.ﬂoaM z 'Emgb?os bhinks bBub & ica Cntearlatdlm,
Svidonce fo this ¢ we can caryouk ceb-theorelic consliuclions
(emstruckively) ia the ¢ logée of o topas.
ta order 5 see’ bhe m—&k—H\me,b.ca.srutr
of s bopos £ (e broloaiml Pnrrutu, Lu'aaalzru of
cohesive objecks, eke.)  we have bo look “outside” ik, ok
s alimchip with ansbher bipas § of ok ekt
However, Eopeses are Heocies, ok seb Bheories ;
we‘ﬁ:& mg ﬁ% (Vx:A)¢ ,(Qx:A)CmeL&,
ond com't cvmn%wer the whole lb}:o.s).
So bhe Sust alfempls b5 build models of sob heory Srom (suifibe) Gposes
(T: Gle, W. Mitehell, €. Osins , enrly 19708) produced not models of
ZF bk models of “weak Zermelo seb Hoory® with ovly 4,
Separalin (0. {xea | @ (0] exisk if ol quanlers in @
ore bounded) and no scheme of Qﬂflnu«\ML'/Coerb;n
M. Fourman (1979) ohserved bk if we stort from o bopas Seb thal was
built frow o model of ZF, and. then constiuck Grobhendiecke toposes
over ik, we can give (ack o model buk Mnkbr’amt'aﬁm‘ IZF
(i-c. ZF with Mﬁtgﬁsﬂ‘b logxc) i mj such bopos &, o
We can then use bhese mf&rfrekzﬁ}ns L derive mJ.szlme resulls i (D2F
From kar»s- bheorelic cons fruchions .
Basie idea ; omsbruck the von Newmann lubrarckg, VALE O"—) inside €
We howe o sequence of ol%fwtf Vi ond edtonsional relalions
€y r—> Viix Vi (extnsional means bhak the ‘ buwisted b-us,)am’
Vi — PV of €, i monic), and fut eoch wSf o momo
Vo >V such Hab €, = VuxVu 0 rummcle.

& 4




e sz E.o - 0.
. Va(ﬂ-.: Pvu Md, Vq()—-PVuﬂ 9 ch haru‘hat L'MSPQSG O’F 6,(\
Cuy s Be relaliom €y >—> Voex Pl —> PV x PV -

(’Q’ &QW Cq — € > Exy

! L {

VoV —— Vaex PV —> Plax PV
ore pollbacks, and bhe bvisted Granspae of Ean 6

Vam ‘_1"’ PV«"—*’ P Vom)
e ob nmzer kmike A, we JeFuxe b = e_i,m.«an and &= Qﬂ‘“,\e«;
anduge the it thot fllored colivile commole with finihe Limik

Given a formulo q’ un H'-CIN\W o? sek H»ear& wibh Fm;varmUu A
H\C L‘:SL' W,y e Xy, WE dﬂp‘ﬂe L':S mf:er,arebaﬁ-n on H‘&
docoraled bk 0%, oo 2 (uhere bhe w; are ondiols)
s f"uovS : u) L“'LUPM Mw\a_ Vu )—A—)Vuxvu,

* oomic Fum[o,e Lt¥= “), (x"é
€. Y Vi xVix . If ?J\Qmefm\.f Jg\:l"mﬂbck, Puu Hese Su.‘)olywl! bock

A rale V.gx\/g)———’\/px\/p (e’:c.)
e Lmé‘:ﬂ:? - free formulae using wsual  Heyhing algsbra. operakine
om subobj ,
Note : if ;< B¢ Fochli,, bhen we have o rquka:,k square
52;?(?] >‘___)VQ\X"'¥V¢,\

1
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New SuppoSe CP: (gg)q/ where y/ < V"“‘EM'R'&- F"“"é‘r X<6‘ , we
have o communkalive di
u:?,ax. I,P B >_.__,V.<‘x---xV°(thz

!

