W hol do we know gﬂ—metm.aug abouk e sb'ufunvfﬂtmlkne R?

TF we Pix buo dislindd piafes 0,1, Ben we can give gaomelive eonshruckions
of oddilion &MU'-'fkcnRN, so Ris a (commelabive) ra\a, Bub cke
M‘:a;-mnztﬂ.cdja, dear Bl ot should hﬂ.a.-F\:zu,

Ia ParE:,M, the wl'el‘secbaﬂ efF
MPMEL,[A_ g,:.n" and the Lne
J:O mia}\bhe,m.om H"tﬂ.ﬂ& SQ\SJ‘Q P'at_; .
Lawvere 1967, sufpose Ht&olject D={x:R |x*=0%
is just la.ranenaual\’ real funclion
defsned on b i mqua Ln:? i.e,
(v#:R%) (F'a,b: R) (Wd:D) ($d)=a+bd).
we hasre o = £(0); and we can Huinle "P b M&'Sgnﬂneﬁ,
derivalive’ £'(0).
No such riag can exigt in Seb (drina.na.RoolQM bros)
How choul: Hthe smoobh QPOS oF Lectire T 7 Well, R-‘—gm is o rma
in bis E'a-,‘ao:, since R is an inbernal n‘na_c.‘n Mf. Rub bhe
engMma g, Preserm é He lemilz w‘tu‘.d\,ex.isban ij

in parFadar the pullback 11— LR

10 l (2 > (2,2%))

2

_—

L'J(H(:,O))
A. Kock 1977 - u\zulan,kmc b:ros oF lecbinre IT Proviele.t on

excw’alp, '

Before proving this, we need b oteueloP the H*eora of Weil algghms_



defimlon Lt be o ring . A Weil algebra over K s o K-olgben
W qurirg a K- module Jewmrosa[:m W= KI1®M where
M isa Railely-gumeralpd free K-module; MW and oll
CLUY\PJ\& o? M are M‘J,':Otel\b.

E'w[a . K(e]) = KEI:]/((;") ot moreamem.u& KEbJ/{tkﬂ).
Ang Weil elgebro. has o preseatalion K Ce, by s bl J(E) where
EiS&,SebOFi#WLS' MB&&;,M{W ng Some power L-;cd't

for ench i, ¥

TE W is o Weil al?zkm and R isan aruhrg, K-ola»LM, then
R@KW s o Weil aly.l;m over R.

Given W and R, leb R-s‘:ec(W) be the Sebo{: K-aia.d:ra. hmamorph‘.sm
W—R., Tf W has Présmkafm KCE,,...,tal/(E), Hhen
R-spae(W) & { (%, %) € R" | ECR/ET = 0F
infinstes imal. nesghbourhoed’ of 9 in R",

These notm.g meke sense. when R is Mial‘erML K- a\%d;m in aubros 5,

We hove o manu% RxWx R'Sric(w)_—-’R scmb‘aa, (a,w,§)

G o fl). This s bil:nar in e Forsk h.rova.n:elale:, So
cnduces e REOW x R-gpec (W) — R ) :

o roppiny RO )R, o il
R@KW—QR . WQS%RS Fts QM
OX Lo Lwer K) "‘F Hhis mala'm\& s B%‘u,ﬁve (&hence,an \‘.smrusv
of R—alad)ms) forall W,

For W= kK(g], Buic is Lawvere’s OfiainaLoxCom Fo-r R.



Exmrlc et €= Sh (8, T) where €= (K—a‘\lg”‘})"ID el T
s o topology  (e.q. Zaciske) forwhick Bhe representable furclors
ore sheaves. The cam‘;osil'e, R G’OP‘-—-) k-Na — Gk i
N‘oumsba.\sk ( Ba kLt]) , amd. ik an tnkernal K‘ﬂjﬂibm&n £
For ong Weil dlgdhea. W, Rospec (W) is singly the funclor yW; and
the ex‘:menrml RR-%(W) is the fuckor A— R (AOKW), Rulr
bhis s Bsomrplﬁ.c. b R@Kw.

LOgiuJ, (Ahr’)m!'a.ﬁ:n ("1. Cosl'z): th bea w‘\Qrenb extension vF
the Hmr& of K-dazkm,s‘,amzl leb R &Ekeaﬁun‘c model of T'.
"ﬂ\eq(R sabises the Kecle-Lawvere axiom for W ond Respec(W)
i f‘t&‘a’) off T is W-shble ) Le. ABQWET uhenever
AET.

So we can aleuelor SaﬁHteEc JLW aumeba i SA (@,Z),

Sample resulls : say M s iafeachsimally smooth f
M“"“ &) . Weil (k) — & preserves finike connected Lmikc
(M.8.: Weil () is clased in K-Aly under fonite. comnecded Limiks)
Kok -Lawvere = R is MM&MMU& SMO°H\, and. mp smeobh oLJuJE
are o'as‘ul u.nAeF beh'ﬂ-ra, L.w.hc For an uv? Sﬂ\oaH‘, M,
MD-—)M hos Lhe S’:ru-diu-e&"“ R- medele in E/M (here
D =R-spee (KLeT), end MP—> 11 is induced by DY sndl we
cmH\in\:oFJ:o.rbhes .:ctma,,.kbuJIeoFM. It M
s alse a memoid in £, we gob 0n R- Lwal@“h“" struckire on
H&.rumw:k TM—> MP + Hence olso 5;[7 the L:ea.[g]:ru

.

