdorff measure, we set u* to be
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the measure associated to the hypersurface ¢, at time s,

H" (oM, 5) 1 Br) = /M Non(y) dit(y)

I
e 4(s+1-s)

— (47r)"/26R2/4 /M 7 P T dp®(y)

_ lyl?
e AGH1HA (g b))% ty)

<C(R du® )
<cm || T 1 T A i P i W)

)12

_ \m—w(pk,tkn?m(pkétk
’A(pk, tk) "”Le 4(s+1+]|A(pg tr)|“tr)

=C@) | Tan(s + 1 A@n e o)
|A(p, tr)|™
<CW) [ i [ g o)
|A(pr, te)|™

< C(R)Area(yy)

[ (s + 1+ |Apg, te) [2) /2
hence,

lim sup H" (pr(M, s) N Bg) < C’(R)AYL(W0>

k—00 ’ - [47’(’ T]n/ 2

This conclusion implies that if s stays in a compact interval J C R, we have definitely,

Hn(gpk(M, S) N BR) < C(Ra ¥0, ‘])

uniformly for s € J, where the constant is independent of k& € N.

Then we use the same argument of Proposition 4.15, but applied to flows, that is, we
consider the time—tracks of the flows ;. as hypersurfaces ¢y, : M x [;, - R"™ xR =
R"*2 defined by ¢1.(p, s) = (¢r(p, s), s) and we reparametrize them locally as graphs of
smooth functions.

Reasoning like in the proof of Proposition 3.28, the estimates on the spatial covariant
derivatives of A; imply uniform locally estimates on space and also time derivatives
(using the evolution equation) of the representing functions, so, up to a subsequence,
we can get locally a limit smooth mean curvature flow. By a diagonal argument, we
show the claim (follow the proof of Proposition 4.15).

The claims about the properties of the limit flow are immediate by the above discussion,
only the embeddedness, if the initial hypersurface is embedded, requires a justification.
In this case, by Proposition 3.14, all the hypersurfaces in the flows ¢}, are embedded at
every time, then the only possibility for M ° not to be embedded is if two or more of
its “inside” regions “touch” each other at some point y € R"*! with a common tangent

= O(Rv @0) .
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space.
We define the monotone nondecreasing function G(t) = max.ep,q |A(p, s)| and we choose
peEM

a smooth monotone nondecreasing function K : [0,7') — R such that G(t) < K(t) <
2G(t) for every t € [0.7").
Then, we consider the following set 2 C M x M x [0,T') given by {(p, ¢, t) | dg)(p, q) <

e/K(t)}, where dg is the geodesic distance in the Riemannian manifold (M, g(t)). Let
C = inf |¢(p, 1) = @(g, ) K (D)

and suppose that C' = 0, whatever small ¢ > 0 we take. This means that there exists
a sequence of times ¢; /' T and points p;, ¢; with dyq,)(pi, ;) = /K (t;) and |p(pi, t;) —
(i, t:)|K(t;) — 0, that is, [@(ps, s:) — @(¢i,s:)] — 0 and dgs,)(pi, ;) = €, where we
rescaled the hypersurfaces at time ¢; around ¢(p;) by the dilation factor K(¢;) > G(t;).

As the curvatures of these rescaled hypersurfaces @; satisfies
|Ailp, )] = A, t)|*/K(t:) < 1,
reasoning now like in the proof of the same statement in Proposition 4.15, we have a

contradiction.
Now, fixed a € > 0 such that the relative constant C' is positive, if we look at the function

L(p,g,t) = lo(p,t) — (g, t)| K(t)
on (2 € M x M x [0,T), we have that if the minimum of L at time ¢ is lower than ¢,
then such minimum is not taken on the boundary of the set but in its interior, say at the
pair (p, ¢), then we compute at the point (p, ¢, t),
OL(p, g, 1) 0 9
—ar = KO lem,) = (g 8) + [e(p, t) = w0, )IK' () = K@) 7 le(p, 1) = #(q.1)]
and a geometric argument analogous to the one in the proof of Proposition 3.14 shows
that this last partial derivative is nonnegative (where it exists, almost everywhere).
Then, by means of maximum principle (Hamilton’s trick, Lemma 3.3) we conclude that
when the minimum of L at time ¢ is under the constant C, it is nondecreasing.
Hence, there is a positive lower bound on

nflp(p, t) — (g, IK(L)

consequently, also on
inf |(p,t) — (g, OIG().

Now notice that, for the times ¢, coming from definition (5.2), we have |A(py, t;)| =
G(ty.), otherwise there would exist a time ¢ < t;, with max,car |A(p, )| > |A(pr, t)] but
this is in contradiction with the maximum in the right hand side of equation (5.2).
Moreover, |A(pk,tr)| > G(t) for every t < t; and, fixed w, 6 > 0, definitely by (5.3),
maxyen |Ak(p, s)| < (14 0)|A(pk, t)| for every s < w, thatis,

G(s/IA(pr, te)[* + ti) = max |A(p, s/[A(pr, te) |* + )| < (1+ 6)|A(pr, te)| = (14 0)G(th) -

peEM
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Then, if dj, (5 (p, ¢) > 3¢ for s < w, definitely

Ay(s /1At 2+t0) (P @) = g, () (P> @) /| A (P, )|
> dg, (5 (P, 0) /G (s/|A(pr, ti)|* + ti)
> e/ K(s/|A(pk, tr)]* + tr)

hence, (p, q, s/|A(pk, tr)|> + t) € CQ and

| o(p, s/|A(pr: t)|* + ti) — (a, 8/ 1A (pr: ti)|* + 1) |G (s /| Aprs t) [* + t) = C > 0.
Then, if dj, () (p, ) > 3¢, definitely

|@r(p, 5) — Bilg 9)| =l (p. /1A PR tr)[* +12) — o(q, 5/ |A (ks t)[* + 1) |A(pr, )]
> C|A(pr, te)l/ G(s/IA(pr, )| + i)
> ¢
149

This conclusion, obviously passes to the limit hypersurface M$°, that is, if a couple of
points has intrinsic distance larger than 2¢, then their extrinsic distance is bounded be-
low by some uniform positive constant. If € is chosen smaller enough such that any hy-
persurface with |A| < 1 (like M¢°) is an embedding on any intrinsic ball of radius smaller
than 3¢, we are done, the hypersurface M/° cannot have self-intersections, hence it is
embedded. O

EXERCISE 5.5. This blow up procedure can be applied also in the type I singularity
case. The are some differences and the sequence ¢, must be chosen in order that t, — T,
it is not a consequence of the construction.

