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ABSTRACT

We construct examples of ergodic vertical flows in periodic configurations
of Eaton lenses of fixed radius We achieve this by studying a family of
infinite translation surfaces that are Z2 covers of slit tori We show that
the Hausdorff dimension of lattices for which the vertical flow is ergodic
is bigger than 3/2 Moreover, the lattices are explicitly constructed

1. Introduction

11 SETTING AND STATEMENT OF THE RESULTS Circular Eaton lenses in the
plane R? were introduced in [5] as an example of a perfect retro flector: when
a light ray enters a lens it is reflected in the same direction with opposite
orientation; see the left part of Figure 1 We consider a system of such lenses
of some fixed radius R > 0 whose centres are placed on a lattice A C R2, as
recently studied by K Fraczek and M Schmoll in [7] This leads to the study
of an infinite periodic billiard, an area that has been intensively studied in the
last few years; see Section 1 3 for more details and references

A lattice A is R-admissible if the circles of radius R centred at the lattice
points do not overlap A system of Eaton lenses will be denoted L(A, R) Ap
plying an appropriate rotation to the lattice, we can restrict ourselves to the
study of vertical light rays Moreover, up to scaling, we can suppose that the
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Figure 1 Vertical trajectories entering a circular Eaton lens
and the flat counterpart

lattice A has covolume 1, in other words A € . = SL(2,R)/SL(2,Z) From the
circle packing problem, one knows that if R > 1 /\/ 21/3 there are no lattices
of covolume one that are R admissible, while for lower values of the radius the
set of R admissible lattices is a non empty open set in .2 We denote with .o
the unique probability measure on . which is invariant by the action by left
multiplication by elements of SL(2,R) K Fraczek and M Schmoll recently
discovered in [7] an interesting behaviour of light rays in Eaton lenses They
proved the following

THEOREM 1: For every 0 < R < 1/\/2\/3 and for g almost every
R admissible lattice A € £ there exist constants C = C(A,R) > 0 and
6 = O(A,R) € S! such that every vertical light ray in L(A, R) is trapped in
an infinite band of width C' > 0 in direction 0

A natural question is thus if there are exceptional cases, that is if, for every
radius, one can find lattices in which the vertical light rays are not confined In
this paper we explicitly construct exceptional lattices and we give a lower bound
on the Hausdorff dimension of the set of exceptional lattices, thus showing that
this set is rich in the measure theoretic sense We define the Eaton flow as the
flow that moves every point of the plane vertically with unit speed following
trajectories of light rays This flow preserves the Lebesgue measure Leb on R?
We recall that a flow is ergodic if every set A C R? that is invariant under the
flow has either Leb(A) = 0 or Leb(R?\ A) = 0 In particular, since the Lebesgue
measure gives positive measure to all open sets, almost every orbit under the
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LA, R) F(4, R)

Figure 2 Trajectories in a periodic configuration of Eaton len
ses L(A, R) and their counterparts in the flat lenses system
F(A, R)

flow is dense, and hence far from being trapped in a strip The main result of
this paper is the following

THEOREM 2: Let 0 < R < 1/2 Then there exists a set of R admissible lattices
A € ¢ whose Hausdorfl dimension is bigger than 3/2 such that the Eaton flow
is ergodic with respect to the Lebesgue measure on L(A, R)

In order to prove this result we study a related system obtained by replacing
each circular lens with a horizontal obstacle of the same length of the diameter
of the lens, centred in the middle point of the lens itself When a vertical light
ray encounters any of these obstacles it is rotated by 180 degrees around the
centre of the obstacle and comes out with the opposite orientation; see the
right part of Figure 1 If a ray hits the centre of the obstacle, by convention
we prolong the orbit on the same line with reversed orientation We denote
a system of these “flat lenses” with F(A, R) It follows from the construction
that the orbits of vertical light rays are the same in L(A, R) and in F(A, R)
except inside of each circular lens; see Figure 2 In particular, for the study of
ergodicity, we can use the simpler system F'(A, R) to deduce information on our
original setting of Eaton lenses

We will always assume the following

FLAT ADMISSIBILITY CONDITION: For R > 0 and A € £ the obstacles in
F(A, R) are pairwise disjoint
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Figure 3 Two trajectories in a periodic configuration of flat
lenses F'(A, R) and their images in Fy (A, R)

In particular, if A is R admissible, then the system F(A, R) satisfies the flat
admissibility condition On the infinite surface F'(A, R) the vertical trajectories
of the light rays give rise to a non orientable vertical foliation However, one
can obtain an orientable foliation constructing a double cover M (A,R), cal
led the orientation covering of F(A, R), in the following way Take two copies
Fi(A,R) of F(A,R), corresponding to the two possible orientations of a ver
tical trajectory Every light ray travels in one copy Fy (A, R) until it hits one
obstacle; it is then rotated by 180 degrees around the centre of the obstacle and
comes out in the opposite copy Fx (A, R); see Figure 3 Denote 7. F_ (A, R) the
image of F_(A, R) under the rotation by 180 degrees around the origin We
enumerate the obstacles in F4 (A, R) in the obvious way with elements of Z2
Then 7, F_ (A, R) inherits an enumeration of its obstacles from the one given to
F_(A,R) We obtain the surface M (A, R) by gluing the left (resp right) part
of the obstacle numbered by (m,n) of Fy (A, R) to the right (resp left) part
of the obstacle numbered by (m,n) of r-F_(A,R) Then M(A,R) is a trans
lation surface in which the vertical foliation becomes orientable We define the
vertical directional flow @} as the flow that moves up, at unit speed, points
along the leaves of the orientable foliation we obtained on M (A, R) Choosing
a fundamental domain for the A action on M (A, R) one sees that this surface
is a Z? cover of a compact translation surface, denoted M (A, R), given by two
flat tori glued along a slit, that comes from the obstacles in F(A, R)