E ,gt‘ Vﬂ)—-——) \Q‘x_;--x\(,{nxvg
so lhe images [[i,'“. (33}9 ’PI form an wcl‘easwa sequence cf
SMA@J‘S ,g V.(‘x-.;sc V“n ; and, since Lhe SQ{m.res are ruU.Lc.Ju‘
an Sukota‘zob [[52‘. (Va»x)}b]’ fufma.decrensbg_ S‘che__
Since € s well- powered bolh sequances must stebilize + we define
27, (34) Y] and [22. (W) YT & b tese skl voles,

Lemme. The stoble volues skl ydirculw.k Squares
ﬂ-;‘:?. tp]] —> Vigx-x VY,

| I

[2F. @1 >— Vpxx Vg,

when x;SP; -}o-ro.U, ¢. In fut,* Hmlwersewce sfﬁkﬁ:u.&
by the lime. bhe decaralion of o reaches 7, so does Heupper sequnce,

Heace we cam now ilerale Hwara,umut, k &J:e.r))rel: a.rL‘ﬁ-ua, Rerck-order
Socrmulae-in-decoreed - context . In po.rEuJor, u«am\l’mm Cf

o< an iA'fchw'EEm d:fﬂ (il\ Hﬁeﬂfg CMIM}:) which & St’m’:la,

méul)owog 1 e E

T'\mel All bhe axioms o?— TZF &t Hleora, (Exh;wéa\nk%,gtraﬁ‘t‘on,
Collectiow ; Ewﬁ—&l' , Pair-2t, Uniom 3 Power- 2k y & -Lwluct\:m\,
InB‘m‘,Q) are valid n £

If £ s Bolean, ve gok aa inker pretilion of (classical) 2F.

\> \/.ﬁx"‘)(\/.(';

’
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One ProUem . bhe Fowrmon inberprefalion doesa’t “see’ He whale t‘epor.
Given o geomelrie mf’a’v‘.sm 3‘*—{:—'*8, we can msive% define
wmrn:isonuufs 1{"‘(\/“8)-——_9\/“3 «Pu-ta.u o ; Cf- 4 s
open (°~3-'¢F E=Sek) Hhen these cmfw-wn.rm mewic
for all %, and of £ i abiowmce ”!a,’rc l‘&mrf‘\&‘m for oll x.
Tn paclicalar, if €= Gk (€) for o toplagical groun G, Hhea the
ermmmb.rrwhﬂnm € solisfies e same ceabonces o5 bhak
i Sek.
DQ“A‘.&!\ Ba an. &EMEo,LVMWE na Grnﬂzadieck lirq.f e,

w"m“‘g‘usﬂlhbﬂmagdxdwdﬂar%ua Lemiks, edmiks

In any E there’s a SMAHQ.C['&f:ﬂ\eAEJ.VN\'eJa Exf (the well- founded
pact of €).

Theorem Assuming Foundalion hdds i Seb, the full subcelogory
of' £ molgecl:t AS_l' A)——)Vu Fwsm L hfmexronu\tvl
ariely , and it coincides with Egp. (Hence te Fourman
inber prefalion £ coinccdes with that on €,p.)

If € is localic over Seb (ea{dwlen':%,t:urmwllale,u k(8,T)
where P isa Fart:alafo\er) L’me\a, hzrcrwm.epl'e,al
"“"P““’“ £E—F kmwﬂ\c@. Heace pr=€ A
this case

Rtnrm.rk: u.f— 8 K.Iocaﬂo ovef S'eL' ond Roo’zan, E"\en J,'So..l.‘:gfzf AC
(in the form ' Ever& ePuuorpkcsM s’aL'h’) .,F Sob oloes,-
So the Fourman inberprelilion is o ub,rfmt.h‘“ of ZFC

mﬂu&me



valsﬂence of the Conliruum Hﬁ‘aﬂb_f (Lawvere -T&rnea,)