The limit mean curvature flow that one obtains is no more eternal but only ancient, that
is, defined on some interval (—o0, 2) with Q > 0, and |A.| < 1 holds only on (o0, 0].
We let the analysis to the interested reader.

The analysis of singularities in the type II case is so reduced to classify all the eternal
flows with bounded curvature (and its covariant derivatives) with the extra property
that the norm of the second fundamental form takes its maximum, equal to one, at
some point in space and time.

Examples of this class of flows are the translating solutions to mean curvature flow
(with bounded second fundamental form and achieving its maximum), that is, hyper-
surfaces M C R™*! such that during the motion do not change their shape but simply
move in a fixed direction with constant velocity. One can see that this condition is equiv-
alent to the existence of a vector v € R"*! such that H(p) + A(v|v(p)) = 0 at every point
p € M.

In R? all the possible translating solutions are given by rotations,translations and homo-
theties of the graph of the function y = —log cos z in the interval (-7 /2, 7/2), called the
grim reaper [41].

In higher dimension, looking for convex graph solutions over the hyperplane {z,; =
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0} = R, translating in the e,; direction with unit speed, one has to find a convex
function v : R* — R such that

Hu(Vu, Vu)
Ay — ————> =1
" 14 |Vul?

and u(0) = Vu(0) = 0 ,where Hu is the Hessian of w.
Imposing rotational symmetry around the origin, that is, u(x) = u(p) with p = |z|, this
problem becomes the following ODE

(n — Du, _ uppu,% _
p 1+ u2

Upp T

Y

that is,

w)

upp:(l‘i‘u?)) (1_ 5

with lim, g u(p) = lim, o v/(p) = 0 for a convex function v : R* — R.

When n = 1 this ODE gives the grim reaper, when n > 1 there is only one solution,
defined on all R* and growing quadratically at infinity. This solution provides the only
rotationally symmetric, convex, translating hypersurface moving by mean curvature,
up to isometries and dilations.

EXERCISE 5.6. Show the claimed properties of the solution of such ODE.

It is a controversial open problem (to my knowledge) whether all the convex, trans-
lating hypersurfaces moving by mean curvature in R"*! are given by the product of a
rotationally symmetric one in R™ times R"™™ (see [95] and [97, p. 536, end of Section 6]).

REMARK 5.7. Recently, Nguyen [76] exhibited some new nonconvex, embedded ex-
amples of translating hypersurfaces, with a trident-like shape at “large scales”.

OPEN PROBLEM 5.8. Classify all the eternal mean curvature flows M, of complete,
connected, hypersurfaces in R"! such that A and its derivatives are uniformly bounded
in space and time and |A| takes its maximum at some point in space-time. Same prob-
lem assuming embeddedness. Same problem assuming the flow comes from Hamil-
ton’s blow up procedure.

Another problem is the analogous classification for ancient complete solutions with
bounded curvature at every fixed time (see the discussion in [97, p. 536]). For closed con-
vex curves, this problem has been solved by Daskalopoulos, Hamilton and Sesum [24].
Same problem for the immortal flows, that is, defined on [0, +00).

Because of the results of the next section, we also state the following.

OPEN PROBLEM 5.9. All the eternal mean curvature flows M, of complete hypersur-
faces in R"™! coming from Hamilton’s blow up procedure are translating solutions? At
least if they are embedded?
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These problems are difficult in general, but like in the type I singularity case, if the
evolving hypersurfaces are mean convex (H > 0) or we are dealing with curves in the
plane, they have a positive answer. This will be the subject of the next sections.

We point out that the rescaled hypersurfaces are unbounded, complete but not com-
pact, since any compact hypersurface cannot be eternal by Corollary 3.12. Even if they
satisfty uniform bounds on the curvature, the “bad blow up rate” is an obstacle to the
use of Huisken’s monotonicity formula in the contest of type II singularities analysis.

We conclude this section by giving Hamilton’s line of proof of Theorems 4.41 and 4.42,
which is different from the original ones.

PROOF OF 4.41, 4.42. Let T the maximal time of smooth existence of the flow. If
n = 1, as the initial curve is embedded we will see, by a geometric argument in Sec-
tion 5, that type II singularities cannot develops (Proposition 5.31).
If n > 1, as the initial hypersurface is convex, by the results of Section 5, in particular
Proposition 3.38, we have that after any positive time, H > 0 and there exists a positive
constant ¢, independent of time, such that A > aHg as forms.
If at time 7" we have a type II singularity, we have an unbounded, eternal convex blow
up limit with H > 0. By strong maximum principle, actually H > 0 for every time
(otherwise H = 0 everywhere, but this with the convexity would imply that the limit
hypersurface is a hyperplane) and the condition A > aHg passes to the limit. Then, by
the following theorem of Hamilton [48], the limit hypersurface is compact, in contradic-
tion with the unboundedness, hence type II singularities are excluded.

THEOREM b5.10. Let M be a smooth strictly convex n—dimensional complete hypersurface
in Euclidean space, with n > 2. Suppose that for some o > 0 its second fundamental form is
a—pinched in the sense that A > aHg, where g is the induced metric and H its mean curvature.
Then M is compact.

Since we have to deal only with type I singularities, in dimension one, the limit
of a sequence of rescaled curves around a singular point must be the unit circle, in
dimension higher than one, we have an embedded, strictly convex limit due to the fact
that the smallest eigenvalue of /;;/H is uniformly bounded below by a positive constant,
around the singular time 7', and H ~ \/% By Corollary 4.38 such limit must be the unit
sphere.

As the convergence of the sequence of rescaled hypersurfaces is in C* to the unit sphere,
a comparison argument with a slightly larger ball shows the shrinking to a point.

Rescaling then the flow with the procedure above (see Exercise 5.5), one can then prove
that the full rescaled sequence converges in C*°. O

2. Nonnegative Mean Curvature

We shall now consider the formation of type II singularities for hypersurfaces which
are mean convex, that is, with nonnegative mean curvature everywhere.
An important result for the analysis of singularities of mean convex hypersurfaces is
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the following estimate on the elementary symmetric polynomials of the curvatures Sy,
proved in [59], which holds in general for any mean curvature flow.

THEOREM 5.11 (Huisken-Sinestrari [59]). Let ¢ : M x [0,T) — R""! be the mean
curvature flow of a compact mean convex immersed hypersurface. Then, for any n > 0O there

exists a constant C' = C(n, o) such that S, > —nH* — C for any k = 2,... n at every point
of Mandt € [0,7).

Such an estimate easily implies the following one, which has a more immediate in-
terpretation.

COROLLARY 5.12. Under the same hypotheses of the previous theorem, for any n > 0 there
exists a constant C' = C(n, po) such that \™» > —nH — C at every point of M and t € [0,T),
where \™™ is the smallest eigenvalue of the second fundamental form.