To prove our main result, we will study in depth the case when the two tori
are obtained from the unit square in R?, that is the case when A = Z?, and
prove a result analogous to Theorem 2 for the Z2 cover M (Z2, R) of M(Z2, R)
Namely we prove the following
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THEOREM 3: Let 0 < R < 1/2 be a rational number with odd numerator Then
there exists a set of directions 6, explicitly given in terms of their continued
fraction expansions, with Hausdorff dimension bigger than 1/2 such that the
flow &? is ergodic on M(ZQ, R) Moreover, there exists a G5 dense subset of S!
on which the same happens

The forementioned Theorem 2 will then follow from this result by exploiting
the action of SL(2,R) on £ by left multiplication, as we will explain in the last
section

12 OUTLINE OF THE PAPER We will recall all the basic definitions of trans
lation surfaces and their coverings in section 2 We then state a criterion for
ergodicity on Z? covers of compact translation surfaces, which we will use to
produce ergodic directions for M (Z?,R) In section 4 we exploit this criterion
under some hypothesis on the action of SL(2,R) on the homology of the com
pact surface M (Z?, R) This action is studied in detail in the following section
to guarantee that our previous hypotheses are satisfied We summarise our re
sults for M (Z?, R) and prove a more precise version of Theorem 3 in section 6
Finally, in section 7, we prove Theorem 2 using the results of the previous
sections

13 RELATION WITH OTHER RESULTS IN THE LITERATURE As we mentioned
above, the study of Z¢ covers of compact translation surfaces has been a very
active area of research in the last few years The reduction of periodic systems
of identical Eaton lenses to this framework was explained by K Fraczek and
M Schmoll in [7] Our work is inspired by the approach of K Fraczek and
C Ulcigrai in [8], where a similar strategy is used for a Z periodic infinite
surface

One could see the infinite translation surface M (Z2, R) as a degenerate case
of the famous wind tree model, that has been intensively studied recently, for
instance in [2, 3, 4, 9, 10, 12] Also for this model the generic behaviour of the
directional flow is not ergodic, as shown in [9] It is worth remarking that in
the wind tree model the trajectories are not trapped in bands and hence there
is no geometrically clear picture of the non ergodic behaviour of the directional
flow On the technical side the proof in [7] exploits the bounded deviations
phenomenon, discovered by A Zorich, which is not relevant for the wind tree
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as the curves giving the Z? cover in this case belong to two different blocks of
the so called Kontsevich Zorich cocycle

Ergodic directions for the directional flow on the surface A (2)r,
introduced in Section 4, can be obtained using the much more general work
of W P Hooper [10] in some specific examples, for instance when z = (1,0)
However, our approach is quite different

Finally, let us point out that we study in detail a surface M (z), made out
of two identical tori glued along a slit; see section 4 This surface has a rich
history, going back to the seminal work of W Veech For instance, it was used to
produce examples of minimal but non ergodic directions on compact translation
surfaces; see the survey of H Masur and S Tabachnikov [16] for more details
Moreover, it plays a fundamental role in [g]

2. Background

21 TRANSLATION SURFACES In this section we recall the basic definitions
related with compact translation surfaces and their Z? coverings For more
details on the compact case we refer to the surveys [14, 16, 18, 19]

A translation surface is a pair (M, w), where M is a compact Riemann surface
and w is a nonzero Abelian differential, that is a holomorphic 1 form Call ¥ C
M the set of zeros of w These points are the singularities of the translation
surface For every angle 6 € S' one defines a vector field X in direction 6 on
the complement M \ ¥ of the singularities by w(X¢) = e The corresponding
flow will be denoted ¢ and is called directional flow or straight line flow This
flow preserves the natural area form on M given by ;w Aw The total area of
the surface, with respect to this area form, is denoted A(w)

A saddle connection on M is a geodesic segment for the natural flat me
tric of the surface that connects two singularities, not necessarily distinct, and
without any other singularity in its interior To each curve y we can associate
a displacement (or holonomy) vector obtained developing the curve from M
to R? and then taking the difference between the final and initial points on the
Euclidean geodesic Identifying R? with C one has hol(y) = f7 w A cylinder
C C M is a maximal connected union of simple closed geodesics all of which
are homotopic one to the other A closed geodesic in a cylinder is called a core
curve of the cylinder itself, and its length is called the width of C
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The moduli space of compact translation surfaces of fixed genus ¢ and with
the same number and order of singularities x1, . .., ks is called a stratum and is
denoted H(k1,...,ks) The genus is univocally determined by the well known
formula for zeros of holomorphic 1 forms on a compact Riemann surface ) ", x; =
29 —2

There is a natural action of the group GLT(2,R) on translation surfaces,
given by post composition with the local charts The action of an element
g € GL*(2,R) on (M,w) will be denoted g - (M,w) In particular, we will be
interested in the Teichmiiller geodesic flow, that is the action of the group of
diagonal matrices G; = diag(e’, ™), for t € R, and the one given by rotations

cosf —siné
re = .
sinf  cosf

Since the action of GL™(2,R) preserves the topological structure of the surface
it can be restricted to an action of each stratum H(k1, ..., Ks)

The group AffT(M,w) of affine automorphisms of a translation surface
is the group of all orientation preserving homeomorphisms that map singular
points to singular points, are diffeomorphisms on M \ ¥ and are affine on the
same set with respect to the coordinates given by locally integrating w Under
the identification between tangent planes at points p € M \ ¥ and R? given by
the local coordinates, the derivative of any affine automorphism coincides with
its linear part and is a constant 2 x 2 real matrix Any affine diffeomorphism
preserves the area of the surface and hence its derivative has determinant 1 We
thus have a well defined map D: Aff*(M,w) — SL(2,R) The image of this
map is called the Veech group of M The kernel of this map is the group of
translation equivalences, that is affine automorphisms whose derivative is id
Two translation surfaces are said to be translation equivalent if there is an
affine diffeomorphism between the two whose derivative is the identity matrix

Given a translation surface (M,w) a translation cover (M, w) of (M,w) is
a cover p: M — M such that M is a translation surface, @ = p*(w) and the
covering map p is locally given by translations in M \p~1(X) Since (1\7 , W) is a
translation surface, on it we can define the straight line flow ¢ in direction