BO.SCC idea : guﬂ:oge WC.'W‘U'E Setc AJB S_t: [N’__’A’—PB bul: there
are no bd',e.ct}-ns IN—A or AR (e.a. A=PN, B"PPN)-
SUﬂ;ose, we build o new L‘a))o& 3 L& rfru% W en bﬁ&ﬂ}n B>—>PN,
'Theq,,)roviolul we den't o-cﬁn‘n any Aoy L%QJZMS N —>A A-—-)R,
Che oWAwa.wmea wl'erezmrlefz CH €
(M.,tnecesmral& lives in Ewt, 0 e Pourman Mﬁrpmhlfmmes 6!,‘),
We do bhic ‘_Fw.& c(o..ssqfa«‘% bfu‘e.s Consider the PrurostEmL
b‘teora with Pn-mtve rrurosifms PU”“)’ cy(k,n) (be B, ne 'N)
(Wik ‘b ts/isnok relabed B n” or “p ie/is nok in Hhe seb $(1)’ )
and. axioms
((plom)a gy (o) - L) g;.mu beB,ne IN
(T + (pts,n) vy (b2)))
(T '— \&/lN ((P lh,“)ACV(L',n))V(wtbﬂn)’\P(L':n»)) F'OTGLU. L*L’

The H\&QT‘, kwb-amla the Fcrxl’&oamufnefut‘,o-ms is olm‘,{lul L&
L7 Set] where € is the paset of finde comsisteal arg,wlfm
of primilive rro'rosiﬁm.s (ecvaun.lmfg, oF rorm Linclions BxN —{T,1}
wi,bkgbab.olm,amlmto\ba f<g o fe:hwha').‘fhe other
oxtoms thl'ca Grobheadiede brolouz—m ¥, such thak
S6(Q,T) s Mdnsscfm tbro.r o T,

Ke_ﬁ lemma. ¢ oll T-covcrina Sieves are (shlsla&) memfl‘a Hence J s
conboined in the b?ioaﬁ (K,s.a) Corre.s"}omhﬁg k bhe
Rooleanizalion shay [ BT, b ], and the lelfer also conains

a model of T'. Rub bthe blber &s}uslra.n, u\dut'a-n
FR=— PN w Sh(B, k).



We Hen need &5 chow Uk there are ro tflwwrpl«.smf N—p*A o
P*/-\—-»P*B wh SK(,@,K) Bus is a leﬂuh;rﬁcl a_raummlf
bosed on the fock Bhab ony fmily of poirwise-disjzint elemenls of 6
is countable .

pcPP‘Aama, te Fourman mbrpretat‘cn ‘in SR(G’,k) ) wtnmg um
deduce

Theorem CH & rob deducble from e axions of 2FC.

Iﬁ&&iﬂ £ Cuslin’s HonH\eSLS (M. Bw\gz)

This is deme La o similar me,del, re%m(?, on bhe result "f Miller
that 2 SH useyu-vdzd: b e existence of o Suska tree
C-e, on uncounballe Hree in which ol ehains and anlichoins are
Counlable.

Idea - fu‘clt an uncowntoble well-ordered. sob W and censider a
propeschion al, H\%%T whose models are Sushin bree shuckires
on W sk, &Lelm-ordm-,.a-\< is contacned. in Huwdi—arhra\&g,
Pr&v«it‘mprdrostfom F(’t,&),fy(’b&) forall x<y bW ([Hhule
‘*x-{aj and 'x';f'a)) with axioms (TI"P(O;"‘-)) f“njl“"r‘o,
((plry) aqlig)) 1) and (TH(playg) vy brg)) forall <y

((ploe.g) a pg2) - ple)) and (peedaply) b plug))
forall ACY<Z, and

(THV plug)) aed (TEV ¢ bey)

3(,3 eS ;Aes

fOTauuncounl&ug Ssw,



Once again, we can rz’msm(: the Jass.,f’.a«.& !3,.,,, b T asc SR(E T)
where & is a swilable p°.re|7a§: FW.Q W oFPr»mJ:.ve
proposiions and T is contained in the bopology K corres
& E; Rooleanizalion of [ @7 Setb ]. S&jﬁtﬁs @ mdf.;m%
T« SR (8,K).

The Same cmlﬁmtorialu%wmcnl:as LLF:T& shows Fhot P*W i skl
uncountable on Sﬂ(ﬁ’,K); we also hase & show thot He T-model
shucivre on it m"a is o Susln bree.

