Higher- Order Type 'Thag and T oposes
(0) Type shudire © we have o unsh 1
(Po&SLL%) Prim;En t'grg_g s"]'; o
product Bypes AxB (AR bpes)
power -Gpes PA (A c.%goa)
(WL@ o Lzrre N of nebural nes.
k) Terms !m‘.U?uf from voariables xA,gA,'“ of each Uafe L&
(,,.ss.-.u&) prinakive ﬁmfm-samkols f:A—R
(indluding constoals ¢ 1—R)
o wnique comslant % of L'mn,‘l

pairing &uafnftdg, a)nml:ol: (x,g>'.AxB, fst2): A snd[z) 'R
u/lum LA A’&:B, ZLA*B are terms

dhare @ s o formla and = avariable (whick i bound
w feAleS)

& constank 0: N ond fundfon-symbol s:N—N, plas a
berm-conshruclor rec 3(,;& “recursor’ , which. builds
bece whase inforpretalims are recursively defined mr\»imr)

() Formulae Lutnp from abowmic formuloe
(szt) (s,b Lerms of Gype A)
[seqb) (s Fbype A, L of Gype PA)
: Ruls) (Rq aPrimEve Preoliul'e s L)
(P"‘"ug) P (buk ask needed. siace. we con ';‘U: Ra by o conshant r:PA)
l’g logm[, conneclives 1,4, A,V, =
and quantifiocs (34) (V=)

(NB.. 2@ isdefred 6 b (L), and (@&> ) & be
(@2 a(¥>@)).)



(d) Axiems ond rules of inforence : stondord axioms and rules for (wl‘rukn}
Fusborder lagic, plas the viows” rudes for produck and power bypes
(ULPMEml.o.r; ~-((’xe{2‘A"P3)(=> @f"/&]) and ({x:A'xel:z‘-'l:)
provided 72 aok free in £) and (less obvious)) rules e bipe N, if i
exists.

Thesc rulzsueau‘slmi fvf%mbbans tn.f'brows, where we
wtrpoel the pinilive Bpes | Funchion-symbals oad. relbin symbds
(if mna) La o.ffrorriab oLJ.zJI, mrpl\i&ms and SuLoLJyh’ in bhe brrq.
Moreover, ml-erprdﬂfmg are Prewveol "3 &’3“"‘1 funclors bekveen Groses

B H\ea're. olso c_a-_mf;w; t given o H'&or&T in I\&ah.r—olee; %e H.qu,
we can eomshiuck a l:)rog £LT] wt:m‘aao.mde]. Gp of T
which is gereric. in HacsmHqu, {‘a-rma bru F modelc of W
in ¥ comespond 5 byical fincors E0T]— ¥, and bhe
stbences sdisfied by Gy ”QWJ:% bhase deducchle in T,

Moreover, for Qrery small bopes €, WP&&&W—WW’T
such that 8 = gf‘ﬂ'].

L Roring debails of the eonstrucliom: objecks of ELTT are

csed Borms £ PA fov sometgpe AL Morphisms from
E:PA 5 w: PR are named \'aa. -Pcrmulo.e Q(x,a,) wilth free
var tables xA,&B such Hhab

)

() (Pl (L ) n lgen))
éVx) ((xc-l:) = (3y) @ (xy ))
ug,y) ({Qbg) n @ bug')) = l=y")
ore deduchle in M ; bwo frtmulae Cf,y/amb‘wswmrﬂskm
i (Vz.g,) (Cpla,g,) &S v’(’l:g')) s deducihle, (In (oot Hhe
ome -woy t«\choL'm would be sufficiant.) ]



In pocbialoc, blig T f5be the “emply” theory (a0 primive thoes,
M.Aﬁ“ @En—sam:ff, ) :;?\-lay«l axwms')?::;
obloin the :Fm'v'opu T =€ 0T] which is initinl i b
?—'Ml'em Log' of b‘r‘“ﬁ} W ﬁu\-ﬂt&rs and noliurs! i.smarpksm