Following [11], one can give a more concrete definition of a translation cover
in the case when the covering group is Z2, in other words, the surface M /Z>
is homeomorphic to M In this case all Z? covers of a compact connected
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translation surface (M,w) are in one to one correspondence, up to isomor
phism, with linearly independent pairs of absolutely homology classes (v1,72) €
Hi(M;Z)* We write I' = (vy1,72) for such a pair and denote the covering sur
face with (Mp,&?) If we denote the algebraic intersection form on M with
(+,-y: HH(M;Z) x Hi(M;Z) — Z, then the lift of a closed curve o on the
surface M is a path &: [to,t1] — Mp such that 5(t1) = (n1,ns) - 5(to), where
(n1,n2) = ({(1,[0]), (v2,[0])) € Z* and - is the Z* action by deck transformati
ons on (MF,OJF)

A necessary condition, see [2], for recurrence of the flow @? is the no-drift
condition, that is

hol(v;) = / w=0, for i =1,2.
For Z covers, as P Hooper and B Weiss showed in [I11], under the no drift
condition recurrence of @¢ is a consequence of general principles: ergodicity of
the flow ! on M implies recurrence of @Y on M'y However, for Z? covers this
is not true, as shown by V Delecroix in [3] In the following, we will always
assume that the no drift condition is satisfied The group of homology classes
having zero holonomy will be denoted Hl(o)(M A

22 COCYCLES AND ESSENTIAL VALUES We now recall some definitions from
infinite ergodic theory that we are going to need in order to state our criterion
for ergodicity of @/ on a Z2? cover of a compact translation surface For more
details on the subject we refer to [1, §8 1 8 2] or [17]

Let F;: X — X be a flow on the measure space (X, u), where p is a non
atomic probability measure which is invariant under the action of the flow A
measurable cocycle a: X x R — Z? is a function satisfying

alx,t + s) = alx, s) + a(Fix, s),

for every x € X and ¢ and s in R With these two ingredients we define a flow
Ft on the space X =Xx 72, equipped with the natural measure, setting

Fy(z,n) = (Fyz,n + a(Fax,n)).

This flow is called a Z2-valued skew-product of F; An element (n1,ns) € Z>
is called an essential value for the skew product if, for any measurable set
A C X of positive measure, there is a set of times ¢ with positive measure such
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that

p({zeA: Fize A a(z,t) = (n1,n2) }) > 0.
One can show that the set of essential values is a subgroup of Z? We will use
the following Theorem, due to K Schmidt [17, Corollary 5 4]

THEOREM 4: Let F; be an ergodic flow on a non atomic measure space (X, )
and let a: X x R — Z? be a cocycle Then the skew product F; is ergodic if
and only if the set of essential values coincides with 7>

Given a Z? cover Mp of a compact translation surface M determined by
two linearly independent curves v; and 5 in Hl(o)(M ;Z), we can realise the
directional flow @Y as a skew product of the flow ¢f on M in the following
way Choose an arbitrary point & € M and, for every other point z, choose a
continuous path v, z from = to £ Moreover, write vz , for the path that has
the same image and opposite orientation Then define the Z? valued cocycle «
by

az,t) = ((71:10.)s (92, M0,t)),
where 7, is the (homology class of the) closed path that connects Z to x along
Yz 2, then flows x in direction @ for time ¢ up to Y () and finally closes up along
Vet (2),z One can easily verify that « is indeed a cocycle and that the skew
product of ¢¢ over « is measurably equivalent to the flow @/ Different choices
in the definition of « lead to different skew products, which are all measurably
isomorphic to each other

3. Ergodicity Criterion

In this section we prove a criterion for ergodicity of the directional flow @Y on
a Z? cover of a compact translation surface Our criterion is a generalisation of
the one proven by P Hubert and B Weiss in [13]

If C is a cylinder in the compact surface M, we denote with §(C) € H,(M;Z)
the homology class of a core curve of C° We write

k(C) = ((1,6(0)), (12, 8(C))) € Z°

and v(C) for the displacement vector of 6(C') Finally, let A(C') be the area of
the cylinder C' From the description of the Z? cover we gave above it follows
that, if k(C) # (0,0), then the lift C of C to M is an infinite strip We recall
the following Definition, first introduced in [13]
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Definition 5: A direction § € S! is well approx1mated by strips if there are
e >0, kg # (0,0) and infinitely many strips C C M such that k(C) = ke,
A(C) > ¢ and

A(C)
2[lo(O)II

Well approximated directions are related with essential values More precisely

[(cos@,sinf) Av(C)| < (1—¢)

one has the following

PROPOSITION 6: Suppose § € S! is a direction that is well approximated by
strips Then kg is an essential value for the straight line flow 3¢ on M

The Proposition is proved in [13] for the case of Z covers; see their Claim 12
The proof holds verbatim for Z?2 covers, with the obvious modifications In
particular, they construct embedded rectangles on the Z cover with sides in
direction ¢ and 6 + 7 and opposite corners at the points x and k - z, where
k € Z, analogously to kg in Definition 5, is the value of the algebraic intersection
form between a core curve of a cylinder and the curve giving the Z cover, and
- represents the Z action on the cover itself We modify that definition asking
the corners of rectangles to be placed at x and kg - x, where - now represents
the Z?2 action on My

We will sometimes say that a sequence of strips 6‘; well approximating a
direction § € S! produces the essential value kg We can finally state our
ergodicity criterion

PROPOSITION 7 (Ergodicity Criterion): Let § € S' be an ergodic direction for
the directional flow on the compact translation surface (M,w) If 6 is well
approximated by two sequences of strips with k' = (+1,0) and k} = (0,+1),
then the flow @Y on the surface (Mp,fu) is ergodic

Proof Let E’ZL and 6/';; be two sequences of “horizontal” and “vertical” strips that
well approximate 6 If p: M — M is the covering map, write C = p((fl’zl) and
C2 =p(C2) Suppose we have k(C!) = k! = (£1,0) and k(C%) = kj = (0, +1)

Then, by Proposition 6, k} and k} are essential values for the skew product $?