The interest of the above estimates lies in the fact that 1 can be chosen arbitrarily
small and C'is a constant not depending on the curvatures and on time. Thus we see
that, roughly speaking, the negative curvatures become negligible with respect to the
others when the singular time is approached. This implies that the hypersurface be-
comes asymptotically convex near a singularity.

Let us observe that these results cannot be valid for general hypersurfaces, even in low
dimension. In fact, Angenent’s homothetically shrinking torus in [13] has a behavior
which is incompatible with the validity of these convexity estimates.

PROPOSITION 5.13. The hypersurfaces of the limit flow MZ° obtained by the Hamilton's
procedure described above are all convex.

PROOF. First, since we are taking the limit of hypersurfaces with H > 0, also the limit

is mean convex. By strong maximum principle applied to the equation 9;H = AH+H|A|?
actually H*(p,t) > 0 for the limit flow, for every point in space and time.
Fixing a pair (p, s), if Q; — +o0 is the rescaling factor for the flow ¢, we have Hy(p, s) =
H(p, s/Qr + t1)/Q% — H>(p,t) > 0, hence, H(p, s/Qy. + tx) — +0o. Now, since we have
Amin > —pH — C for the original flow ¢ and H > ¢ at least for ¢ > § > 0, we have
amin /H > —p — C'/H everywhere. When we rescale the hypersurfaces,

NP (p5) AT, 5/Qut 1) c

Helpos) — Hs/Qe+t) = ' Hips/Qu+ 1)
and sending k — oo we conclude A2 (p, s)/Hu (p, 5) > —1.

Since 77 > 0 was arbitrary and the argument holds for every pair (p, s), the second fun-
damental is nonnegative definite on the whole limit flow, hence the hypersurfaces are
all convex. 0

REMARK 5.14. Instead of using Corollary 5.12, one can apply the same argument to
the estimates of Theorem 5.11 obtaining that all the elementary symmetric functions of
the eigenvalues of the second fundamental form are nonnegative at every point in space
and time of the limit flow. By relation 3.5 it follows that the hypersurfaces are convex at
every time.
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REMARK 5.15. This conclusion holds also if the procedure is applied in the case of
type I singularities, see Exercise 5.5. Actually, it is a consequence of the classification
result in Chapter 4.

REMARK 5.16. This proposition (in a slightly stronger form) has been also obtained
by White [98] by completely different techniques. His approach also works for the sin-
gularities of weak solutions which are defined after the first singular time.

The limiting hypersurfaces are convex, but in general not strictly convex. However,
if they are not strictly convex then they necessarily split as the product of a flat factor
and of a strictly convex one, as shown by the following result.

PROPOSITION 5.17 (Theorem 4.1 in [59]). Let M° be as in the previous proposition. If
the hypersurfaces are not strictly convex, then (up to a rigid motion) they can be written as
M = NF x R"*, where 1 < k < nand NF is a family of strictly convex k—dimensional
hypersurfaces moving by mean curvature in R¥*1.

PROOF. The proof is based on Hamilton’s strong maximum principle for tensors
in [44, Section 8] (see Appendix C, Theorem C.3).
Arguing as in Remark 3.36, as the conclusion of Hamilton’s strong maximum principle
for tensors in not affected if the manifold M is not compact (as it can happen in our case),
we have that M (as a subset of R"™!) contains an (n — k)—-dimensional affine subspace
of R"*! which is invariant in time.
Thus, the hypersurface splits at a product of an (n — k)-dimensional flat part and a
strictly convex k-dimensional submanifold of R"*! evolving by mean curvature. 0

REMARK 5.18. If the singularity is of type I (see Exercise 5.5), then M* is a family
of homothetically shrinking hypersurfaces. More precisely, the hypersurfaces M are
either of the form S** x R*, for some 0 < k < (n — 1) where S"* is an (n — k)-
dimensional shrinking sphere, or of the form ~(s) x R""!, where 7(s) is an Abresch—-
Langer curve, homothetically shrinking in the plane.

In the case of the evolution of mean convex hypersurfaces in a time interval [0, '), by
Proposition 3.21 and Corollary 3.22, the mean curvature H and |A| are comparable quan-
tities, that is, there exists a constant «, independent of time such that o|A| < H < /n|A]
fort € [0, T'). This implies that we can modify Hamilton’s blow up procedure, substitut-
ing H? in place of |A|? in equation (5.2), obtaining the same estimates on the second fun-
damental form and its derivatives. We still get an eternal smooth limit flow, complete
with bounded curvature with the only difference that this time it is the mean curvature
H which gets a global maximum (equal to one) at some point in space and time. This
will be crucial to continue the analysis in the next sections.

Analogously, it is easy to see that the conclusions of Propositions 5.13 and 5.17 are not
affected by this modification so also in this case the limit flow consists of convex hyper-
surfaces.

We call this limit flow “modified” Hamilton’s blow up.
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REMARK 5.19. Notice that for curves in R? the two procedures coincide as |A| =
|H| = |k|, where k is the usual curvature of a curve in the plane.

3. Curves in the Plane

Again, the case of a closed curve in R? is special.
We suppose to deal with a generic, non convex, initial closed curve 7, in the plane R?
moving by mean curvature v : S! x [0,7) — R? where at time ¢ = T we have a type
IT singularity. Setting £ and k to be respectively the arclength and the curvature of +,,
we have the evolution equation k; = k¢ + k*, then we define the function z(t) = #{p €
7| k(p) = 0}, counting the number of points on 7; such that £ = 0.
We need the following result of Angenent in [10, Proposition 1.2] (see [9] for the proof).

PROPOSITION 5.20. If we have a mean curvature flow of a (possibly unbounded) curve in
R? in a open interval of time (a,b), at every fixed time, the points where k is zero are isolated in
space. In particular, this implies that for a closed curve, the function z is finite at every positive
time.
The function z is nonincreasing during the flow, hence if at some time it is finite, it remains
finite.
Finally, if at some point p € ; we have k(p) = 0 and ke(p) = 0 then the zero point p for k
immediately vanishes. To be precise, this means that there exists a small space interval I around
pand a small r > t such that k is never zero in I x (t,r).

We only mention that the proof is based on the application of maximum principle to
the above evolution equation for the curvature.
By this proposition, we can define Z; to be the finite family of open intervals on 7, where
k # 0 and the following computation is justified,

a / 16 = 30 (s ke + 1) — 4%

1€Z;

== /I [(signk) (kee + k%) — |k|*] d¢

1€Z;

=) /1 (sgnk)kee d€

I€Ty
=2 Y k)
pEYt | k(p)=0
Hence, the integral f% |k| d¢, which is positive and finite (by compactness), is not in-

creasing during the flow, so it converges to some value as ¢ — T', moreover, it is scaling
invariant. We have, for every ¢, < t,,

/ N / i dt = 2/ > k)l dr.

