We Llam wd:‘\—Fmr exmffes.

(A) Conbinuons  Lek Sp be bhe mfi&or&{ byo[oamf. spaces
b cokiaous maps. We have a Grothendieck b?olaa& T o Sp
st o sive R < Sp(—,X) s covaing o bhere exisk
om. open Cover §UL [ TT of X Lor whech oll the
indugions Us —X arein R,
Unfoctionsbely Sp is “Eoo big’ for Sh(sp,T) b6 bea lopes,
RBuf we can bake ony small £l Su]:ca},'o.aofa, E < gr, closed.
wndler passage s epen subspoces | and comsider Sh (8,7,
Foe ang spoce X (mt‘&ul‘ H.oge Gnéo), He Wof
gx-'—‘ SP(";X)lc is o sheal ; and XH&X 'S
o fuader Sp—> h(6,T)  (in goneral , vek Sl &
fosbhful; bt b can be So om a larger cabegory than &),
Fre ang X« S8, b fll embedding O0)—/x
PWSN re,ae& Coveis; So ok induces o locd.
qpomekiic morphiem  Sh(E,T)/gX ——> Sh(X).
(Again, this can work for seme spaces nkin €
b ndb o ol of them.)
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(B) M Let ME be the mj@aﬂa of (Pa.ro.:.amfa.:b) smoold,
mnlﬁlcl.s 3 gmocth Maps. (NR.: Mf doesnt hae ol
pullbacks ; bub it does haue pullbaddes of epen inclutsions
wlm\& MM MAfS ) We define the Grothendceck brﬂl»gg
T just o we did on SP; then Sl’\(H‘?,:-T) is a br]:os',
Foro.na ma.npfou M, lie.{-‘und'or %N =NF(—,N) is
o sheaf and MH&M LSO-M%LZML%

ME —> Sh(ME,T). And, for any M, the inclusion
OM) —> ME/M induces a local Wb‘w. mrrlulsm
Sh(, TYM—> Sh(M).

(¢) Algbnic Lok k bea fald, and leb £ be bhe alegory
of affine schemes epﬁﬁté%feﬂm K (ie. &F s bhe
calagory of foudsly-precented K- dlgghras). For o
K-aiadm. A an errm\éulssckemeofA ic the dual f
Av—> Ala™"] for some o0& A ; mbe thal bthese are
epémor,a‘\is'ms of _K-algg,l,m and stable under Fuhout‘ .

The Zoriske l‘o-ro(o&a, Zonb is &mu‘al'cal 5& Pounilce.s
(A——-)Afa:‘] [{eT) glj {a; ICGI} gﬂ.nera[‘es A oz an
ule,a.[ We have a ‘%)oos Sh (@,2); for any K-scheme
X . the fundor SJtK (”,x)’c =3X Esa,sl\eaf, and
X+ yX is a Manw&% Seh, — Sh(6,2),
And for X=5PecA in £, we have o local morphism

Sh (6,2)/3)( —> Sh(X).

Remark ; Sh(€,2) i< the okssiw t&?os for the
H\eeig of local K-al,gg,bros.



(D) Combinalorial Lok A be bhe coligary of nememgly finte
ety ocdered selis & «Juva-;,a o and leb
= LA% Sb] be the topos of sunrkunl sebs.
This deesn'l look much like He. obher H.ree enmp'es, but ...
In €, we have o non-full SuLca.!.'c&w d of rh&ﬁ_nsm&-
re{lled,'a.a’ maps : A—f—»B is n o) i, given ocecA,
st (o) = s':;"(t) for some T e B, there exisks T el
sk o = sT(T) (ond hence oo $(F)=T),
For any ohjeck A, of 8, D/A. is 0 R, coreflective
subcabigory of E/A. ; the corellecliom sends (B,—A.)
5 (B’ ——aA.) where B! ic bhe Sukow of B. generaled
53 Simflice.: which mop b nm-—ole&eneroli simfh'ces w A,
Moreover, D/A. is o topes, and the corefleckion s
H\eo‘;:reo[' magg ofa. Ccmnecheol [Cn Po.cl' &cnj.) Wb-..;
MP‘M"Sm £/A. -—-—"’nD/A
We cam bhink of B/A. os H\&rume/tbfos’ of te
“combinaliorial space’ A. : in qeneral ths nok SPJEJ,
bat noke Bok D/1. ~ Sek, sine B,—>1. is olagme_ma-
TQP@E“Q f B. 3ﬂ-nerol'eol Ba dy O'Sf"‘fbl‘:'—‘e-‘-‘.




How do we I"&CO%A}M when a qven Grothendieck Gros i '5'3-’ ?

ll) Lownvese’s aﬁ:rba.r)a. . cwiamEC coLESidY\Q X
bt From Lhe c.rsww'oﬂm Hol: here’s & conneckodd and
[omﬂamn.ed%rl mnr,:'-ilm P;E-——;S’ where $ & a

s of abstrack “nom- cohesive” sels.