Since, as we recalled earlier, the set of essential values is a closed subgroup of
Z? and we have shown that two generators of this group are essential values,
the conclusion now follows directly from Theorem 4
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To show that the translation flow ! on the compact surface (M, w) is ergodic,
as in the hypothesis of our ergodicity criterion, we will use a classical result,
due to H Masur [15]

THEOREM 8 (Masur’s criterion [15]): Let (M,w) € H(k1,...,ks) be a compact
translation surface Let g € SL(2,R) be a matrix that sends the direction
0 on the vertical direction Suppose that there exist a bounded subset B C
H(k1,-..,ks) and a sequence of times t, — +oo such that G, (g- (M,w)) € B
for all n € N Then the directional flow ¢ on (M,w) is uniquely ergodic

It is worth stressing that the core of our proof is in showing that we can
construct the sequence of strips as in the statement of Proposition 7, that is the
content, of the following three sections

4. Construction of ergodic directions

We define the punctured torus
e ({3 7) e n)) 22

A fundamental domain for it is the subset

M) T3 =[5 2) x [-2:2)\{(0,0), (=3, =3) , (2,0), (0,—3) } C R~
Finally, let 7: T2 — T§ be the bijection, induced by the quotient map, between
the two In the following, unless explicitly stated, we will identify T2 with its
fundamental domain 7§ via

For z € T2, let M(z) € H(1,1) be the surface represented in Figure 4, made
out of two square tori glued along a slit We will distinguish the two singularities
of M(z) one from the other In particular, z = (z,y) will always be the position
of the singularity denoted by e and —z that of the singularity denoted by o Let
w be the 1 form induced by dz on M (z), and call £ C H(1,1) the locus made of
all the surfaces (M (z),w) for z € T3 We remark that the precise choice of the
slit joining the two singularities in the fundamental domain does not affect the
flat geometry of M (z), as two different choices are translation equivalent to each
other However, this is relevant for the analysis of the homology of the surface
we are going to carry To this end, we will always choose the slit obtained by
projecting on the tori the straight segment in the plane joining the points 7(z)
and —7(z), as shown in Figure 4
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Figure 4 The surface M (z) with the cylinder C" in light blue
and the cylinder C?¥ in orange

The linear action of GL(2,R) on the plane R? = C induces an action of
the subgroup GL(2,Z) on the torus T3 One can show (see [¢, p 648 and
pp 652 654],) that the locus L is preserved by this action In fact, the surface
g - M(z) is translation equivalent to the surface M (gz), for g € GL(2,Z)

The group of translation equivalences of M (z) consists of two elements, the
identity id and the involution 7 that exchanges the two squares by translations
One has

HO(M(2);2) = {7 € Hi(M(2);Z) : 7y = — },

where 7, denotes the induced action on the homology For every surface M (z) €
L let {a, B} be the basis of H{O)(M(z); Z) as in Figure 4 To any such surface
we associate a Z2 cover (M(z)p,(:;), where I' = (8, —«a) and @ is the pullback
under the covering map of w The negative sign in « is due to the orientation
chosen for a; see Figure 4 We remark that the orientation covering M (Z?,R)
of F(Z2, R) coincides with M (R)r

Representing every surface in £ as M (z), for some z € T3, allows us to
consistently choose a standard basis of Hl(o)(M(z);Z), given by the curves «
and (8 as in Figure 4 Note that this is equivalent to choose a marking of the
translation surfaces considered Under this choice of basis we can represent the

induced action of a matrix g € GL(2,Z) on the zero holonomy homology
9+(2): H" (M(2):2) — H{" (g - M (2);2)

with a 2x 2 integer matrix More precisely, as the group of translation equivalen
ces of M(z) consists of two elements, there are exactly two maps
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C9,70C9: M(z) — g-M(z) that have a fixed matrix g as derivative Their indu
ced action from H\" (M (2);: Z) to H\”) (g- M (z); Z) is related by (r0(9), = —(?
In other words, given a matrix g € GL(2,2Z), its induced action on the zero ho
lonomy homology g.(z) is well defined only as an element of PGL(2,Z) One
has

(2) (91 - 92)«(2) = (91)(922) - (92)«(2).

CONVENTION: Since we are interested only in the action induced on the zero
holonomy homology, for the sake of brevity we will write g.(z) to denote the
action from H{O)(M(z);Z) C Hi(M(2);Z) to Hl(o) (9- M(z);Z) Moreover, the
notation g.(z) is meant to stress the fact that the induced action of the matrix
g from H{O)(M(z);Z) to Hfo) (g - M(2);Z) depends on z, the endpoint of the
slit; see Lemma 11 for more details

41 CONSTRUCTION OF THE STRIPS Fix z € T3 and let 7(z) = (z,y) € T§
We will consider the following two cylinders in M(z):

(3) Ot =[=3.5) < ([luh 3) U [=3.—lyl]).
@) Oz = ([lal 5) U [=3s =lal]) x [=3,3),

which are represented in Figure 4 As the notation suggests, we will use the

former to obtain a family of strips well approximating a direction 6 and with
kl = (£1,0); the latter will lead to a family of strips with k3 = (0,+1) We will
sometimes call also the image under a matrix g € GL(2,Z) of the first cylinder
“horizontal” and of the second one “vertical”

The displacement vectors of the core curves of these two cylinders are v(C?) =
(1,0) and v(C?) = (0,1) We have k(C) = ((3(C1), ), (5(C1),)) = (1,0)
and k(C?) = (0,1) Finally, their areas are given by A(C") = 1 — 2|y| and
ACY) =1 = 2|z

Let g € SL(2,Z) We will denote z, = (z4,y,) = g~ () and ¢9: M(z,) —
M(z) one of the affine transformations that has g as derivative Write C} =
¢9(CL) C M(z) Tts core curve is (Cy) = ¢/ (5(CL ) We have

u(Cy) = v(¢(3(CL))) = hol(¢Z(8(C2,))) = D¢ hol(6(CL))) = g(1,0),

Zg Zg

A(Cq) = A(CU(C2)) = A(CZ) =1 = 2ly,.
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Moreover
k(C)) = ((C2(6(CL ), B), (¢Z(86(CL)), )
= ((6(C2),(¢H'B), (6(CL), (<) ey).