PEYt | k(p)=0
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If now we rescale the curves following the procedure above for type II singularities,
calling v the rescaled flow at step n, converging to 7¢° and denoting with K,, — +oo
the rescaling factor, we have

b
[ wlds= [ = [ jea
@ pevr |k (p)=0 e W
:/ k") dé — k) de.
Ya/Kn+tn Vo) Kn+tn

Then, passing to the limit in n — oo we conclude that at almost every s € R, by the
arbitrariness of a and b, that
>, IkE®I=0

PEY | k% (p)=0

that is k¢°(p, s) is zero at every point p in space and s in time, where £*(p, s) is zero.
Again by means of Proposition 5.20, we conclude that for every s € R as above, choosing
any small » > s, the zero points of the curvature vanish for the curve ~;°, hence k is
positive and 7;° is strictly convex for every r > s (strict convexity is preserved). Since
we can draw this conclusion for almost every s € R, at every time the flow v*° consists
of strictly convex curves and £ is never zero.

4. Hamilton’s Harnack Estimate for Mean Curvature Flow

We have seen in the previous two sections that if a closed curve or a compact hy-
persurface with H > 0 develops a type II singularity then the limit of the rescaled flows
by the “modified” Hamilton’s procedure is an eternal mean curvature flow of a con-
vex, complete, hypersurface such that H takes its maximum in space and time at some
point. We want now to see that this implies that this limit flow is a translating solution
of motion by mean curvature. This can be obtained by means of the following two deep
results of Hamilton [50].

THEOREM 5.21 (Harnack Estimate for Mean Curvature Flow). Let ¢ : M x (A, T)
be the mean curvature flow of complete convex hypersurfaces with uniformly bounded second
fundamental forms.

Let C € [A,T) and X a time dependent smooth tangent vector field on M. Then the following
inequality holds,
oH H

— + ——— +2(VH| X) + hy X' X7 >
at+2(t_0)+ (VH|X) + by =

foreveryt € (C,T).

THEOREM 5.22. Let ¢ : M x (A, T') be a complete strictly convex eternal solution to mean
curvature flow with bounded curvature and be such that H takes its maximum in space and time
at some point. Then, o is a translating solution in R™ .



4. HAMILTON’S HARNACK ESTIMATE FOR MEAN CURVATURE FLOW 92

The proofs of these two theorems involve some smart and heavy computations with
a strong use of maximum principle, we show the proof only in the one-dimensional and
compact case, referring the interested reader to the original paper [50] (see also [45]).

PROOF OF THEOREM 5.21 — ONE-DIMENSIONAL COMPACT CASE. We suppose that
the curves are compact and C' > A, then k and all its derivatives are bounded in [C, T—¢],
for a small € > 0. Moreover, by Proposition 3.20, in the same interval, k > ko > 0 for
some positive constant k.

We fix the following notations: given the flow of convex curves v : S' x (7, T") we denote
with 6 the parameter on S' and with s the arclength, 7 is the tangent unit vector and
v = Rr is the unit normal, where R : R* — R? is the counterclockwise rotation of 7/2,
finally k = (0,7 | v) is the curvature.

Notice that 9, = || ~'0%.

We have the following commutation rule,

(9t(95 - asat + ]{3283 (54)
which implies easily the evolution equations

O = 0,057y = 050y + K205y = O,(kv) + KT = kyv
atl/ = at(RT) = RatT == —k'ST
Ok = 0,(0s | V) = (04057 | V) = (0,0,7 | V) + k*(0s7 | V) = 0(O,7 | V) + k® = kg + K.

We define the Hamilton’s quadratic

k k
Z(\) = Otk + = 20y + A% = kg + KB+ s+ 20, kN
(\) = 0, T o oay Tt TR Sy T2t

which clearly is bounded below by

k

7 =ky+k —E2/h+ — .

We also define

W = ke + k* — k2 /k
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and we start computing the evolution equation for this latter quantity,

2Ok K2k 2ksksss | 2K,

— — — 2 . 22
(at ass)VV atkss k + k)2 + 3k kt kssss + k) k
5k2ky, 2k
- s _2° k2kss
ERT <
2 2
= 0uOhks + K ks — ksgskt Copg2 g B ki + kk2 + 3kkys + 3K°
ksksss  2KkZ - Bk2ky,  2k)
o k sss S'vsss SS A s'vVss . k2kss
R A A 3
2 3
= Ous(ss + k°) + 2k%kas — 5Kk — ksas(kgs o )
K2k kskess  2k%L  Bk2ky 2k
ss ]{35 kssss slvsss ss slvss s
+ g3 = " E
kaksss
= kgsss + Dk kgs — DEEZ — 225
4Kk ks 2K 2k4
_ s'vss 3k5 _ k‘ssss Ss'vsss SSs S
e LA T A TR
2k2 4k2k
= — 5kk% + 3K° Eos SO 5 5
48R 3 + = 3
as kss = (W + k2 /k — k?), substituting, we get
2 5 2k4
(O = 0u)W = — BkKZ + 3K+~ (5.5)

+ 5K (W + k2 [k — k?)
QW + K2k — k) ARE(W + K2k — kP)

k k2
2k1
_ 2 5
= = Skk 43K+ 05
+ 5k*W + 5kk? — 5k°
2W2  2k! s AWE? ) )
’ o TR g —AWR — ARk
2 2
= I;V + Wk,

Notice that, by maximum principle, if W is positive at some time, it stays positive.
Unfortunately it can happen that the minimum of W can be negative at every time, so
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we add the strongly positive term k/(2(t — C)), thatis Z =W + k/(2(t — C)).

(at _ass>Z :(at - ass>W+ Q(tk_ C) - 2(t _kc)g
212 , R k
=% TWE T T T = op
2AZ - k)2t O)?) + B(Z - kJQE-C) K k
- i T oa—c) 2i—cp
272 4 K22t - C)) — 2ZK)(t — C)  KZ — KY(2(t - C))
B 2 * k
= i
T30 2—c)p
07> 27

Letting Z(¢) = min,, Z(-,t) we have lim;_,c+ Z(t) = +00,s0 Z > Z(t) is positive in some
interval (C,C + §), by maximum principle, Z cannot be zero on v, for t € (C,T — ¢).
Clearly, as we have that Z > 0, also Z(\) > 0 for every function A\. Sending ¢ — 0 and C'
to A (if necessary) we have the claim of the theorem. OJ

REMARK 5.23. When the curves «, are not compact there are two nontrivial technical
points to take care of: the possible non existence of the minimum of Z(¢) and the fact
that it is not granted that lim; ¢+ inf., Z(-,¢) = 400, as k can go to zero at infinity. This
requires some s—perturbation in space of Z by means of a function growing enough at
infinity and the addition of another function assuring that the resulting term diverges
ast — C™ (see [45] for these technical details).