If we indude H&%pt N, we gek 'Z’NM;;;.\;I&[_;,\ Lo&”? the
Sub-2- of topeces Roving raliral. mumbar obgecks. (Repar,.
* byial e presrves the el amber ik i exchs
So Laa,N Sa. cosieve {n )

Beste idea: clthough ¥ and 7V are highy ‘el clogersy
(vaderstand;ng. vhot goes on in them cnvolves understandling b
F‘»Fbﬁ.eo%of Rer-ovder induclionisl, baac) We Can gain o
ot of infocmalion them Mr'ilf:\ Be fock Hal are
il i Loa and N » Sthce Z'Cn.b‘a,a-r[u :
Jomilias (G'm’iemltede Brom whase Prorzrtif we understand .

The ghueing consbiuckion (M. Arkn, Tiemey , Wraith)

Lot &V F beo M-lm’l’—?ruuﬁn& Funclor behveen Epases.
Cmsider He. caftgory. GEF) whare objecks ace bigles (4.p 5
with $1R—FA in ¥ and whose mafpﬁms (A{,Rli) \)(2’,3’5‘9
ofe pors (h, k) such bhat

B2 5 FA

|k LFh

N SPNY
comues, Then G(F) is & lrpos; Hhe projeckimns GE(F) D> g
ond 68 (F) 225 F ace bobh invrse. image fuachors ) and. the Romer
Uoul:ML—Hu[aﬂ'u) g L’&‘(AL . b
(Remork : F can be recovered as He comfos&l‘e; E—5GlF)—>F
where R, < H&"ﬁuf'w* P1-)



Let b: PB Bza,n,oLJ,e(J: oF T (or of T“),er\'h gb for bhe
Bpas oMoined. by ghueing alomg. T (b,7): T—>5ek.
e o e L comin) Ll e T By,
and, ByLy, mvk‘*"&d"‘ﬁgdomm whike
Ly (o) = (o, KLL@,«Q_) where Ky= B Ly and % is
o nabirsl broasfoemalion Ky — T (b, ).
w"s“%‘m"w &« 5'52:' ive f 1wy issur&a,live;ew:va}g_,ﬂa’
o Lyle) i ajectdve w.r.b. the Pa.rEwla.r mmmrplm;gm
[, 6, (P> TBL) —> (b, 83, (¥ > 1)) G,
N.R.: ingeclive objects off T are b-injective forany b.
From ks we deduce :
Theorem I A is o. connecled %?0. (a.&.mt N, or mrmolu.ct‘ ,m.vva,
N s o Fa&tof) and L a:PA Esoum%ah‘av&llm (t-e. selisfres
(472 (> € o) =}(zea.))) then o is B-ugutw, Foro.n&l;“%'o
The cestrichion b5 connected t(ﬁ” i necessary : ok Nz §{=:N T3,
thea Kk(ﬁ)""\lfﬂiﬂa b, and % sends e.:{k r:_elN & be
morphism b—s 1 = N. Bubadbevary morphism N—>N is of Hic form.
Corollara Tf o:PA is as in the Theorem., and in eddlifirn o £0,

bhen

((\] o s on himvmposakle P“M"e: L.Q.,weﬂ
J._.‘l‘ by — a in 'Z, Here existe v s.b b;—>a Lss?\atcfu,

(&) N s a—iﬁ'g.ctve,b.a. every mocphism o —> N s of the form
m—?‘li—"ﬁ-&meeneN.N ’
In Fa.f';ou,l,a.(,a_lt m"Pl'“:Sﬂ‘S 1—N i T e Sta.n,ala,rol y