If we assume that g.(zg): Hl(o) (M(z4);Z) — Hl(o) (M(z);Z) = id we have

k(Cy) = £((8(CL,), B), (6(CL), @) = (£1,0).

Similar computations hold also for the “vertical” cylinders Cf
In order to state our result we need to introduce some notation Given a real
number 0 < z < 1 its continued fraction expansion is denoted

1
x=[0;a1,a9,...] = ,

1
0,1+
a + -

1
hy = Ll and h_ = 0 .
0 1 1 1

THEOREM 9: Suppose that z = (z,y) € T3, let 9 = [0;a1,az,...] and fixe > 0
Assume that there is a sequence of even times k,, such that

moreover call

(h‘f ...hak") - M(z) = M(2) and (h‘i1 -'-hik")*(z) =id.

Finally, suppose

41 +¢)

< 2(1+¢)
T 12|z

and Ak, +1 > .
1 —2[y|

Qg

Then the directional low @Y in direction 6 of the vector (1,7) on the Z? cover
M (z)r, where T = (3, —a), is ergodic

Proof We divide the proof in three steps
STEP 1: THE FLOW ¢! ON M(z) 1S ergodic Denote by o then th convergent
of the continued fraction expansion of ¥ Then

hal . hllkn — an an—l )
* - Pk,  Pkn—1

The matrix
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sends the vector (1,1) to the vertical direction Let us show that the sequence
(Grogk, =0 - M(2))nen C H(1,1)
is bounded in the stratum We have
Glogk, - 0-M(2) =0, - M(2),
where

Op = diag(qkn, qkln ) .o - h‘il A h‘ikn

(W O\ (0 1) [ar, Gk,
0 o J\O 5 ) \prw PR

_ (qzcn (@, ¥V = Pr,) Gk, Gk, —10 — Pkn—l)>

Pknp, Pkyp—1
Iy, Iqk,

All the entries of o, are contained in [—1,1] In fact

@, (@1, 9 — Pre,)| < |, (Qhp—19 — Pr, 1) < 1

and, since we assumed that k, are even numbers,
0 < Prnmt o P oy,
Ak, Ak,

Call Gy C SL(2,R) the compact subset of matrices with all coefficients in [—1, 1]
Then the orbit Gy - M(z) is a compact subset of 7(1,1) Since we have shown
that o,,- M (z) € G- M (z) for all n, we can apply Masur’s criterion (Theorem &)
and deduce that the flow in the direction 6 of the vector (1, %) is uniquely ergodic
on the compact surface M (z)

STEP 2: # IS WELL APPROXIMATED BY “HORIZONTAL’ CYLINDERS The

hypotheses guarantee, for every n, the existence of transformations

Cni M(z) = M(z)
whose derivative is D¢, = h%" ... h® " and that act trivially on the holonomy
zero homology Consider the cylinders C = (,(C") C M(z), where C was de

fined in (3) By the assumptions, and by the computations before the statement
of the Theorem, we have

k(Cy) = (1,0),
A(C) = A(C2) =1 -2y,
v(C}) = (DGa)v(CL) = (D6a)(1,0) = (i, Pr,)-
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Since k(C") # (0,0) the cylinders lift to strips in the infinite surface M (2)r
We now show that these strips well approximate the direction 8 On one hand

we have
W) A _ 1A, pe) s d =m0
(1, 9)]l (1, 9)]l (1, 9)]l (LD ak, +14x,

on the other
A 1=y
2~ 24w, (L, 9|
So
(Lo)Av(C) 1 A(Cp)

1Ll — 1+e2fC)ll

2(14-¢)
1-2y|

STEP 3: 6 IS WELL APPROXIMATED BY “VERTICAL’ CYLINDERS We now
turn our attention to the cylinders C¥ = (,(C?), where C? was defined in (4)
and ¢, is defined in the previous step Let us recall that

lf G/k;n_;,_l Z

k(C) = (0, 1),
A(Cy) = A(CY) = 1 = 2|z,
v(Cy) = (DG)o(CY) = (D6a)(0,1) = (qh, 15 Ph,—1)-
As before, these cylinders all lift to infinite strips in M (z)r Note that, since

a < p ’“" !, the analysis we carried out in the previous step cannot be applied
in thls case and we have to proceed in a slightly different way We have

(L) Av(Cl (L 9) Ak, -1k, -1)] 1 1
1L, 9] (1, 9)] 11,9 ak, ar, -1
and
ACR)  _ 1 — 2|
2v(CIl 2l(gr, -1, Pr, -
Imposing

1 1 - 1 ACY)
11,9 ar,qr,—1 — 1+ 2[o(CH)[’
we obtain the inequality

> Maw -1 pe, ) 201+ 2)
T k(L) 1= 2]
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Let us focus on the first ratio in the RHS Using that k, is even and that
Wk Qhn—1 < Gk = oy Qho—1 + Qi—2 < (ak, + 1)qk,—1 We have
(g, -1, Pea—0 @ (@ =15 P =Dl @k, + 1 [[(@ =15 Pr—1) |
<
T, —1 [ (1, D) B —1 11 (@h s 1) | k(@15 P -1
which finally gives

<2,

LA 9) k-1 pk )] 200+ 2)
t=20l T gk, 1 - 2]
The three steps we just completed show that all the hypotheses of the Ergo

ak

dicity Criterion in Proposition 7 hold and hence we have shown that the flow
@ on M(z)r is ergodic

42 THE ACTION OF SL(2,R) ON THE HOMOLOGY Thanks to Theorem 9 we
have reduced ourselves to construct transformations in SL(2, R) that act trivially
on the zero holonomy homology In order to construct such elements, we need to
analyse in more detail the induced action of SL(2,R) Set w = (% §) We have
the following identities, which can be verified simply by matrix multiplications

and that will be crucial in our constructions
(5)  w-hi-w'=h, he - hit he =w™, hy -h=' hy=w
LEMMA 10: Let F = { (z,y) € T§ : @,y # -3 } Then for every z € F

(—id)«(2) =id.
Let g be an element of SL(2,7Z) and let g- M (z) = M (2'), with z,2’ € F Then

(6) g-M(=2)=M(=2") and  g.(—2) = g«(2).