REMARK 5.24. The higher complexity in dealing with the case of general dimension
is essentially due to the fact that the minimum of the quadratic

OH H

= 4+ 4+ AVH| X))+ h;; XXV
81t+2(t—c)Jr (VHIX) + R

is not so explicit like for curves. Indeed, it is preferable to keep generic the vector field
X in doing the computations.

PROOF OF THEOREM 5.22 — ONE-DIMENSIONAL COMPACT CASE. Suppose we have
an eternal mean curvature flow ; of strictly convex curves in the plane. By Theo-
rem 5.21 we have

Z=0k—-kk+k/(t—-C)>0
at every point and for every ¢,C € Rwith ¢t > C. Sending C' — —oo we get

W =0k — k2/k > 0.
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As we computed in equation (5.5) that

212
k
if W is zero at some point in space and time, it must be zero everywhere. But, by
hypotheses k takes a maximum at some point, hence, at such a point k, = k£, = 0 which

implies W = 0.
Hence, k; = k2 /k for all the curves of the evolution or equivalently, ks + k* — k2/k = 0.
We set v = —(k4/k)T + kv as a vector field in R? along -, obviously (v |v)g: = k. Then,

O = — (kss/k — k2/K*)T — (ks /K)kv + kv — kT
= — (K + k2 Jk* — k2 /)T — k*r =0

(at - ass>W - -+ Wk?Q s

and

v Koo /K + Kok K? = kk )T + (K2 /k + k;)v
kst )k ks + k3 /K% — kky)T
[0(K2/K)] /K + k2 JK® — 2kk,)T

ks /K* + 2K2 /K — 2kEK,)T

(_
(_
(_
(_

ks
Hence, v is a vector field along 7;, constant in space and time.

As k = (v | v)r2, we have that ; moves by translation under mean curvature flow. [
Then, we have the following theorem.

THEOREM 5.25. The blow up limit by the Hamilton’s modified procedure at a type II
singularity of a closed curve in the plane or of a hypersurface with H > 0 is a convex translating

solution of mean curvature flow (possibly with multiplicities if the initial hypersurface is not
embedded).

REMARK 5.26. For curves in the plane, possibly with self-intersections, such that
the initial curvature is never zero, this result was obtained via a different method by
Angenent [11] (see also [4]), studying directly the parabolic equation satistied by the
curvature function.

In view of these results and the discussion about the classification of translating so-
lution in Section 1, the strongest conjecture in this context is that every blow up limit
via the Hamilton’s modified procedure at a type II singularity of the evolution of an em-
bedded hypersurface with H > 0 is the only rotationally symmetric, strictly convex,
translating solution.

In [98], White was able to exclude the possibility to get as a blow up limit the product
of a grim reaper with R"~%,
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More in general, also without assuming the condition H > 0, one can conjecture that
blow up limits like the minimal catenoid surface M in R* given by

Q= {(z,y) € R* xR cosh|y| = |z|} .

See Ecker [27] for more details and check the recent paper by Sheng and Wang [83].

5. The Special Case of Embedded Closed Curves in the Plane

In the special case of the evolution of an embedded closed curve in the plane, it is
possible to exclude at all type II singularities. This, together with the case of convex,
compact, hypersurfaces (as we have seen in the proof of Theorem 4.41 and 4.42) are the
only cases in which this can be done.

By the previous section and embeddedness, any blow up limit must be translating
and with unit multiplicity, that is, a grim reaper. We apply now a very geometric ar-
gument by Huisken in [57] in order to exclude also such possibility (see also [51] for
another similar quantity).

Given the smooth flow ~; of an initial embedded closed curve 7, on some interval
0,T), we know that the curve stay embedded during the flow, so we can refer to every
curve v; as a subset of R?. At every time ¢ € [0,T), for every pair of points p and ¢ in v,
we define d;(p, q) to be the geodesic distance in v; of p and ¢, |p — ¢| the standard distance
in R? and L; the length of ~,.

We consider the function @, : 4 x 7, — R defined as
Tl / sin T2 ifp#q,
1 ifp=gq,

(p, q) = {

which is a perturbation of the quotient between the extrinsic and the intrinsic distance
of a pair of points on ;.
Since ; is smooth and embedded for every time, the function ®, is well defined and
positive. Moreover, it is easy to check that even if d; is not C"! at the pairs of points such
that d;(p, q) = L:/2, the function ®; is C" in the open set {p # ¢} C 7 x; and continuous
on 7y X Y.
By compactness, for every ¢ € [0,7), the following infimum is actually a minimum in
this case,

E(t) = inf ®(p,q). (5.6)

P:gEt

As the curve 7; has no self-intersections we have 0 < E(t) < 1, the converse is clearly
also true. Finally, since the evolution is smooth it is easy to see that the function £ :
[0,7") — R is continuous.

LEMMA 5.27 (Huisken [57]). The function E(t) is monotone increasing in every interval
where E(t) < 1.
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PROOF. We start differentiating in time ®,(p, ¢),

%ét(p, =T (p—q|k(p)v(p) — k‘(CJ)V(q»/Sm mdi(p, q)

_L_t |P_Q| Ly
m|p — q 2 . wdi(p, q)
+ ( 2 5 s) / sin I,
mp—q|  wdi(p,q) (dt(p q)/ ; /p 2 ) o Tdi(p, q)
— cos ’ ! k*ds — k*ds | /sin® ——1*~
L2 L L J, . / L,
—qlk —k 1
_ {(p q|k(p)v(p) 2 (¢)v(2)) +_/ 12 ds
|p_q‘ Lt Yt

—Litcot ”dtg”) (dt(ZQ)/ des—/pﬁdsﬂ ®(p, q)
_ {<p—qr|/lf(p)1/(p)—k(q)V(Q);tJr 1 <1jﬂdt(p,q) - Wdt(p,Q)) / 12 ds

Ip — C]‘Q Ly Ly L,
™ Wdt(p7 Q) /p 2
— cot ————= k“ds| ®
+Lt co I i s| P(p,q)

where s is the arclength and & the curvature of +;. It is then easy to see that being the
function £ the infimum of a family of locally uniformly Lipschitz functions, it is also
locally Lipschitz, hence differentiable almost everywhere. Then, to prove the statement
it is enough to show that %ﬁt) > 0 for every time ¢ such that this derivative exists. We
will do that as usual, by Hamilton’s trick, Lemma 3.3.