N.R: Exomple (A) wn' tonnecked over Seb if we allow
mm—cawwf:d% N deetlié); bt it is uF
allsPe.u.s wn G ate lo(:al%, ennected.

Thus § sifs tascde € (vimp*) MQ,MSL«L%; and. i
is bobhtrefleclive (via P » sedé\amoyec}: A & bhe
diserele seb of 'Ern-ﬂhs 1—A) end reflecbive (via py,
Se.nJina A b ik seb AL cennecled m\fnﬁm}.})

Theres o cononienl neliural M%"‘W b P*_—)P' :
9A es %Wm-o: ism such Bl ‘

P*Px'A = > P*r!A
LOM\A wnl
commutes
Lowvere’s axioms for a ’uj—%,,ra &8 cohasten” s
(Q.) P preserves Cenide Froo‘uc),?s (i/.o_‘, fwﬁz rrw'.uctf o?
wnnAJ'éol otgec&- ofe CoN:eotécl) *r
(8) The caamnical map p, (A7) —>pa"*F " ¥ g
S on i/smrr‘nlsm (L-e._, S-mer-eJ. Pmal;utf 05: wmecte).
o'od'edz afe cannecled ),

(&) 9, is epi for oll A
R

(ie., every ennecled ow hos



Comments on the axioms :

1 (l) us neetlic'. o ensure thab (he ll\b‘d\i‘_l:c nolfom gF kmbr&’
where A?B mkmobﬁc fF 1%__‘_",31* hase the same
WM Pg,'?S&unaxmce e'n&g.

1. (B) soys that we can “chain together” §- indexed families
of homolopies. IE holds & the topologs (A).

bbb adt MP;; combinalsrial Exmt:;’t a;;;we )

2. (€) holds (with §=Sek) in the elgebrase example (€)
ff the 3,rw.ml feld KK &sdap.kmial%, coged . For o
nm-a[ge,\wa;m% closed Kk, f&rl\nfs veslwul:l ke S & ke
Conk (6) where 6 i the Galois group of K /K ?

4 For £=5\X), (&) hilds ff py preserves oll Raude lnike
[so thek bhe adjoiat pair (pe—p*) i&madgﬂ'%b
&fpin'ﬁf),a‘:ﬁfx s l’o% connected (ie. every
o]nnse,lyan X is connected ), iff X has o dence rou-},‘
(¢) holds for Sh(x) ff P :.Sanexvu.\rnlmoe

5. (¢) holde ff the unit A—>p"p1A is epic forall A
ond, P preserves epr‘visms. .
m-rsl—mol,fon&se‘o-lzal"ES' " bhe ¢
of P&u&se&msmﬂb,ée‘mf is kwmﬁected'
WWBMVMBAWMP i local !
Thue we have P#:g-__"g emLaJ.thg, m-c.keswcsets

n 8 os indiserele s 1; corresponding 6 O we have
;j*—-’ 9. k5 i mj&:f“ﬁ

Moreover, (e) im,olies (a).



Arcleannembe‘ case (pure M) Suppese € is an isemerphism
so ek pis bobh lefb and cight adgornt fo P*' Then bhe
kmbra relalion coU.n.,mS ($xg fF F=g).

Given o connected 3 locm“a comnected £ —L58 we could consider
the Msukmbapra, F on olg,eo&s A st Gy is an isomerphism,
Pt fockors through 7 £, and bhe induced morphicm +—3
is PurecvuL:L;; moreover, F is bobhy re,plect'.ve.&co"eguﬁﬂ
in £ so wehove o connechd & loulla conneched &—>3F
S i '\m’ercmmcbm\. f p is; bul & needn’t be local
i f I

Lawvere’s axiom (cl) For evera, olgzd.' A ef g, there’s a mmmavrl\ism
A>—>B with B contrackble (i.e. chPowes g conneeled ).

This helds iff Q is conbraclible i bhere's o combrackhle o'%'eo’:'
T with bwe disjeink peinkep, 1. (T, palicaac | i holds in

On the obher hand | k' Mmf.m,le wobh pure WL%

IF § i« Boolean (or even SQKSFLQS De HWan'.r lo.w), Ben oxiom
(d) holds «fF F#(’).) is conneched .