Proof The involution —id acts on £ by rotating each square of M(z) by the
angle © In particular, the induced action on Hl(o) (M(2);7Z) sends a to —«
and 3 to —f, unless z belongs to the boundary of 7¢ The first claim follows
exchanging the two squares that form M (z) using the affine automorphism 7
The second one follows from the fact that g - M(z) = M(gz) and that g and
— id commute, so we have g- M(—idz) = M(—id2") Finally, using (2) we have

g+(2) = (—id)+(2) - g«(2) = (—id-g).(2)
= (9-—1d)«(2) = gu(=2) - (= 1d)u(2) = gu(=2).

Since hy and h_ generate SL(2,Z), if we look at their action on the zero
holonomy homology we obtain complete information on the action of SL(2,Z)
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F%

>
=

<

¢
< % *

> : < '
o o

Figure 5 The set S defined in the Lemma 11

itself The next result is proven in Lemma 3 3 of [8], to which we refer for the
proof

LEMMA 11: Set S = { (z,y) € T§ —% <z4y< é }; see Figure 5 For every
z € T3 we have
hi, ifze S,

A PR Y

The previous Lemma enables us to evaluate precisely the action induced
from Hl(o) (M(2);Z) to HEO)(hi - M(z);Z) by hy For a moment, it is worth
distinguishing between the punctured torus T and its fundamental domain T
defined by (1) In fact, we remark that

2€ S8 = hi(z) € TE.

Writing x = x72 for the indicator function of T, we can thus rephrase Lem
ma 11 as

(ha)u(2) = hi_%((hi(z)).
In other words, if after applying the transformation hy the endpoint z of the
slit is outside the fundamental domain 7§, then the induced action on the
zero holonomy homology is reduced by 2 Iterating this reasoning, we get the
following

COROLLARY 12: Suppose that we apply the transformation h™ , for some natu
ral number n, to the surface M(z), with z € T3 Write

y+ne=k+{y+nzl},
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where {{y + na}} € [—1,1) is the displacement from the nearest integer and
k € Z Then
(h™)u(z) = n" 2K
Similarly, consider the transformation h'}', for some natural number m If

w4+ my =1+ {{z+my}}, where | € Z, we have (hy). () = A7~

5. Ergodic directions for rational r, s

In this section we construct ergodic directions for the surface M (z)r under the
assumption that z is rational, that is 2 = (r/2q,s/2q) € T3 with r,s,q € Z,
7], |s|] < ¢, and s is non zero and coprime with ¢ We have

LEMMA 13: Suppose that at least one number s or r is odd Let a,d be natural
numbers such that

(7) 4¢g<a,d<6q and r+as=-—q (mod2q), ds—r=-—q (mod 2q),
and let n = 8qm, for some m € N Then, setting
g:(n)=hT Tt ho by R BT RSN by ho RS- R™ € SL(2,7),

we have
9:(n) - M(z) = M(z), and (9:(n))«(z) =id.

Proof Let us first show that it suffices to show the result when s > 0 In fact,
if s < 0 then we can consider —z € T3 and find a transformation such that
g—r - M(—2) = M(—z) and (g—.)«(—2) = id By assumption z € F', so from (6)
we have g_, - M(z) = M(z) and (g—.)«(z) = id, which is what we wanted
Now write

(h")«(z) = hL.
Note that we have

t =n—2/4mr|,

since h"™(z) = (2’:1, ;q + 4mr) Since s and ¢ are coprime and either s or r is

odd, there exist a,d, k,l € N such that 4¢ < a,d < 6g and

r+as = 2qk — q,

(8)

ds —r =2ql —q.
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We have
h"(T s)_(r s+8m7’)
“\2¢"2¢/  \2¢" 2¢ /)’
r s r4+as s S
¥ (o) = (2 0) = (5= 37a)
t\2¢" 2¢ 2¢ ' 2¢ 2’ 2
h_(_’S):(_l,S_l)’ h+(—1,8—1):(8,8—1),
2q 2°2q 2 2°2q 2 29 2q 2

1
2
h“il(s 571)7(5 (a71)5+sfq)7(s 77"4*2(/67].)(])
T \2¢°2¢ 2 2q’ 2q 2q’ 2q ’

n( S r s — 8mgqr r s r
Mo m20) = C g mag) = (27 0y)
29 2q 2q 2q 2q 2q
hd(s 77"):(5 dsfr):(s lfl)
“\2¢" 2q 2q" 2q 2¢ 2
h(s 71) (s 1 1) h(silil)i(sil s)
tog 2 2 27 2/ “\2g 27 2/ \2g 272¢)°
hd’l(s ) ( —1s+s—q s>_(2(l—1)q—|—r 5)
T \2g 2 2q "2q) 2q "2q/)’

50 g.(n) - M(2) = M(2)
We now have to analyse the action of the induced transformation on the zero
holonomy homology We write

(hﬁ)*(zrq’ 2Sq) = hi.

Corollary 12 gives us that @ = a — 2k, k being the natural number defined
by (8) Since a > 4¢q, we have that @ > 0 Writing

(hi)*(;q,—;q) —pnd,

)

with d = d — 20 > 0, we want to show that we have
(g:(n)s(z) = AET A= by o R RO BT h BT B
—hw L hh Bt Wt R B
S XY Y Y Sy R
=h-t-nt =id,

where we used the identities (5)
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As 0 < s < ¢, we have that (—1/2,s/2q) € S and (—1/2,5/2¢ —1/2) ¢ S, so
we have

L N A

Moreover

N RN

Carrying our analysis further, we have

1 1 o(f ~
pa—1 *(s s )Zha 1-2(k 1):ha—2k+1:ha+1-
e N N L . .