Let (p, ¢) a minimizing pair at a differentiability time ¢ and suppose that E(t) < 1. By
the very definition of ®;, it must be p # ¢.

We set a = 7d;(p. q)/ L, and notice that a cot < 1 as a € (0, 7/2]. Moreover, [ k*ds >
2
<f% k ds) /L; > 4w?/L;. Then, we have

d (p = alk(p)v(p) — k(¢)v(q)) | 47° m "o
%E(t) > { p—qP +L—%(1—acotoz)+ftcota/q k ds} E(t)
that is,
- v(p) — k(q)v 2 T P
%log E(t) > w4l k?(p‘; £p21|2 (@)uq)) + %(1 —acota) + I cotoz/q K ds, (5.7)

at any minimizing pair (p, ¢).

Assume that the curve is parametrized counterclockwise in arclength, that d;(p,q) <
L,/2 and that the geodesic connecting p and ¢ is the counterclockwise oriented part of
the curve from ¢ to p, like in the figure.
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FIGURE 1.

We set p(s) = v:(so + s) with p = %(sg), then, by minimality we have
mdy(p,q9)
d T T . mdy(p, wlp — T cos Tk
0= —ds@t(P($)>CI) = _<p | (p»/sm (p.q) p— 4 L

5=0 L p—d L, L; sin? 7rdtL(i%q) L,

where we denoted with 7(p) the oriented unit tangent vector to v, at p.
By this last equality we get

+ — d

cos B(p) = p—ql7(p)) _ =lp d(fl cos mdi(p,q) _ E(t) cosa
lp —q| L, sin % Ly

where [3(p) is the angle between the vectors p — ¢ and 7(p).

Repeating this argument for the other point ¢ we get

cos 3(q) = —E(t) cos «

where, as before, 5(q) is the angle between ¢ — p and 7(q), see Figure 1. Clearly, 5(q) =
™ — B(p)-
Notice that if one of these intersection is tangential, we would have E(t)cosa = 1
which is impossible as we assumed that £(t) < 1. Moreover, by the relation cos 3(p) =
E(t) cos a < cos v it follows that 5 > a.

We look now at the second variation of ®;, at the same minimizing pair of points
(p, q). With the same notation, if p = 7,(s1) and ¢ = y(s2) we set p(s) = (s + s) and
q(s) = vs(s2 — s). After a straightforward computation one gets,

0< j_;ét(p(s)’ o(s)) - th (<p —q| k(p‘);(f)q‘— Mav(a) | 47T2|£2— q\) /sin Wdté]t)a q)
[ —qlk@rp) —k(gv(g) | 4n°
- |i ‘p_Q|2 +L—%} E(t)
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Hence, getting back to inequality (5.7), we have

d (p — qlk(p)v(p) — k(q)v(q)) | 47 m /P ,
—log E(t) > + —(1 —acota)+ — cot« k*ds
ai BP0 = p = al” 7! L ;
472 P
> —Li?acotajLthcota/q k? ds

so it remains to show that this last expression is positive. As

/qustz </quds)2/dt(p,Q)

and noticing that qu k ds is the angle between the tangent vectors 7(p) and 7(¢), we have
2
<qu k ds) = 43(p)* > 4a?, as we concluded above.

Thus,
P
%logE(t) > “2;0‘ (/q k2 ds — i—fa)
_ meota ( doa® 4_7@)
Ly di(p.q) L
=0
recalling that o = 7d;(p, q)/ L. O

REMARK 5.28. Clearly, by its definition and this lemma, the function F is always
nondecreasing. Actually, to be more precise, by means of a simple geometric argument
it can be proved that if £/(¢t) = 1 the curve must be a circle. Hence, in any other case E
is strictly increasing in time.

REMARK 5.29. This lemma clearly implies that an initial embedded closed curve
cannot develop a self-intersection during mean curvature flow, otherwise E would get
zero, which is impossible as £(0) > 0 and E is nondecreasing.

An immediate consequence of this lemma is that for every initial embedded, closed
curve in R?, there exists a positive constant C' depending on the initial curve such that
on all [0,7") we have E(t) > C. The same conclusion holds for any rescaling of such
curves as the function F is scaling invariant by construction.

REMARK 5.30. This lemma also provide an alternative proof of the fact that an initial
embedded, closed curve stays embedded, that is, it cannot develop a self-intersection
during mean curvature flow, otherwise £ would get zero.

We can then exclude Type II singularities, indeed, as v* is a grim reaper and it is the
limit of rescalings of curves of the family +,, the function E for such grim reaper (which
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is constant in time, since it moves by translation) is not smaller, at any time, than the
infimum of the corresponding functions for the approximating curves, hence, by the
discussion above, following the lemma, it is bounded below by some positive constant
C.

But, if we consider a pair of points p,¢q on any grim reaper I'; such that the segment
[p, q| is orthogonal to the velocity vector w € R? and we send such segment infinity, we
can see that ®,(p, ¢) — 0, hence E(I';) = 0, indeed, the distance |p — ¢| is bounded by a
constant (the width of the strip where the grim reaper lives) and the intrinsic distance
di(p, q) diverges.

This is in contradiction with the above conclusion.

PROPOSITION 5.31. Type I singularities cannot develop during the mean curvature flow
of an embedded, closed curve in R

Collecting together the results of Chapter 4 about type I singularities and this last
proposition, we obtain the following Theorem due to Grayson [41], whose original proof
is more geometric and direct, showing that the intervals of negative curvature vanish in
finite time, before any singularity.

THEOREM 5.32. Let vy be a closed, smooth embedded curve in the plane and let ;, for
t € [0, T) be its maximal evolution by mean curvature. There exists a time t < T such that ; is
convex.
As a consequence, the result of Gage and Hamilton 4.41 applies and subsequently the curve
shrinks smoothly to a point t — T.

PROOF. As we said no type Il singularities are possible and the only type I singular-
ities have a circle as limit of rescalings, see Section 5.
Hence, at some point the curve must have become convex. O

We add a final remark in this case of embedded curves.
Letting A(¢) to be the area enclosed by 4, which moves by mean curvature, we have

d
—A(t) = — kds = —2
< A1) / s — —or,

hence, as the evolution is smooth till the curve shrinks to a point at time 7" > 0 and
clearly A(t) goes to zero, we have A(0) = 277T. That is, the existence time is exactly
equal to the initial enclosed area divided by 27.