1 —— M rogerlin
sbrackire en veeky felde o M (= seckams of M—M) Lﬂ ‘
bem os tongnks D—> M o the ekl oft M™



Butuoo H\Q_ OLJGCIZC' O’F H‘-e Zﬁ-l'l‘.d(; t‘a’:os afeﬂ’kﬁgﬂ.y& Mﬁ'gug.
Even f we lake K=R H\ecmlampl\ism R"—R

Sh ((R'Al%)gzp,l) are Po‘anﬂmmls in 0 variables
AlSo, ofl 2- c.oven'na, Seves ore Famh% a,c.nem&zol, So R
S cmro-c’: i Hhis c&e&br&.
Whet we'd like is a weﬂ-nﬂaf&-al model of SDG: ie. o model £

with o full embedding i s ME—> € suck bhals
() ¢ preserves broasversal pullbacks (where M, —5N and
ML-EE-’ N are bronsversel of, whenever §(x) = £, (x))=y , the
images under df; of bhe Lngeal spaces T, M; (:=1,2)
t‘ogsﬂ»&r span EN)
2): mops epen covers b epimrphzo fomibiec
(3) R = LUR) ba.bgfi‘ef Hhe Kock -Lawvere axiom (over [R)
in £,

The smoch fopes of Leddire I salisfies (1) ond (2) bt nob (3),
since. R-spec (RCs1) = {od.

Tdea (A.Kock/E. '.'Duhu,c) : rcrlwe the Htema, of R- a,lad:ro,g

rarm.aua, o C”_f:-:a i o s:b A WWE-H\ m"fs fAiAn——"A
fovevery smooth $:R— R (Ml n20), subjeck & the
obvious tblily eondifioms.

: R elf ; C* (M) = § smooth funclions M—R3 for o manifeld

M. CX) = § conbirous furclions X—R} fofo.ngcrm X.

?
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AC"“—rina Xy &\rwﬁw.[arg nloa, (SM&M&%&WWm
smoebh. maps R'—R) and i fock an R- cJaaLro. (sinee each 1=5R
kamﬂara‘zflmm). Tt alse fvfmua ree] (since we have an
-0 Operation corvesponding

B Gty o) b (1404422))

In fid any local c“’—ra\& ir o sopoeably ceal ~claceol local g |

t.e. o HMC@LM local r&a, with rul—chml msdmﬁnlal
I“M'é wel.(-wla.rbpl moou, R=i(R) ison inkernal C"-n',g ( since
R is on cabernal C™-ring in ME), and in fock it local » ibs
bject of iavertible elemenks is C(R\§03) since
R\§o3 ——R"

l 1((:.3) F> 2y)

1 .......1-—-3

is a bransversal P.ALL.,,L, and bhe subehjects i (RN§03) and
L (RA(13) cover 2(R), by (2).

Com also show Hhak tM s mfnufes'umua smeoth fv-rana muchau M,
amd that o mops Hm'cwlat-;’b,.,gmklmﬂe ™M—M b
bhe synbele ane MP — M.

Lemma Foronmy ring ideal T of o C-ring A, comgruence modulo T

Sa C“—ma,rweme; ve,, we cmaw'e A/I o wnd C”"N‘A\a,
str%rzsﬂuﬂ&wmmf A—A/L i o

£ - ’wmmerP‘ﬁ-Sm.

Note that C°(R") s by defanilion the free C™-ring on a generalors,
Hem M-Pmsenbw{ C""ﬂ'l\as are Hase aF bhe form
RY/ (8.5, ).

7S



Furbher examples :
o We have a Sur}uhve nng l'\wur’:l\@m c® (an) — R b,,...,b'n]]
(Tnalofsecfer), so RICk,-..bal] s C"..n‘/&.

. Wecmrea,mlm We,ialgd)m W over R o.sa.wEuL'OF
R ULk, . ,bn 1] robher Ban RCE,,-,bn], so they are (,owh%
presenked) C*- rings.

c If UeR" is open., We can Mﬁsmo&’\wb‘m
Lot R"—= R Jov U, and then leb U denoke the closed submasifyld
(s tnyy) |y Zyl2) =13 £ R, Then
c*(v) ECQ(O)?:’ Cm(mnﬂ)/(‘l" g.xv(x,,...,xﬁ))
soik’s a th%?re&‘mtul C’—ﬂ'ﬂ&_

. Ang, (cmneot'eal,) muwfou M con be embedded os o smooth reliock
of—ma?m USRﬂ s So C“(M) uaf%h'n.obe;? C“(U), 2 hence
}wh(g —Pmsenlzol.

Lemma Any € kmr‘f“‘“"‘ (i fock, AR Tray W’“Pl“s'“)
C*(M)—> R i of bhe form () for ouacque =: 1—M.
Mence, C(=Y is a full & Sosbhful Runchee MEP—s C™-Reg.