Similarly

d— s 1 s\ a-1-20-1) 4
(ki 1)*(2q_2’2q) =h = hy"

To conclude, we only have to show that
s r
B ( L ) — Bt
()« ( o 2 b
This is clear since (s — 8mgqr)/2q = s/2q — 4mr and thus Corollary 12 gives
n S r n—2|4mr| t
h ( L ) —h —nt.
() (g 0= g ) = 1 d
This completes the proof of the Lemma

To get a lower bound on the Hausdorff dimension on the set of ergodic di
rections we will use the following standard result

PROPOSITION 14: For any a,b € N, with m > 0, and for any set D = dN+c¢ C
N, with d,c € N and d > 0, ¢ > 0, the Hausdorff dimension of the set

E(a,b) = { [0;@,n1,b,n1,a,n9,b,n0,...] 1 n; € D}
is greater than 1/2

Proof Write @ = ay...a,, and b = by...b,, We can assume m > 4 and m
even For [ € N, define the map v, ;,: [0,1] — [0, 1] by

P (@, 0, 1) (L + ) + pro—1(a, b, 1)
_ 7 :0 m;l;bv"'vbﬂUZ = - 7 a. b ’
Vap(@) = (051, am, 1, by = @B D+ )+ (@5 )
Thus

Yapa([0,1]) = [[O;al,...,am,l,bl,...,bm,l], [05a1,. ..y Qm,l b1, . b, L+ 1]}
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For z € [0, 1], omitting the dependence of ¢, and ¢,,—1 on a, b and [, one has

Visale) = ' > ! ~teas
@bt (Gm(+2) + am-1)2 " (g +1) +gm_1)> @
and ) )
‘/’:i,B,l(x) <

< .
(le+Qm—1)2 4
Now, for every u € N, let D, = d{1,...,u} + ¢ Call

gu(d’ B) = ﬂ U Q/J&,E,nl © w&,g,ng ©---0 wé,g,nk [O’ 1]

Then &,(a,b) C £(a,b)
Let
E, = [[0;a,du+ ¢,b,du+ ], [0;a,d + ¢,b,d + ¢+ 1]].

We remark that, since m is even, [0; @, du+c,...] < [0;@,d+c,...] By definition
of ¢ 5, we have that ¢, ;,(E.) C E, for all I € D, Moreover, the intervals
Ya p.1(Ey) are pairwise disjoint  Proposition 9 7 of [6] assures that the Hausdorff
dimension dimg(&,(a,b)) > s,, where s, > 0 is the unique solution to the
equation

eé bdlte

1/2

Since %, !/? = fo0, we can find a u € N such that S| €.s dise

a,b,dl+c
In particular, s,, > 1/2 and so

> 1

dimy (E(a, b)) > dimg (£,(a, b)) > s, > 1/2,

as we wanted to show

6. Results for M(z)p

THEOREM 15: Suppose that z = (r/2q,s/2q) € T3, where r, s and q are integer
numbers with |r|,|s| < ¢ and s # 0 is coprime with ¢ Suppose moreover that
at least one number between r and s is odd For every sequence of natural
numbers (n;);>1 in 8¢gN, set

9=[0;d—1,1,1,d,n1,a—1,1,1,a,n1,d — 1,1,1,d,n2,a — 1,...].
Then the directional flow along the direction 6 of the vector (1,19) on the Z?

cover M(z)r given by T = (B8,—a) is ergodic Furthermore, the Hausdorff
dimension of the set of such directions is bigger than 1/2
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Proof We begin by noting that, grouping the entries of ¥ in blocks of length
ten, we obtain the transformations g,(n1), g.(nz2),... of the form described in
Lemma 13 We then know that

g:(ni) - M(z) = M(z), and  (g:(n))«(2) = id,
for all ¢ Writing, as usual, ¥ = [0; a1, as,...] we have

49+4  4(1+¢)

g—|Ir| 1= I
q

aior > 8q >4q+4 >

with € = }1 Similarly

2q+2 2(1+¢)

g—ls| 1l
q

Thus all the hypotheses of Theorem 9 hold So the flow in direction 6 of (1,4) is
ergodic on the infinite surface M (z)r Finally, the lower bound on the Hausdorff

ator+1 > 49 > 2+ 2 >

dimension of the set of ergodic directions is given by Proposition 14

To deduce a statement, about topological abundance of ergodic directions in
M(z)p, we adapt to our setting some results developed for Z covers If z is
rational, Corollary 5 7 of [11] assures us that the Veech group of M(z)p is a
discrete subgroup of PSL(2,R) whose limit set is RP* Recall that a set is a G5
if it can be obtained as a countable intersection of open sets Then, using the
same strategy of Proposition 15 in [13] we prove the following

LEMMA 16: Suppose that z = (r/2q,s/2q) € T, where r, s and q are integer
numbers with |r|,|s| < ¢ and s # 0 is coprime with ¢ Suppose moreover that
at least one number r or s is odd Then the set of ergodic directions on M(z)p
forms a G dense subset of S*

Proof We have shown in the proof of Theorem 15 that there exist two different
strips C" and C? on M (2)r with k(C") = (1,0) and k(C") = (0,1) Since
the Veech group of M(z)r is discrete, we can enumerate its elements: G =
{91,92,-..} For a natural n and a fixed ¢ > 0, call B,, C S* the set of §'s for
which
A(Ch

(9) |(cos®,sind) A gu(C")| < (1 —¢) (2 ), for some g € G\ {g1,-..,9n}
Each of these sets is open Moreover, if 8 € B,, then all of its orbit under G,
except eventually g;g~ ', for i = 1,...,n, is contained in B, as well Since the
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limit set of G is RP!, this implies that each B,, is dense in S' Consider the
set B" = NB, If a direction is in B" then it satisfies (9) for infinitely many
different ¢’s It is thus well approximated by the infinite strips géh Since the
intersection form is invariant under diffeomorphisms, we have k(gC") = (1,0)
Summing up, we have shown that we can find a sequence of strips that produce
the essential value (1,0) and well approximate every direction in a Gs dense
set