5.1. An Alternative Proof of Grayson’s Theorem. Ideas and techniques are related
to the work of Ilmanen [65].

In the very special case of curves in the plane, one can avoid the use of Hamil-
ton’s Harnack inequality in order to deal with type II singularities, but still work with
Huisken’s monotonicity formula and produce a homothetic blow up.

As underlined in Remarks 4.25 and 4.27, in general > > 1, otherwise the curvature
is uniformly bounded as ¢ ,//* T'. Moreover, the estimates in Lemma 4.12 also are inde-
pendent of the type I hypothesis. Then, rescaling the curves around the moving points
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z; like in Remark 4.35, we have

+00 o2 |~ 2
0(0)—22/ /6_7 ‘kz+<y\5>‘ dsdr < +oo.

3 logT J~y

Clearly, since we are not assuming the type I hypothesis, the curvatures of the rescaled
curves k are not bounded, but by this formula, it follows that for every family of disjoint
intervals (a;, b;) C [—3 log T, +00) such that }°, (b; — a;) = +00 we can find a sequence
;i € (a;, b;) such that

_|_ 2
Zlg(gloﬁ/r Rt 9| ds=0 (5.8)
and
lim E A s = lim o (t(ry) = 3. (5.9)

Clearly, the sequence r; converges monotonically increasing to +o0c. From the esti-
mate (4.9) on the local length, it follows that the sequence of curves 7,, has curvatures
locally equibounded in L?. Hence, we can extract a subsequence (not relabeled) that,
after a possible reparametrization, converges in C'! to a limit curve 7. Such curve

~ 2 |~ 2
satisfies k + (x| 7) = 0, as the integral f% e ’k + (v | 5>’ ds is lower semicontinuous

under C! —convergence. Moreover, by a bootstrap argument, 7, is smooth, then, it
must be an Abresch-Langer curve.

If the initial curve was embedded, as the Huisken’s quantity £ is scaling invariant and
upper semicontinuous under the Oic—convergence of curves, E is bounded below also
for the limit curve by a positive constant, hence, 7, is embedded, then it must be a line
for the origin or the unit circle by the classification theorem 4.36.

Since the second point of Lemma 4.12 implies that

and the first limit is equal to ¥ > 1 by equation (5.9), we conclude that v is the unit
circle.

By what we said above we can find r; ,/* +o0 such that the curves v,, converge in Cic
to the unit circle. Moreover, being the unit circle compact, the convergence is actually
C' with equibounded curvatures in L? (not only locally).
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Fixing 7 € N and letting p = » — r;, we look at the evolution of the following quantity,

d ~ ~
%[(k%rpk?)ds /\/ T —t) k2d5+/ K2 ds
Yr

+2(T—t)p%/( ST —D)° k2 ds

_ —\/2(T—t)/ k2d3+(\/2(T—t))3/(2kkss+k4)ds+/~ 72 ds

Yr

_3(/aT = t))3p/ k2 ds + (/2T = t))5p/ (hokons + TH2ED) ds

vt

= [ [~ k2 + 2kkgy + k' + k2 = 3pk? + 2pksksss + Tpk%k?] ds

Yr
< / =72 4+ B — 2002 4 7pR%F2) ds

Yr
_ [ [— k2 4+ k* + p(—2K2, + Th*kys/3)] ds

Yr
< [ [—k2 + K+ p(—2k2, + CKS + K2,)] ds

r

= [ [—k2 4+ k* + Cpk%) ds .

Using the following int;polation inequalities for any closed curve in the plane of length
L (see Aubin [16, p. 93]),

~ ~ ~ C ~ ~ ~ ~ C ~
Elze < CllEsllallFlze + Flklz — and [[Kllze < Cllks[Z: 1Rz + 2z k]2

which imply, by means of Young inequality,

3 3
/k4d3§1/2/ kgds+c(/ k2ds) +(/ k2ds) + C
r r r Fr
B . 3 B 3
Cp/~ kCds < (p[ kgds) +C<[ des) +L2,y ( des)
Yr Yr Yr r
2
we can conclude, as we know that L(5,) > f:ﬁ e~ ds > \/2m,

3 3 3
i/(k2+pk§)ds§(](/ k;2ds) +(p/ kgds) +O§O(/ (k2+pk§)ds) +C,
dr J5, 7 5 5

for a constant C'independent of » > r; and 7 € N.
Integrating this differential inequality for the quantity Q:(r) = [5 (K* + (r — k) ds in
the interval [r;,r; + d] it is easy to see that if § > 0 is small enough, we have Q;(r) <
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C(6,Q;(ry)) = C <(5, L. k2 ds) = C(0), for every r € [r;,r; + 28], as the curves 7,, have
uniformly bounded curvature in L?. Hence, if r € [r; + d,7; + 20] we have the estimate
/ (22 + 672/2) ds < / (2 + (r = 7)i2) ds < C(6)

which implies

- - 2
/ k*ds < C(6) and k2ds < ¢e) :

~ ~ )
r Yr
We can now, as before, find a sequence of values ¢; € [r; + 0/2,7; + 6] such that
lim —— 2

Jim —— . (1)

ds =0.
As this new sequence of rescaled curves 7,, also satisfies the length estimate (4.9) and

has k and k, uniformly bounded in L?, we can extract another subsequence (not rela-
beled) that, after a possible reparametrization, converges in C? to a limit curve which is
still the unit circle.

Then, the curves 7,, definitely have positive curvature, hence, they are convex. This
means that the same hold for v, for some time ¢, which is Grayson’s result.

lyl? |~

REMARK 5.33. Pushing a little forward this analysis, one can actually prove along
the same lines also the asymptotic convergence of the full sequence of rescaled curves
to the unit circle in C*, as proved by Gage and Hamilton in [36, 37, 38].

REMARK 5.34. Actually, the C! ~convergence to a line in the case ¥ = 1 also sim-
plifies the application of White’s Theorem in this special case of curves. Indeed, the
boundedness of the curvature around every z, € S also follows by the interior esti-
mates of Ecker and Huisken. We give a sketch of the proof.

As ¥ = 1, by the C'! —convergence of the rescaled curves, for every R > 2 there is
a sequence of times t; / T and a line L passing for z, such that every curve v, is a
graph over L in the ball B, , \/m(xo), indeed, the distance of v, N B, , T ti)(aro)

fromLNB,, == (z0) in the C'—norm goes to zero.