B;\ . E‘-ﬁ-t of o c‘.r.}a A, wemeon a kammrfl\im A— R,
WQQ%AEPM‘W' V?“&‘F““ESMQJ”“H&W :
(eg.F A= c®(M) or some M?, .

A Wel algﬂ-km hos awn,ityl.!_ Faa.lf, goil:s nok W—WM Buk ot is
germ-delmioed. : defae the ‘gprm ring’ of A bapriak p s be
the C™ring of froclions ATZT vhere Zp=loeh e #o3,
o s A e, e homemorpicns

A—> ALT,"] ore jointly injuclive.

¢



Lemme Any f»‘zdl‘da-f:resenlfei C*- ring i germ- deltermined .

Nofma S'N‘,lz%-gammu C‘”—r&a W aﬂfm-clehz,rw:aed; eq. C*(R) /T,
where T i H\Q,J.ul v?‘Fﬂ\LCmS‘WbU\anct wﬁm{‘

Cbﬂ.tfa, F Ais MJ%‘PRSEI\IEA, ond ae A sa],?:f:‘ag F(“)?éo
for all prinks p: AR, then ais twerlible 1 A.

We dafine on gpen indusion o (fiaslely-presented) C*-rings &5 be
ove of the form A— Ala"] whee oe A, (MR Ala]
denstes the C*-ring of fraclions, nok the erdinary i of
:Fmﬁ;m) Exa.:go_: C* (M) — C*(V) where UvgsH i
open UZ-‘!Q o b5 bea smeoth c)\n-l‘t-tbe«ﬁ&l'tc-ﬁ;mtan -For U)_

Lemme. A cmfos.:lu + open inclusions is an open inclusion,

Hence we 3117 o Grobhendiece bfolﬂa& D (te D____W lo )

M f = (c‘_R‘?ﬂ,)oP L& Sn.a,fn.& ulﬂ-t&. Steve R covers A

uf ik eontains a —fu.m% ofoyen inclusions (A-—)A[Q;,"]"ZGI)
MMQM SurJaE\re on Points' (i-e. every p:/'\—?IR
s throgh kst me A—> AL,

1L& n

Remark : A fnile ?cmwg, (A—#Af‘l.?] ,“ﬁ) gvmml&o.
D-cwem&sowe, "g\&!s Z- coul!ﬁda., For 'F‘FS D—coven‘.r?
then i al is mvertue,,l\a the Corolln.ly, ahove; but of
there exisk b sueh thal: 3 ackc =1, Han foreach p we must
have ol least ame plac) 0.

However, for D i suffeces b consider wmﬂ%—aymkul sieves,
For ang A, we taa wlmflfa. Pt (A) wiU\.o-.bu]nsPazeof R
)cw:ie A, So it hos bhe Lindelsf Prgurf%; and
Pt (ALa1) —> PLA) is the inelusion o an open subsek:



In fack D canLo,am,ero.LulL thm nfinile covesiog
wbﬂmZarwko na.mglg
(c*(R) — C *(-n,0) | n=12,3,-

Tws SR (€,D) :sH\zcla-SSMGPowa H\&Huemgef Sésen
loal C*- -rings , i-e, those Subisfying.

(T &, V (33)( t=n.1- x))
Lemma. The m,oresmlzlo(e funclies on € ore D- sheaves; mere

Thus we. have o M . Mfu Iﬁ“\-tl'af
LM 21 (c2Rng)® —L— £=Sk(&D)

sulisfes the Kotk -lawvere oxiom for all Wedl algebras

over R.
It cemains b verify that C7 (=), amd hence i preserves
bransversal pullbacks. We do Hhis u\,slza.u

o« CUR™) i roduck C*(R™) 8, C*(R") in C*Rng.
Nob, Hanf J’s mft'? OHLNMH Mor Frodlwt C’(IPM)Q’R C‘O(R )

o Forany manfolde Mand N, C*(MxN) x C*M) @, C*(N).

Baval-)



* If £:M—R° Lra.Sm.H.-vuf having 0 umw.adorn,(“ then
bhe pullback ~ N>—— M tsprz.irved,t-e.

f
bog
C°(N) & €M)/ (4,....5:).
o« C%(-) preserves Puﬂl:adcr A epen tnelusions,
* I £:M—>N is bonsversal o clased submantfld N'>—> N,
bhen bhe pullback ~ M'—>N' s preserved
M—E5N
o We reduce H\eaﬁn—udmeo‘?& Puw:a.e’( P— M,

l . [#

& He lastone \sa msdzrma, P > N

)

H,x M1_

F'L‘Mlla,we’ve proved
Theorem Letb € be the dud of bhe CAJEa,er& of Suitely-presented
C“'-r.}.?,a,n.l leb D be e Dubue E"P"“aﬂ o 6. Then
SR (€, D) is a well-adapbed model of Aanﬂwrib JLWJM_
Varianks : mdnlealnrg; £ bt conbnin oll W—Ww-&w
C'o-rdg:, oc cul> &k down B ra\é.caF He form C*M)@W hitre
W isa Weil ai%m