Reasoning in the same way on C", we get the existence of a G5 dense subset
of B¥ C S, for which similar conclusions hold for the essential value (0,1) The
intersection B" N BY is thus a Gy dense subset of S* formed of directions well
approximated by infinitely many strips that produce essential values (1,0) and
(0,1)

To conclude, it suffices to remark that the directions in B" N BY are ergodic
directions for the directional flow on the compact surfaces M(z) This is true
because they do not correspond to a cylinder decomposition of the surface
Since M(z) is a square tiled surface, and hence a Veech surface, they have to
be ergodic directions

7. Back to Eaton lenses

In this section we translate back the results we obtained in the previous sections
to our original setting of systems of Eaton lenses in order to prove Theorem 2

Recall that when we reduced from the system L(A, R) of A periodic Eaton
lenses of radius R to its flat counterpart F(A, R), we were interested only in the
vertical direction and thus we could substitute a circular lens with its horizontal
diameter In the proof of Theorem 2 we will use several times the following fact

LEMMA 17 (Lemma 9 2 of [9]): Let (M, w) be a translation surface and 0 € S* a
direction If g € SL(2,R), call @ the direction determined by e = ge'® /||ge® |

Then there exists an s > 0 such that the flows ©?, on g-(M,w) and ¢ on (M, w)
are measure theoretically isomorphic via a homeomorphism In particular, one
is ergodic if and only if the other is ergodic

Proof of Theorem 2 Let 0 < R < 1/2 be the radius of each lens Then Z?2
is an R admissible lattice Since R admissibility is an open condition which is
invariant under rotations, there exists an € > 0 such that Gih,r - Z2 is still
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R admissible for (¢,7,0) € (—¢,¢)? x St and

h7<1 0).
T 1

Note that rational numbers of the form s/2¢ with 0 < s < ¢ odd are dense in
the interval (0, }) For s/2¢ — R and ¢ — oo one has

)2
R
— 1.

S cos(arccot 4q)

2q
We can then find, for any given € > 0, a ¢ big enough and a number s/2q close

enough to R so that

R

lo <e.
& 5, cos(arccot 4q)

Write z = (0, 5, ) and consider the surface M(z)p, where I' = (8, —«) The
orem 15 gives the existence of a set of directions E = E(s/2q) C S!, with
dimgy E > 1/2, such that the flow in these directions is ergodic on the infinite
surface M (z)r Since an ergodic direction @ is the direction of the vector (1,19)
and ¥ = [0;d—1,1,...], with4q < d < 6¢, we have cot§ = [d—1;1,...] Asboth
cos and cot are decreasing functions in (0, 7) we have cos @ > cos(arccot4q) So,
for all € E, we have

R

log <e.

R
10 tr =1
(10) 8 5y Cos(arccot 4q)

<
o osf —
Choose now one specific ergodic direction 6 on M (z)r We are going to trans
late the ergodicity of the flow @ on this surface into the ergodicity of the vertical
flow in some periodic configuration of Eaton lenses exploiting the homogeneity
of £ The whole procedure is schematically represented in Figure 6
We first apply a rotation of angle 7 — 6 in anticlockwise direction in order to
bring the direction ¢ on the vertical one We obtain the surface 7z _g - M (z)r
We remark that the vertical flow on this infinite surface is ergodic
We can now apply the horocycle flow h, for some time 7 € (—¢,e) As h,
fixes all the vertical vectors, Lemma 17 guarantees that the vertical flow is still
ergodic on the infinite surface hrre_g M (z)r Moreover, the lattice hrrz_g 72
is R admissible by our assumption on 7
Apply the geodesic flow G, for time t* given by (10) We obtain the infinite
surface Gy=hrry_g - M(z)p on which the vertical flow is ergodic, once again by
Lemma 17 Finally, we can project the slit we have obtained onto a horizontal
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1L

G,

projection on
-—
horizontal

Figure 6 A cartoon of the normalisation of the slit as described
in the proof of Theorem 2

one centred at the same point Time t* is chosen so that the resulting slit
has precisely length 2R Calling A = Gg-horr g - Z? and using the notation
of the introduction, we have obtained the surface M (A, R), the orientation
covering of F(A, R), the A periodic configuration of flat lenses of length 2R
The vertical flow on this new infinite surface has the same global behaviour of
the vertical flow on G« hrre_g- M(z)p since the two flows differ only on a small
neighbourhood of the slits This tells us, in particular, that the vertical flow
on the surface M(A, R) is still ergodic Note that the lattice A is R admissible
thanks to (10) Hence, this result for the orientation covering of the flat lenses
immediately implies that the Eaton flow on the corresponding system of circular
Eaton lenses is ergodic

Consider now the set

R
& = { Gehrrr_g 22,7 € (—¢,¢8),0 € E(;q) T =log cosf } cZ

2q

We just showed that these lattices are R admissible and that, for every A € &,
the vertical flow on M (A, R) is ergodic We now want to estimate the Hausdorff
dimension of this set
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The local product structure on .Z given by the Iwasawa ANK decomposition
of SL(2, R) implies that the Haar measure u ¢ is locally equivalent to the product
Lebesgue measure in the coordinates (¢, 7,60) Since the ¢ coordinate is uniquely
determined in terms of 6, dimy & = dimy w2 3(&’), where

mo,3(&) = { here g 2% 7€ (~¢5,6),0€FE (;q) } cZ.

Writing 72,5(6) = U, e(_e.c) r {T?Zr_g 20 c E (;q) } we see that, in the
(1,0) coordinates, mp 3(&) = (—¢,e) x E This tells us that

1 3
dimHéa:dimHﬁgﬁ(éa) > 1+d1mHE > 1+ 9 = 2’
as we wanted to prove
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