Imletmlwe of the Axiom of Choice (p. F”HA)
Aﬁ'-wu'a& AC holds i Sekb, we can't M%nb,dr c‘.n mloc&cchyqs S (®kK).
Not can we use mbrq&o?ﬂwfcm Conk (6) (kuak these do neao‘l
H\e.h'o)m H\emtcﬁmu.ln]fcnaf AC)
Freaol tred o MF&MW: we voat a Redean Grobhendieck
fopos ® W\L'owu&a m:bl'e,xea{mr-e o}'ol:auks A, PN
Such Hhak '(T An = 0 (and Av—>1).
We "‘lgl\l’ as well 6SSume !
* R = SR(€,K) where K eomsisk of ull sb..ug Aon sieves
o each A, is bhe ascociated KsLen.F of o rerrese,\ang Un: 6T— %t

'H\A’.U O-N*-OJ.’.H\Q\?QC&G?Q muel\Sw-e,BuwcuW)
In&-.ol?we oS Sume

() € countoble, b€ =N and C(m,n)#/d SF m2zn,
Thisensures bab TT g(0) E 0 ia [6%, ST, though ik nok
on it:':wn  ensure TTAREO. It also ensures
ot Av—>1: B.



h ¢
.
This ensures bhab each morplvkm of & fé‘trf&; hence Nfresent:.ue
funddors are 17-separaked , oo, yl0) — Ay is mowic foceadh n
in Qyy" | so An is the - closure of g(0) >—> QL.
(3) Given n—sm and 025 mal in €, there exich n+|:3n
Such thot Lh=fk bul: gh k.
'MS ensures Hm!‘,' :t:’e,h:nﬂo GT:'LE@I, maf; &,(m)-—;&(m{—l) WCH\_‘
M-y\e_pl)g J.awuun, ce HLQFQ o Ao Ma.f) Am_"Amﬂ w\ 8
.gO ;‘;‘:Ang O, o W.

Cﬁn“'e“hﬂl%fiﬂlﬁ“b&or& 3 “t’f'ama these eonelilions ?
Key ebservalion » i € salisfoes Hhe condilims, Hhen bhore are
ok least (m+)" " morphisms A —>m forang nzm,

E"an't 1 1 take mrPMsm An—>m b be (u—m)-lffle.s

(ir,60s 2 Cn-m) wibh i €90,52,-mt. The compesile
P u’n") JP-'\) (iq, ..y "'n-m)

— N L5 m

. :i,S ‘_Lty"-:bﬂ—m,}-”--- ,-;P-n) W‘\-EI‘Q. 1: =Mi&,ﬂ\}_

Condilion (‘l.) is clear sine we can recover £ from §k
provided we know ik leua\:k. For (3) we btakee h and k
6 be the 1‘5{?&3 (m) and (mH),



Exomple 2: take mecphioms n—pm & be funclipns
£ 0,52, ,n ] -—-){0 1,2,. m} hfl\acl\&-r&SPu:L Hhe MJMSLM
b salisfy $i)=g forall fem. Condifim (2) holds since
hond k have o commen Sﬂal’tmaw\fet For (3) ym}mi
wedefine hand ke by h(at)=mil and k()= = £ (m+).

A'-H‘Juﬁk l‘«fw}afpzm Stma.(.a-r the. o exa.m’ale: afe vera,ohﬂirenl:

Lo Exemple 1 comsider the funckoe Ry : €F— Sob dofined by
RBalm) = ¢ £ m<n
= {o,13 £ m2n
€ f= (e, -y Up-m) : p—>m wibh mZn, they

B, (£) ZM"Z 1 4 # {5 °<“3b8ie'ﬁi-

Let- By dencle. the me.au K-sheof off By; then each B, ie
Rocke, bt TT B, =0,

On bhe other hand , o Exounp’-e 2, bhe Lekwoamrho or&nn& on
mp‘u&m n—>m (LS bokal Mol) Swt!‘FtQ-S ‘F <f, 4'?& <'F18'

Uma bhis ( p‘u.r AC Se,t) can Show bhat every °I%“"): of
Sk(@K) odmits o bl orolel‘ma 5o the. Fourman inbar

in Huc tc-ra:slwws Hul.'ACo.&u\szunJmhFH\eOw
Pmurlb

Wkaf:’gy.mmh-.,c theories do Hw:chwhvrmclwo}’z7

Remace ; if € solighes Freyd's oxioms and alfasas bhe Bower bound on

Stuof’wmuh' Ehen SR(@K)MMM (i-e. %M
Qﬂanomoeu.fmfeb)