Then, supposing that 2 = 0 and that L is (e;) in R?, the pieces of curves v, N B, , oo

can be represented as a graph of a function at least for a small time. Moreover, the
quantity v(z,t) = (v(z,t)|ez) ! is small at time ¢t = ¢; and z € ;, N BzR\/m' As the

sphere 0B o= is moving by curvature and, choosing ¢ > 0 small enough, at time
t = 1; it is contained in the ball B, , NTong by a geometric comparison argument it is

not possible that other parts of the moving curve “get into” the ball B NeTi=n) at time

t > t;. Hence, the only way that y,NB Nearenic possibly stop to be a graph is that the

tangent vector to such graph becomes vertical at some time, equivalently, the function
v is not bounded.
The interior estimates of Ecker and Huisken (B.1) and (B.2) exclude this fact if we start
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with v small enough. Hence, with a suitable choice of one of the times ¢;, the curva-
ture of ~, for t € [t;, T) is bounded in the ball B Nt in particular it is bounded in

2(T+
B\/2—6(I0) C B\/m for everyt € [t,, T)
By a compactness argument, the curvature is then uniformly bounded as ¢ — 7', which
is impossible as 71" is the maximal time of existence of the flow.
Notice the key point in getting a bound on the curvature by means of this argument
which is the C'' —convergence of the rescaled curves to a line, implying that locally they
are graphs.

We underline that the interesting point of this line in proving Grayson’s Theorem
(or equivalently, in analysing the possible singularities) is the fact that we did not dis-
tinguish between type I and type II singularities. Indeed, the curvature of the rescaled
curves can be unbounded, but the control in L? is enough to imply the C' —convergence
which is sufficient to have the smoothness of the limit curve. The fact that the control
of the mean curvature in L? is not strong enough to imply give the C'! —convergence
of a subsequence is the main reason why this unitary line of analysis i is difficult to be
pursued in higher dimensions, in order to obtain homothetic blow up limits even for
type II singularities.

Look anyway at the very interesting results of Ilmanen in dimension two [65] (which is,
in some sense, the critical case).

All this discussion underline the variational nature of the arguments (in particular,
monotonicity formula) in the analysis of type I singularities, against the non—variational
point of view (substantially maximum principle) in dealing with type II ones. Indeed,
one is always able to produce an “homothetic” blow up limit, even dealing with “non-
smooth hypersurfaces” (or simply sets) moving according to some generalized (varia-
tional) notion of mean curvature, if monotonicity formula holds (see [65, Lemma 7]).
The difficulty is to show the regularity of such limit. In some special cases this is pos-
sible, even if considering evolutions of singular sets, see [62] for networks of curves
and [65, Lemma 7], for surfaces in R3.
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APPENDIX B

Interior Estimates of Ecker and Huisken

Let M; = graphu( -,t) be a mean curvature flow such that it is locally the graph of a
function u(y, t) over the hyperplane e;- , ~ R, for ¢ € [0, T).
Let v be the normal to the moving graph of v and define the function v = (v |e, 1) !
which we assume being positive.

The estimates contained in the following series of theorems have been obtained by
Ecker and Huisken in the paper [29], see also [55] and [26].

THEOREM B.1. Let R > 0 and x, € R™! be arbitrary and define
¢(x,t) = R* — |z — x0|* — 2nt .
If . denotes the positive part of @, we have the estimate

v(@,t)p (z,t) < sup v, (B.1)
My

as long as v(x,t) is defined everywhere on the support of ..

THEOREM B.2. The gradient of the height function w satisfies the estimate

\/1+‘vu(y07t)|2 <Ci(n) sup 1+ [Vugl|?

Br(yo)

x exp |Cy(n)R™* sup ( sup u(y, ) — u(yo, 5))*
SE[O,T} TG[O,T},yEBR(yo)

where t € [0,T], Br(yo) is @ ball in e, and ug = u( -, 0).
THEOREM B.3. Let R > 0and 6 € [0, 1), then for zy € R™""! we have the estimate

sup AP <CM)(1—-60)* " sup sup 0! (B.2)
K (xo,t,0R?) 0<s<t K(zo,s,R?)

forallt € [0,T), where K (z¢,t,0R?) = {x € M; ||z — xo|* + 2nt < OR?}.

Working by induction, one gets the following general result.

THEOREM B.4. (1) For arbitrary R > 0, 6 € [0,1) and m € N, we have the estimates
sap  [VAP < Cp(n)t0m )
K (zo0,t,0R?)

where C.,(n) depends on n,m,0 and supg< <, SUPfe(y, 5 g2) V-
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(2) In case of additional smoothness, the constants above can be replaced by constants
D i(n), depending onn,m, k, 0 and supg<,<; SUP (1 s r2) i |V A|” obtaining the
improved estimates

sup [V AP < Dy g(n)t "
K(Io,t,aRz)

(3) In particular, choosing m = 0and k =1,
sup |[VA[*< E(n)/t,

K (zo,t,0R?)
where E(n) depends on n, 6 and supy,<; SUp g, 5 ) | A%

Analogous estimates were obtained by Angenent [12] for evolving curves in the
plane, and by Altschuler [4] and Altschuler and Grayson [3] for curves in space.

REMARK B.5. Compare these interior estimates with the ones of Colding and Mini-
cozzi [23].



APPENDIX C

Hamilton’s Maximum Principle for Tensors

Let V' a vector bundle over a compact manifold M. Let h a fixed metric on V, ¢
a Riemannian metric on M and L a connection on V' compatible with h. Both g and
L = {L! } may depend on time ¢. We can form the Laplacian of a section f of V' as the
trace of the second covariant derivative with respect to g, using the connection L on V'
and the Levi—Civita connection on T'M.
Let U an open subset of V' and V(f) a vector field on V tangent to the fibers. We
consider the nonlinear PDE
Onf = Af +U(f) (PDE)
and the ODE
o f =Af. (ODE)

THEOREM C.1 (Hamilton [44, Section 4]). Let X be a closed subset of U C V invariant
under parallel transport by the connection L and every fiber of X is convex.
If the solutions of the ODE starting in a fiber of X remain in X, then also any solution of the
PDE remains in X.

THEOREM C.2 (Hamilton [44, Section 8]). Let f a smooth section of V satisfying 0,f =
Af 4+ U(f). Let Z(f) be a convex function on the bundle, invariant under parallel translation
whose level curves Z(f) < X are preserved by the ODE. Then, the inequality Z(f) < X is
preserved by the PDE for any constant \.

Moreover, if at time t = 0 at some point we have Z (f) < A, then Z(f) < X everywhere on M at
timet > 0.

THEOREM C.3 (Hamilton [44, Section 8]). Let B be a symmetric bilinear form on V.
Suppose that B satisfies a heat equation 0,B > AB + W (B) where the matrix W(B) > 0 for all
B >0.

Then, if B > 0 at time t = 0 it remains nonnegative for t > 0. Moreover, there exists an interval
0 <t < 6 on which the rank of B is constant and the null space of B is invariant under parallel
translation and invariant in time, finally it also lies in the null space of V(B).
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