I S= Sk, it holde ff pip*T) 21 fvall T o

Congectiure : for general §, it halds ff pip* i the “support’ Ruclor
§— § i I——*’PEP#LI)H 1 frdl T,



Deliliom Apre-cakl:raj"'wn (orcloﬁofélﬁlemarﬂ Jua,b’)o_c €
iSa.o’,a&saFMfs o Such bhal:
(6) 9 abiins oll isomorphisms, & is closed under composifion;
(B‘ J i steble under P'-w)o.cjzs
(¢) @ descenals a.ltmg %nr'alulsms;
(d) B;-ﬁaA; ed f-a*uui,c-l' cmPLu ;]zli_Bb——) _%lfA(' 608-,
() LL1—1edfroll T
(4) Given C A 5R—5A with g, fa6 D, then Fed;
lg) If R-EsAe D, then BA>RyRe D

These owxioms ¢ thal, foc A’ /A is & full suhe of
g/A, CZS‘E? under MM,imfs end MLLL'{'N'& mﬁﬁg
S“j o is o calibrakon £ D/A is core?{eo'fve wm EJA fecal A.
In bhis case its a b:rqs, ond bhe wmggcfm ic a connecled.
geemekric Mrlrﬁsm g/A—P“—a J/A. We Say a ealibrofom ©s
loc.,l,/kafermne&ol/... uF oll the ]’A have bhe mmfm‘bz’
property. |
Remack : i a pre-colibralim conbnias oll mongmorphisms in £, then it's a
( h?{?ermneelml) ealibralion,
¢ D s o caldbraliom, then by () we have o comnulalive square
e/p —~>E/B
\LPA L Ps
I —— IR
fov ong A>B 0 &,
If fedd Hen this Spare i a pllbock ;
£ £ is epic then (¢) mrl,:.s bhakit's a pushout.



Examples of (pre) calibralims -

0) If e*58 o connecked geomebie :
= morphism Hen thery
pre -calchraliom Cmsu'ana 0f- H\o:e AJ—)B w & guj I,-OI;J,‘

P“P,A—ﬁA
it |
P*P*B —8B
S a Pullkuk. (I-FP is ‘mxrmn&l‘eol, then Hhis is o %&mnec&d
CAJLL"&B“) Noke Hhal- 3/‘)*.]: ES/I 'Fa-rw\a_ IeeLS,o.nJ.
n Pa.rttu.l.n.f' 08/1 ﬁg.
@) For oy &, tere is o “canmmical’ calibraliom in C2,€] constsling
0; thase morlesm‘ WIM'-J\N'E Pwmw.ck chm,re:\',u 2 This
eolibrallom is loc,.ua eonnected | bul nob bcal o hypecconnectzd, .
(3) If # _f_,g is mgeaweb-ic mof’)'ni.s'n ond. D ica di'(fn)cnlpkmﬂ\
in ¥, then £ B =13 [f9)e I} % o (pre) calibrolion in €,
Nole tul in the cel:hralin cage, the Square
/A YA E/A

l !

J/pra — £8/A

S a Pu.s‘mut ]Cn’ N\a A.

(4) Forcma SmeUan‘eaa—ra @o«mloma sel S ofmorpln.&m\s of é’, we have
o calchralim om L6 sk consisbing of morphisms .. bhe
n:-h.:al.l& Sqpaces foc all memherx of S are Puubuk(' (IF S consisty
of sP'&L'ef&mrP‘\&s*m, bhic calibraliom is bﬁermn&feol.) In
partieular | he Jeapnem:&—mf&ztna maps are o calibraliow in
[A"P) Seb ], which [ouua connecled | lmafzrt_onnecbed ond loca) .



(5) Let g= Sh(é’,T) where T is such bhal” oll represeatables ase sheaves.
Suppose given, foceacdh Ve ob@, o connecled nwrrlu.m E/&Ui’-)}u)
and foreach V=5V in €, o goemelric morhism & making

ehv —X g/yu

\L‘W A \lﬂfu

I, —— ¥,
commale Suppese alto thak the cass o), °fmrr‘uisms A—yU
E.tmerr‘ulc b oLaiuJ:r in the mgl af 1/: (For some U) Sa,tsf-.es
* Gwven BASALouU with fed, wehave f3cd, o

':Lzrulll»a;kOf"g_a!mama (V—A belmgs b5 o,
* Given A———>3U, if there's a T-covering sieve Ren U st

(y)*fed, forall xeR, then o I,.
. Ana cmrlgmem mg“omor’;‘u:fm A>-—->3U «$ in @g-
Then we gob o calidrulin o) om € by soying BoA 6 if
ouPuULa:k: 'F :thma mrplum 3,U——>A ole Ln aDo-
Moveover, /gl &, for all Ve ob @,
This yeelds calibrolime on the toposes in Exangles (A), (BYand (€).
However , in general Hea’re not loeal. To gob o local calchralim by this
N-QH\.OA, we need Mf,'m% thol each Yy & an.L, buk also the
Beck~Chewlley condiliom 2 “gug 2> 4 (4% (Recall from
lecare T thak this wouldd be oulomalze of the squares were. pullbacks,
buk &kn& aren’l in gﬂml)
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