Puﬂ\':\% a=1 i the CoroUn.ra,, and t‘nl’erprzt‘lg ok ia ‘\iahr-ora[er
rmac, H‘COIE, we ebt
Disj unelirm pfopﬂﬁ‘. IF F(gvy), then either FQ o« FY.
Existence Pto,nrgt If F(Joe: A) X | then Here's a closed erm
a:A such thab X Cafx].
(Here @, ¥ ond (F)X areunderstood b be closed formalae. )
Aol&&ua, (a) o HwCoro[lar& 0"\13 reduces bhe Existence Prurer% k
He U.dvm_ Exictence R'szrtd" goen F(30X i Proa’uces a
foemule 0 such thak F(3!98 and Fle) (B5X). Bukr
fvrmml’tja HOTT has encugh ‘names’ b witness theorems of He
brp, F (310 6. Haadanbntrwulcn.re & whea H’&%Lb?
2 is N, and (B) les care of bhis.
Buk we can Sy mere, Melg( ro‘,‘gJMc&-n and existence will, Parmbcs’,
I]: A ic o Connected ‘}re, fﬁen
F (Vx:A) (@v @) implies eibher F(Vo: ADP or +(Vo:A) P,
¥ F(Ya: A)(B&:B X then there’s o borm by B (Posxiua
nvoling, the. vasioe %) such thab Hiroe:A) X [T
Whea B=N and A isa connecked ,we,gn,to.slﬂlsl'rmauresult
(Teoelstr’s Unifoemily Prineiple): i | (e:A)(3g: M) X, tlen
"'LH&:N) (We: AY L.
We can exl'eml Stu, Ru’HlQr, t a.na walg-presen&ul, u\eorg T whase
axioms are  of neanlive, 'afg" , Ue, ore sentences @ such bhob
o (1749=‘>€P) in pure 53\*, !:ﬁeora__ Ang such de,ona has the
Disjundion Properly | and ik has bhe Existence Pfarﬂ"é ?fW‘M
* has the Umvm Existence Pm):r%



Mockov s Prﬂ iple  asgertr bheb i (Vx:N) (CVV"Q) , bhen

]—-('7'7 (3:&:!‘1)? = (3-"-3N) (P)

It seems vua!&he% Haok Ehic 3 bue in TN‘ Howe\ﬂf) bhe best we
can prove ob preseat 1s Mackov's Rule’ + ff - (We:N) (v 7¢)
and b 11 (F:N) @, thes l—(ax-.ujcp.

Mockev's Rule € easy $ i (3x)¢p, thea there’s a natiural, number a
Such thalt @ [n/a) halds in Sob. Buk in U™ we have
F (@CaA) v @ Ta/x]) | and we can’t have b2 @La/,
o we must have @ EAMAT.

Brouwer's Conbinuily Prinecple osserks Meﬂ% P R—R i
coimens, In TV we can construck H\eo':a‘,zdx 2,4, R
o{lul'eam,raﬁomlso.nimls ( the latter via Dedekind

Hence every Grothendieck bpas containe Mobd'eot' Ry of Dedekind
real pumbers. To idenlifly iF, we uge the fock that Dedsleind
seclions .F Q mmMSofmgaJm;tnz(PmPasilfaMl) H\e,ora,,
whose class iy s Sh(R),

Thes, for cny sm&ﬁzﬁmmw objeck ia Sh(X) is the sheaf
oferul—mewol -Fm:),'wns mafenSuLSE&oFX.

New comsider the ‘colinums’ tipas € = SK(8,T) Srom ledure TT,
where we now assume bhat owr Sukuha,afa € oP S‘; containg
both R ond the space [R,R] of eonbinvous maps R—R

(waiu compact-open bopalogy), and Hab s dosed under finde
Pl‘O £,

Recoll Hthat we hod o local agmeh—u, mcrk&sm f/&x—e SR (X)
Ldiw\' X 0? €; u:ina the {"ad: le: ﬂlis Hau.colarg',

for any o
H&&ma Bgectwn



Top (Sh(), Sh(R)) —> Top (£/4X, Sh(R))
IR IR
SOGR) £ (%, Ry)

Thus Hhe Dedekind real number oLJuk £ i SWPL& HIR '
Moceover, since [R R is the exPonencol. lR in Sp, and

heace . € it follows Hak g,[R R1 i be exramnﬁ;l

RA .

Ri ~ w E.

Tt now eosy G prove et Rreuwer's Theoren, holds mhrn;lﬁh 3

and hence (
k%m’t’ha gueing argumant due 6 A, Toyel)

Remark : Browwer’s Thesvem lws b R is inde able.,
i cmpase
In.leecl mgmehms 2, 2_ (Sm.cez anlac. ulcn@ul
with 4 [R,21); bt this cant beliuein V.

Gm!erv% c_7£ the Axiom of % (P, Fre&o9

Wrike S0 Fv-r P1. Consider the n\orPl'u.S'm cN—AL T
Oléfwaalla the term (Vq, Q) (VV(fv%P)) where pisa free
vor iable uf %,PQQ. ¢ ic called the Coanlor codecivelive @ in a
subseke of X) is dual l; the Gunlor derivalive m clased Selz -
ie. (V) is the (uaul'oren V20U suthhat VAU is diserelel .
, Now consider bthe ’Bpos [N ,Set 1 where N denoles

He ordered seb of noturel aumbors: so oLJ.ul:: are. Senmencec
A,—A~—A,~> - In Hic fq:o,c we Con P-:ckue

N os Fllows ;




QO __) -(l‘ "”&f—).ﬂ.l T -

The effect of ¢ in this case is ng&tbranihottom elemenls
ond b move evzraﬁ-iad ose up me Ploce. In Porli‘mlu #c™
'Flrrauxa a#m, and in fack the mapping n—>c" isa momor]:l\km
N>—> Q% = PP1 i [N, %E].
(This i bast possible ; in any bopes, we have

(\‘/P,q,,r:.ﬂ) = (-'(p=1,)m(|>=r)m(q,=f))
So we can’k kwta,mam,srr‘\&m N>—P1.)

In ?, we can form bhe smallest SuLoLJ,cot WH.Q.IL suzh
that 1 =25 @ fackoes beough W and aien 2
feoaer resticks bo o map W—W. Moreover, the consltruckiom
of W is prasscved by logieal funchors, Lok Ur—21 be
the M!-'errrebt‘om of bhe senkence (aw:W)(UW :ur)
and b V>—>1 Le bhe weanﬁc-n (= Hegbfug pseu.doc.mPlem&J:)
of U.

1 8



Theorem For o logicel funckor L: T— € we have
LW)Z0 ff L(W) ica nabural number objeck: in £,

Corollory V0 i T (sicceibmaps o1 in N, Set]), and
He ut&aﬂfg TN kasanmhu-almlﬁrolg,eob
(Tn feb Thv = TYV.)

But Hat's noball. Sinee V i dffuu’.i ba_ a,ngaq,ﬁve,_FoeroL‘ J.J_f
on inhwmfaenue prod',eofive e T ,and T(V,-): T— ek
preserves bhe nabiurel number o\y‘zol' . Hence iFalse preserves
free consbruclions of oll kinds,

Since we hove o nabiral number obj,ub m TIV, we can carr&owl'
the. construclom of the free bopes Y™ o bt inkernal logec
of T/V,!zax,bam inl'emnl.ufajora, € o TNV hich is
magped by TN (1, =) b the “cassied’ TV i Seb.

And CF weafrla H-e,rt‘g,u'a.a%:a-iﬂt T[v!T/V"‘)T"F V* & d:)n
weggl“ an inlernal cal?e,a,o-fa_ :1_2.: Mfarei‘)a, IU,") ET.

Ln Summory : there existe an Japriuxm b‘mslnfng sealeaces ™
puce. bype theory with NNO & cenlinces in pure bype theory
without NNO, in such o way Hutpmkiu% is preserved. and
ceflecked

Conbiast with He Roolean case - EFWG—W"':’:Q By—1 for the
CAhrPre\ZEm of (Vp:8) (Pv-r P) . bhen ':’/B (the free
Roolean bros) i pust S’el.‘f vhereas T /B is '\-3“.5
il (3 e S e it b sy
Grothendeck topes).



